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Preface 


This book is about complex analysis which is a vital and fascinating branch of mathematics that has many 
applications in pure and applied mathematics as well as science and engineering. The book is similar in 
style, structure and objectives to my previous book “Introduction to the Mathematics of Variation”. So, the 
book is basically a collection of solved problems with a rather modest theoretical background presented in 
the main text and hence it is largely based on the method of “learning by example and practice”. However, 
solved problems are also used occasionally to address important theoretical aspects and fill potential gaps 
in the required theoretical background. 

The motivating vision and objective in the writing of this book are primarily to provide a clear, inter- 
dependent and well structured exposition of this subject that benefits those who are at the level of under- 
graduate in general mathematics (especially real analysis) and have interest in extending their knowledge 
to complex analysis. Accordingly, simple language and method of presentation supported by a collection 
of clear and well defined symbols and terminology are used throughout the book to provide maximum 
transparency and accessibility even though some of these means may compromise the technicality of the 
book to a certain degree. Furthermore, many examples and cross references are provided within the main 
text and solved problems to enable the reader to understand the presented materials and appreciate their 
significance and relations to each other with minimum effort. We also structured and ordered the book 
within chapters, sections, subsections and problems in such a way that, in our view, provides maximum 
clarity and optimal graduality (like a gently rising stairway rather than a steep ladder or cliff). 

The book covers the basics of the mathematics of complex numbers and variables (such as the meaning 
and basic operations of complex numbers) as well as advanced topics (like complex contour integration and 
Cauchy’s theorem) and their applications. As hinted earlier, the structure of the book is that each topic 
investigated within a section or a subsection is introduced by a rather compact (but mostly sufficient) 
theoretical background. The theory is then followed by a number of solved problems in which the topic 
is further investigated, elaborated, discussed and applied. Cross referencing is used extensively to avoid 
repetition as well as to provide essential clarifications about relations and links (as indicated above).|"| 

The materials in this book require a decent background in general mathematics (mostly in real analysis 
or calculus) at the level of the first or second year of a university program in mathematics or science. 
Knowledge and familiarity with the arithmetic and algebra of complex numbers and variables (as well 
as mathematical skills in dealing with these topics) will be a big advantage for the reader of this book 
although no such background is assumed in the writing and preparation of the book. As indicated above, 
the materials in this book have mainly practical objectives, and hence the intended audience of the book are 
essentially readers and students of science, engineering and applied mathematics. The book can be used as 
a text or as a reference for an introductory course on this subject as part of an undergraduate curriculum 
in mathematics or physics or engineering. The book can also be used as a source of supplementary 
pedagogical materials used in tutorial sessions associated with such a course. 

Taha Sochi 
London, May 2021 


(11 The cross references in the electronic versions of the book are hyperlinked. 
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Nomenclature 


In the following list, we define the common symbols, notations and abbreviations which are used in the 
book as a quick reference for the reader. The list may exclude what is used locally and casually. Also, we 
did not include the symbols and notations of standard functions (like e* and cosy) due to their common 
use and familiarity, but we included those which have distinct meaning or conventional use (e.g. log, x 
and Ln z) to avoid confusion. 


! factorial 

* (asterisk) complex conjugate 

’ (prime) total derivative (usually with respect to z) 

U,A union, intersection 

Vv for all 

1D, 2D, 3D one-dimensional, two-dimensional, three-dimensional 

lal, |2| absolute value of a € R, modulus (or magnitude) of z € C 
C1 RO=a residue of a complex function (in its Laurent series expansion around a point) 
A_1, nA-1 residue of a product of complex functions 

arg, Arg argument, principal argument 

C curve (usually in the complex plane) 

C constant 

C the set of complex numbers 

D domain in the complex plane 

Dy domain of function f 

f, PF function 

fi, fe,--+ fn functions 

FO n' derivative of f (ic. d"f/dz”) 

a imaginary unit 

iff if and only if 

Im(z) imaginary part of z 

In(z) natural logarithm of z 

Ln(z) principal value or branch of In(z) 

log, x real natural logarithm of x (as defined in calculus for real positive x) 
mod modulus (or modulo) in modular arithmetic 

n integer number (possibly restricted, e.g. positive or non-negative) 
N neighborhood in the complex plane 

D, P15 P2 powers (or exponents or indices) 

PP, polynomial, polynomial of order n 

r,0 modulus and argument of a complex number in polar form 
R region in the complex plane 

R radius 

Ry range of function f 

R the set of real numbers 

Re(z) real part of z 


set of complex numbers (or points in the complex plane) 

series 

real and imaginary parts of a complex number in Cartesian form (i.e. w = u + iv) 
complex number with Cartesian form u + iv 


real and imaginary parts of a complex number in Cartesian form (i.e. z = x + ty) 
6 


complex number with Cartesian form x + iy and polar form re* 
the principal value of the argument of a complex number in polar form 


polar coordinates of plane 


Chapter 1 
Preliminaries 


In this chapter we introduce the topic of complex analysis and its subject (which is complex numbers, vari- 
ables and functions especially analytic functions) and outline its characteristic features and mathematical 
foundations. We also provide some general remarks and outline basic conventions, notations, terminology 
and concepts that are needed in the presentation of this subject in this book. A list of essential and 
commonly used identities (with their proofs) is also appended at the end of this chapter to facilitate and 
substantiate the upcoming investigations and discussions. 


1.1 Introductory Remarks, Conventions and Notations 


We present in the following bullet points a number of general remarks related to conventions, notations 
and commonly occurring issues in this book. 

e As indicated in the Preface, this book has mainly practical objectives and hence we generally disregard 
and avoid issues of highly theoretical nature which are usually found in textbooks and articles on pure 
mathematics. 

e We may use “number” to mean “quantity” (i.e. a specific number or a general variable). Hence, “complex 
number” for example could mean 1 +i (which is a specific number) as well as z = x + ty (which is a 
general variable). The ultimate meaning should be determined by the context which is generally clear 
and transparent. 

e Based on the previous point, we use “complex number” in many contexts to mean complex number 
or/and variable. 

e All the angles (representing for instance rotations and arguments of complex numbers) in this book 
are measured in radians (not in degrees). In this regard, we follow the common convention about the 
significance of the sign of angles, i.e. negative means clockwise and positive means anticlockwise. Also, 
“rotation” without identifying its center generally means “around the origin”. 

e Terms like “complex functions” generally mean “complex-valued functions of complex variables”. Simi- 
larly, terms like “real functions” mean “real-valued functions of real variables”. 

e The terms related to 2D shapes (such as “circle”, “square” and “rhombus”) may be used conveniently 
to refer to surfaces (and hence they include their interior regions) or to refer to curves (and hence they 
represent their perimeters only). For instance, the “area of a circle” is an attribute of the circle as a 
surface, while the “curvature of a circle” is an attribute of the circle as a curve.|?! 

e The arguments of some functions (like the natural logarithm In) may be parenthesized or not according 
to convenience and clarity. Hence, we may write In(z) or In z if there is no potential confusion. We may 
also use different types of brackets (or containers) like round or square to provide maximum clarity in the 
specific context (with consideration of practical and aesthetic issues as well). In brief, the use (or non-use) 
of brackets and selecting their shape and size is generally determined by clarity and convenience rather 
than rules and conventions. 

e In this book we deal with single complex variable problems, i.e. problems in which we have one 
independent complex variable (which is usually labeled z) and one dependent complex variable (which is 
usually labeled w). Those who are interested in multi complex variable problems should look elsewhere. 
e We distinguish between imaginary numbers as the numbers of the form iy (with y being real) and 
complex numbers as the numbers of the form x + iy (with x and y being real). In other words, imaginary 
numbers are complex numbers whose real part is zero. Accordingly, we have real numbers (like 1 and 
—/5), imaginary numbers (like iz and —i2) and complex numbers (like —2+75 and 2 —i/3). However, 


[21 It should be noted that for circle we usually use “disk” to include the interior region. 
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in the extended sense of “complex numbers”, real and imaginary numbers are no more than special cases of 
complex numbers although in certain contexts (and for specific purposes) they may be treated as disjoint 
sets (and hence “complex numbers” means those complex numbers that are not real or imaginary). 

e We generally use “imaginary part” of a complex number to mean the part that is multiplied by 7 and 
hence it opposes the “real part” which is the part that is not multiplied by i (noting that both theses parts 
are real). For instance, if z = «+ iy then the real part is x and the imaginary part is y. We may also use 
‘Imaginary component” of a complex number to mean the part that contains 7 and hence it opposes the 
“real component” which is the part that does not contain 7 (noting that the real component is real while 
the imaginary component is imaginary). For instance, if z = x+y then the real component is x while 
the imaginary component is iy. 

e Based on the two previous points, the distinction between “imaginary number”, “imaginary part” and 
“imaginary component” should be made very clear to avoid confusion and misunderstanding. 

e For the sake of clarity and convenience, the term “scalar” (rather than “real”) may be used in some 
contexts to counter the term “complex” noting the similarity of complex numbers with vectors (and hence 
the similarity of real numbers with scalars). We note that scalar in this sense can include both the real 
and imaginary parts (noting that both of these are real). 

e “Origin-centered” means centered on the origin of coordinates and “origin-punctured” means excluding 
the origin. Also, “unit circle” and “unit disk” mean circle and disk of radius 1. 

e The definitions and identifications of the terminology and concepts of complex analysis (see for example 
§ 1.5) are not agreed upon in general and hence the literature of complex analysis, like any other discipline, 
is not entirely consistent in this regard. This also applies to the mathematical conventions adopted by 
the authors in this field. The reader should therefore be aware of the specific choices and conventions of 
each particular author. In this book, we tried to pick the best and most common of those choices and 
conventions although this objective may not be reached (as we hoped) occasionally. 

e In many situations certain conditions and requirements (such as continuity or differentiability to a 
certain order or being open or bounded) are necessitated by the contexts and circumstances. In such 
situations it should be understood that these conditions and requirements are satisfied even if they are 
not imposed explicitly. For example, when we discuss theorems and formulations that require second 
order differentiability then the functions involved in these theorems and formulations should have second 
order derivatives with no need for explicit declaration. This is to reduce avoidable congestion in the text 
and eliminate unwanted distraction. 

e As we will see, complex numbers are commonly represented by the points of a coordinated plane (which is 
the complex plane that is usually coordinated by Cartesian or polar systems). Hence, “complex numbers” 
and “points of complex plane” may be used interchangeably. For instance, we may say: a given complex 
number is on a circle or inside it or on a parabolic curve although what is actually on or inside these 
curves are the points representing that number. 

e We commonly use expressions like the positive or negative (or non-positive) real or imaginary axis 
meaning the positive or negative (or non-positive) parts of these axes. 

e Since the scope of this book is complex analysis, we take the results and facts of real analysis (as well 
as any needed results and facts from other disciplines and branches) for granted although we may try to 
prove or verify some for specific and limited purposes. 

e Some mathematical symbols and operations may have more than one meaning, and hence we generally 
rely on the context (as well as the vigilance of the reader) for identifying the intended meaning (although 
we may notify the reader in certain perplexing circumstances). For example, the double-bar symbol in 
|a| means modulus when a is a complex number (e.g. |z|) but it means absolute value when a is a real 
number and hence there should be no confusion about the intended meaning.!*! In fact, in this example 
we could use two symbols but we avoided this for simplicity and aesthetic considerations (as well as the 
obvious closeness and strong similarity between the two meanings). 

e The domain of validity and applicability of mathematical formulations (such as functions, equations and 
systems of equations) is assumed to be the largest possible (within the given contexts and circumstances) 


[3] Taking the modulus of a complex number and taking the absolute value of a real number may be seen as identical 
operations, but in our view they should not. 
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if no explicit definition of the domain is given. 

e “Equation” and “equality” refer to mathematical relations symbolized with “=”. “Equation” may also be 
used to refer to equivalence or identity relations (symbolized with “=”). “Inequality” refers to mathematical 
relations symbolized with “>,<, >, <”. “Semi-inequality” may be used to refer to mathematical relations 
symbolized with “>, <”. “Non-equality” refers to mathematical relations symbolized with “#”. 

e The quadrants of rectangular Cartesian systems (coordinating complex planes) are identified according 
to their order (19%, 2°¢, 374, 4*") as ++, -—+, -—, +-. 

e We use log, x for the natural logarithm function of « € R as defined in calculus (i.e. it is specifically real 
function of real variables greater than zero) while we use In z for the natural logarithm function of z € C 
(i.e. it is generally complex function of complex variables). More details about the distinction between 
log, and In will be given in the appropriate positions in the book (see for example § 2.2). 

e The convention in this book is that the range of the real “function” arctan(y/x) (where x and y are real) 
is the interval —7 < 0 < 7 where the intervals: 


rs rs T re 
—-T<O0<-= -=<d<0 0<0< = ~<O0<7 1 

2 2 2 2 (1) 

correspond respectively to the 3”¢,4*",15*,2"¢ quadrants (ie. =%, ees $y, +¥), The reason for this 


convention is to have a unique and non-ambiguous determination of the principal argument (i.e. Arg z = 
6,,.) of complex numbers in polar form (in accord with our convention about the range of 6,). Accordingly, 
we have: 

Arg z = 6p = arctan (4) (z€Candz,y¢ Rand —17< 6, <7) (2) 

where z = x + ty. In fact, there are many issues (some of which are problematic) about this, but these 
issues will be investigated and clarified gradually as we progress in our investigation of complex analysis 
(see for example § 1.8.2). 
e For the sake of diversity, we deliberately use different approaches and methods of presentation and dis- 
cussion although we try to keep the style similar in general. This also applies to solving the mathematical 
problems where we deliberately use different methods and approaches when we have the freedom to do 
so. The purpose of this is to diversify the contents and provide the reader with more thorough techniques 
for tackling the problems of complex analysis. In fact, in some cases we solved some problems more than 
once using different methods of solution to achieve this purpose. 


1.2 General Background about Complex Analysis 


The subject of complex analysis is a vital mathematical branch that has many applications in pure and 
applied mathematics, science and engineering. In some sense, it is an extension and expansion to the real 
(or ordinary) analysis as represented by ordinary calculus and hence it heavily relies on the differential 
and integral calculus of real variables. Complex analysis has several advantages over real analysis. For 
example, 2D problems (in mathematics, science and engineering) can be modeled, formulated and solved 
more compactly and easily by the symbolism, formalism and techniques of complex analysis where the 
real and imaginary parts represent the two dimensions in one go. It is also a powerful tool for solving 
difficult real definite integrals and hence it is a vital aid and supplement to real analysis. In fact, it can 
be used to provide solutions to some real definite integrals that cannot be solved (analytically or at all) 
by the methods and techniques of real analysis (see for example § 5.4 and 7.3). 

However, complex analysis (like anything else in this world) has also limitations. For example, it usually 
requires more complex mathematical machinery and techniques (as well as notations and symbolism) and 
could lead to rather confusing formulations and results (in comparison to the more intuitive real analysis) 
although this extra cost is compensated by the considerable ease and handiness that it affords.!4! Moreover, 
it is inherently restricted to 2D (and in fact to flat 2D) representations and correlations although certain 
extensions and generalizations can be made. So in brief, although complex analysis is an exceptionally 
powerful and valuable addition and extension to real analysis (and to mathematics in general) it is not the 


[4] In fact, complex analysis can be the only way for tackling and solving some problems as indicated above. 
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ultimate solution and hence other mathematical methods and disciplines are still needed to tackle certain 
mathematical problems in analysis that cannot be tackled by complex analysis. 
The subject matter of complex analysis is the investigation of the mathematical rules and applications 
of the set of complex numbers (as well as variables belonging to this set and the functions that correlate 
hese variables) which are distinguished by the form «+ iy where x and y are real numbers/variables and i 
is the imaginary unit defined as the (positive) square root of —1, i.e. i = /—1. The fundamental principles 
of complex analysis are generally similar to the fundamental principles of real analysis and, in fact, they 
are based on them with certain modifications and extensions dictated by the rather strange (or unique) 
behavior of 7 which is meaningless in real analysis and hence it is not found there. Accordingly, we can 
say that complex analysis is the mathematical subject that investigates the rules and behavior of the set 
of real numbers R plus the number # (including any algebraic combination of R and i such as 3+i7 where 
+ has its usual meaning and 77 means the product i x 7). In other words, complex analysis investigates 
the rules and behavior of the numbers C which are made of the union R U2 and their arithmetic and 
algebraic combinations.|*| 

So, from this perspective complex analysis is just an extension of real analysis, and this should ease 
the task of developing and applying complex analysis because this task can be achieved by taking the 
principles and rules of real analysis to their logical consequences and implications by the addition of 2 with 
its characteristic behavior. Thus, if we are smart enough and we know real analysis very well (as well as 
knowing the properties and the rules of manipulation of 7) then we can, in principle, derive and develop 
the entire complex analysis from real analysis by just following the logic. However, there are many tricks 
and obscure consequences and implications that cannot be easily captured and obtained by simple logic, 
and this, in fact, is the main task in the investigation of complex analysis where certain rules, methods, 
techniques and theorems are developed and obtained as a result of applying intricate mathematical tricks 
and techniques associated with sophisticated logic and reasoning. 


ot. 


Problems 


1. Make a simple argument to support the statement that if a general complex formulation (such as 
equation or function) is to be correct then it should resemble its real counterpart (assuming the 
existence of this counterpart). 

Answer:!$l As we indicated earlier and will investigate later, real numbers (and variables) are a subset 
of complex numbers (and variables) and hence if a general complex formulation is to be correct then 
it should be valid on its entire domain including the real numbers and this should produce the real 
version of the complex formulation. Yes, if a complex formulation is not general (i.e. it excludes real 
numbers because it applies, for instance, on strictly complex numbers) then we may not have a real 
counterpart (let alone having similar real and complex formulations). 

Note: we can call this statement “the correspondence principle of complex analysis” (which resembles 
the correspondence principle of quantum physics). In fact, this statement (or principle) should provide 
a basis for an initial and quick test for any general complex formulation that we obtain from our 
mathematical reasoning and manipulation, i.e. if the formulation failed to produce its real counterpart 
when the complex variable is replaced by a real variable then it should be rejected. 


1.3. Complex Numbers and Variables 


“Complex number” may be defined generically as an ordered pair of real numbers where the first member 
of this pair (say x) is called the real part while the second member (say y) is called the imaginary part 


[5] We note that for the purpose of introducing the subject of complex numbers and variables at this early stage in the 
book, the above description and characterization of complex analysis is focused on the domain of complex analysis. To 
be more technical, thorough and representative of the real essence of complex analysis, we may say: the subject matter of 
complex analysis is the investigation of complex functions of complex variables and their properties and behavior as well 
as the direct and indirect consequences of these properties and behavior (noting that this investigation requires extensive 
background investigation and knowledge about complex numbers and variables and their properties and behavior). 

[6] This answer is pedagogical but not rigorous (and some terminology may not be very clear at this stage). However, more 
clarifications about this issue (and related issues) will come (see for instance § 1.11). 
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and hence the complex number can be expressed as (x,y). The imaginary part is usually distinguished 
by being a multiplicand of the imaginary unit i (with i being the square root of —1, i.e. i = —1) and 
hence the pair can be represented as a sum of the real part plus the imaginary part times i (or a sum of 
the real component and the imaginary component; see § 1.1). So, if z is a complex number with real part 
x and imaginary part y then it is commonly represented as z = x + iy.” It is common to use Re(z) to 
refer to the real part of z and Im(z) to refer to its imaginary part. So, if z = 3+ 16 then Re(z) = 3 and 
Im(z) = 6 (not i6). It should be emphasized that the imaginary part is also real (as indicated) since it 
is the multiplicand of i (without i). However, we use “imaginary component” to refer to the piece of the 
complex number that contains 7, as explained in § 1.1. We may also use terms like “imaginary numbers” 
or “pure imaginary numbers” to refer to numbers that have only imaginary component (like i2). So, the 
distinction between the terms “imaginary part”, “imaginary component” and “imaginary number” should 
be clear. 

Complex numbers have two main common representations or forms: Cartesian representation and polar 
representation. The Cartesian representation is based on splitting the number to real and imaginary parts 
(corresponding to the x and y coordinates of the familiar orthonormal Cartesian coordinate system) while 
the polar representation is based on splitting the number to modulus and argument!) (corresponding to 
the p and ¢ coordinates of the familiar polar coordinate system). So, if z is a complex number then its 
Cartesian representation takes the form z = x+y (where z is the real part, y is the imaginary part and i 
is the imaginary unit) while its polar representation takes the form z = re’? (where r = |z| is the modulus, 
6 is the argument and i is the imaginary unit with e representing the exponential function). It should be 
noted that these two representations may also be given in the form of ordered pairs, i.e. z = (x,y) in the 
Cartesian representation and z = (r,@) in the polar representation. However, in this book we generally 
avoid using this form of representation except in exceptional circumstances. 

Based on the above symbolic representations, a complex number (in its Cartesian form) can be repre- 
sented graphically as a position vector in a 2D plane coordinated by an orthonormal Cartesian system 
where the real part of the number is represented by the x coordinate (or component) of the vector while 
the imaginary part is represented by the y coordinate (or component). Similarly, a complex number (in 
its polar form) can be represented graphically as a position vector in a 2D plane coordinated by a polar 
system where the modulus of the number is represented by the p coordinate of the vector while the argu- 
ment is represented by the ¢ coordinate. Complex numbers are commonly symbolized with z and hence 
the plane on which complex numbers are represented graphically in Cartesian or polar forms is commonly 
known as the z plane.!*! 

As we will see, any complex number z has a conjugate which is commonly symbolized with z* (i.e. aster- 
isk or star symbol).|10] Graphically, the conjugate of a complex number represents the mirror reflection of 
that number (as a position vector or as a point) in the x axis (according to the Cartesian representation) 
and hence it is obtained by reversing the sign of its imaginary part, ie. if z= 2 +ty then z* = x — ty. 
Similarly, the conjugate graphically represents (according to the polar representation) the number itself 
(ie. in magnitude) but rotated in opposite sense and hence the conjugate is obtained by reversing the 
sign of the argument of the number, i.e. if z = re’’ then z* = re~’?. 


Problems 


1. List the common forms of expression of a complex number z (based on the Cartesian and polar forms 
of representation). 
Answer: We may list the following forms: 
e Cartesian form z = x + iy (where z is the real part of z and y is its imaginary part). 
e Cartesian pair form z = (x,y). 


(7lIn fact, i may precede or succeed y. In this book, we use the former for clarity despite the disadvantage of separating the 
minus sign when the imaginary part is negative. 

[8] Or magnitude and phase angle. 

19] The z plane may also be called the complex plane. However, as we will see later (refer for example to § 1.5 and § 1.11) 
we normally have more than one complex plane (usually the z plane and the w plane) and hence the “complex plane” is 
more general than the “z plane” as it includes planes other than the z plane. 

[19] Tt is also commonly symbolized with Z (i.e. bar) but in this book we use z* only. 
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e Polar exponential form z = re’® (where r is the modulus and @ is the argument). 
e Polar pair form z = (r,@). 
e Polar trigonometric form z = r(cos@ + isin @). 
Note 1: in engineering 7 is commonly used to represent the imaginary unit i and hence we have 
z=a+jy,z=re!® and z=r(cos0+jsin6). 
Note 2: @ in z = re” and z = r(cos@ +isin@) should be in radians (if they are to be treated and 
manipulated freely by standard mathematical operations).!14 
Note 3: what we call “Cartesian form” may be called in the literature “rectangular form”. What we 
call “Cartesian pair form” may be called in the literature “Cartesian form” or “Cartesian coordinates 
form” or “component form” or “component notation”. What we call “polar exponential form” may 
be called in the literature “exponential form”. What we call “polar pair form” may be called in the 
literature “phasor form” or “angle form” (noting that this form may also be given as r Z6 or other 
similar notations). What we call “polar trigonometric form” may be called in the literature “polar 
form”. 

2. Complex number is intrinsically a 2D object. Explain how this 2D characteristic is expressed and 
represented symbolically and graphically. 

Answer: This is achieved by splitting the number to real and imaginary parts (according to the 
Cartesian representation) and by splitting the number to modulus and argument (according to the 
polar representation). 

3. Outline the relation between the complex number in its polar representation and the employed coor- 
dinate system. 

Answer: The modulus r and the argument @ of a complex number in its polar representation corre- 
spond respectively to the p and ¢ coordinates in the polar system (with some distinctions with regard 
to the range of 0 and ¢ that will become clear later on). 

4. Express the imaginary unit 7 as a complex number (in various forms). 

Answer: In Cartesian (sum) form i = 0+ 7%. In Cartesian pair form i = (0,1). In polar exponential 
form i = e'*/?. In polar pair form i = (1, 7/2). In polar trigonometric form i = cos(7/2) + isin(1/2). 

5. How to represent real numbers (like —6 and 7) and pure imaginary numbers (like —73 and i9) as 
complex numbers in Cartesian pair form? 

Answer: Real numbers (which may be symbolized by x) have zero imaginary part and hence they 
are represented in Cartesian pair form as (2,0). Imaginary numbers (which may be symbolized by iy) 
have zero real part and hence they are represented in Cartesian pair form as (0, y). 

6. What is common between real numbers and pure imaginary numbers? 

Answer: It is the number zero because zero (as a complex number) is represented in Cartesian pair 
form as (0,0) and hence it fits the characteristic of real numbers and the characteristic of imaginary 
numbers (as given in Problem 5) at the same time. In other words, it can be seen as a real number and 
as a pure imaginary number (as well as a complex number) and hence it is unique in this regard. This 
originates from the fact that the number zero is on the real axis (which represents the real numbers) 
and on the imaginary axis (which represents the imaginary numbers) as well as on the complex plane 
(which represents the complex numbers) and hence it is common to all (since the origin of coordinates 
which represents the number zero is common to all). 

7. A given point in the Cartesian plane is represented uniquely by a single complex number in Cartesian 
form but it is represented non-uniquely by infinitely-many complex numbers in polar form. Discuss 
this issue. 

Answer: This can be easily explained by the relationship between the Cartesian coordinate system 
and the polar coordinate system in conjunction with elementary trigonometric facts. In brief, if a given 


11] This is based on the fact that these functions (i.e. exponential, cosine and sine) are generally subject to standard 
analytical operations (such as differentiation, integration, power series expansion, taking inverse, etc.) and hence they 
should be based on naturally (rather than conventionally) measured variables for these operations to apply correctly 
and in their standard forms (noting that these standard analytical operations are derived and formulated using natural 
variables, i.e. radian in this case). As indicated earlier, in this book we use radians exclusively for measuring angles and 
rotations and quantifying arguments in all forms of polar representation (as well as any other purpose). 
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point in the Cartesian plane is represented by a complex number z where z = «+7y in Cartesian form 
and z = rcos@ + irsin@ in polar trigonometric form (see Problem 1) then on comparing these two 
forms we get: 


x =rcos@ =r cos(@ + 2nr) and y =rsind = rsin(6 + 2nz) 


where the addition of 2n7 (with n being an integer) is justified by the periodicity of the cosine and 
sine functions. As we see, adding 2nz affects the polar form (since @ 4 6 + 2nz in general) but not 
the Cartesian form. Hence, by adding 2nz we get infinitely-many complex numbers in polar form 
representing the same point in the Cartesian plane without affecting the Cartesian form of that point. 
In other words, the point is represented by a single complex number in Cartesian form but by infinitely- 
many complex numbers in polar form. 

Note: based on the above investigation, the argument @ in the polar form of a complex number z 
representing a given point in the Cartesian plane is commonly given as: 


arg(z) = 0 = 96, + 2na = Arg(z) + 2n7 


where 6, = Arg(z) is known as the principal argument which is commonly taken to be in the range 
—1 <O0y <7 (or 0 < 4, < 2m according to another convention which we do not use in this book). 

8. Define the principal argument formally in all parts of the z plane. 
Answer: We may define it as follows (taking —1 < Argz < m and —$ < Arctan (4) < = and 
considering the sign of y/a as combined): 


Arg z = Arctan (2) (in the first and fourth quadrants) 
Arg z = Arctan (2) +1 (in the second quadrant) 

Arg z = Arctan (*) —" (in the third quadrant) 

Arg z = Arctan (2) =0 (on the positive real axis) 
Argz=T7 (on the negative real axis) 

Arg z= . (on the positive imaginary axis) 
Arg z= a (on the negative imaginary axis) 
Arg z is not defined (on the origin) 


1.4 Mathematical Foundations of Complex Analysis 


In this section we summarize the main general mathematical foundations required to establish the mathe- 
matics of complex numbers (in addition to the basic definitions and conventions of this mathematics such 
as the definition of 2 and the rules of its manipulation).|"?! In brief, we use the following three real power 
series as our starting point:!!3] 


ax LS, zt = i po paw v eee 
se Degg Se py gare (3) 
oo (-1)" 2?" x x 
OS Depa a (4) 


12] Tm fact, the mathematical foundations of complex analysis should include the subject of limits (which is investigated in 
§ 1.9). However, we deferred the investigation of limits for structural reasons. 

[13] These series expansions are established in the textbooks of the calculus of real variables (as represented here by x). In 
fact, these series expansions can be easily obtained from the standard form of the Maclaurin series. 
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‘5 _ a= 1) geet 2 x x 
ie te > @nt+ih "at er @) 


Now, if we accept that the series of e* applies to zy (i.e. by replacing x with iy where y is real) and the 
rule of addition of exponents applies to complex numbers as to real numbers, then on using the Cauchy 
product of two power series and the binomial theorem we get: 


os emaeera (SS). (SUP) yew 


n=0 n=0 n=0 m=0 
= Yad (Rewer = 
n=0 m=0 n=0 
that is 
‘ en ZZ 2A 
Cadena ark ae (6) 


which is the same as the series of e” (as given by Eq. 3) with z replacing x. Now, from Eq. 6 with z = iy 
(or more directly from our aforementioned acceptance that the series of e* applies to iy) we get: 


,  (iy)” (iy)? , Cy)’, iy)’ | Cy)” 
a = \ N | \ ae: 
iii Fy, Pia A a 
2 3 4 ts) 2 4 3 5 
= fipen ag . e, a  fiin Oe eae a Bh Ba SSS Si on a nt 
ra ee AY et aha ee =(1 aT 4 ) +i(u 31 5 ) 
= cosy+isiny (7) 


where we used Egs. 4 and 5 (with y replacing x). 

Now, if we extend the definitions of the trigonometric cosine and sine functions to include those with 
complex arguments (so we can make sense of cos z and sin z and their alike) then we should link them to 
the above definition and formulation of the complex exponential function, and hence we extend the series 
expansions of Eqs. 4 and 5 to include complex arguments.!'4! In fact, all we need to do is to see if the 
proposed extension is consistent with the above definition and formulation. Now, if in Eq. 7 we replace 
y (which is real) by z (which is complex) then we should have e’* = cos z + isinz (where cos z and sin z 
are the proposed extended complex functions). So, all we need to do is to check if this will produce a 
(complex) series expansion that is consistent with the (real) series expansions of Eqs. 3-5. Now, on using 
the power series of Eq. 6 with iz replacing z, we get: 


CO fe yn + \2 - 2 \3 - \4 -\5 
en SL yg CE, Go, et, OP, 


: = Ae ey oie a al 5! 
n=0 
2 2 4 2 2 a ra 2 
= lt+iz aT a+ ati =(1 ata -)+i(: art BI ) 
that is 
e’* =cosz+isinz (8) 


where in the last step we used the power series expansion of cosine and sine functions in the forms given by 
Eqs. 4 and 5 but with z (which is complex) replacing x (which is real).!!*! This means that the proposed 


[14] “Arguments” here and in similar contexts means arguments of functions (i.e. z in cosz and sin z) and not the arguments 


of complex numbers (in the context of representing a complex number by its modulus and argument as explained in § 1.3). 

In fact, the readers should be aware of this multiple use of “argument” throughout the book to avoid misunderstanding. 
115] In fact, we also used the assumption that the rules of algebraic addition apply to infinite series as to finite sums. We 

should also note the triviality of the above check which is done for the purpose of demonstration and consolidation. 
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extension will lead to e’* = cos z+isin z (which is consistent with Eq. 7 which we derived earlier) provided 
that the series of e*, cos z and sin z are given by the forms of Eqs. 3-5. So, we simply have total consistency 
because all our definitions, conventions, assumptions, equations and series expansions are consistent with 
each other (as well as being consistent with our heritage from calculus and real analysis). 

To sum up, starting from the real series expansions of Eqs. 3-5 (supported by a few intuitive and 
acceptable assumptions and definitions as well as the definition of i and the rules of its manipulation) 
we extended the real series expansions of Eqs. 3-5 to their complex equivalents. In other words, we can 
now use the series expansions of the exponential, cosine and sine functions as given by Eqs. 3-5 but with 
the complex variable z replacing the real variable x. We can also use the newly manufactured relation 
between the exponential, cosine and sine functions which is a very powerful tool in complex analysis. 
This achievement, which may seem limited in its theoretical and practical significance and value, is very 
important and has far reaching consequences. In fact, it will open a wide gate for importing a large part of 
the mathematics of real analysis and facilitate the task of developing the mathematics of complex analysis 
because, as we will see, large parts of complex analysis are based on these functions and their series and 
hence the correspondence between the real and complex forms of these functions and series will naturally 
extend the mathematics of real analysis to its complex counterpart. In other words, complex analysis will 
in essence be an extension and generalization of real analysis (as explained earlier in § 1.2) and hence we 
can import loads of rules, formulae, methods, techniques, etc. from real analysis and convert or adapt 
them for the use in complex analysis with minimum effort. 


Problems 


1. Verify the following identities (where z, 21, z2 are complex and 2, y are real): 


(a) e* =e” (cosy +isiny). (b) cos(—z) = cos z. (c) sin(—z) = —sinz. 
(d) e~** =cosz — isinz. (e) e*1e72 = e1 +72, (£) 71 /e72 = e71—-*2, 
(g) cosz = eae (h) sinz = ae 


Answer: We should note first that in Problems like this what is basically required (in part at least) 
is to “verify” rather than “prove” because the given relations are either based on assumptions that we 
accepted earlier or can be obtained as instances of the above-explained extension of the mathematics 
of real analysis to its complex counterpart. So, what we actually do is to verify the consistency of our 
definitions, formulations, rules, relations, results, implications, conclusions, etc. 

(a) From the definition of z (i.e. z = % +%y) and the rules of exponents as well as Eq. 7 we obtain: 


y 


e* = et HY — e%e'Y — e® (cosy + isiny) (9) 


(b) From the series expansion of cos z (with —z replacing z) we have: 


°° er (—z)*” oo (cabs Cr yan oo Cae yan 
cos(—z) = > Gn = d (On)! — S- (ny! = COS Z 


n=0 n=0 


(c) From the series expansion of sin z (with —z replacing z) we have: 


CO 7 n_,\2ntl CO 7 4yny_ antl ,an+1 OO is nm ,2n+1 
sin(—z) = > C1) = cae — > = 


2 Qnth! 24 Qn+i) 2." @nttE 
(d) This is an instance of Eq. 8, that is: 
e~* — e(-*) — cos(—z) + isin(—z) = cos z — isin z (10) 
where we use cos(—z) = cos z and sin(—z) = — sin z which are verified in parts (b) and (c). 


(e) We use Eq. 9 (as well as known rules of real exponential functions and familiar real trigonometric 
identities some of which are verified earlier), that is:!*® 


ee? = eltitin) x e(e2tiva) — e (cosy, +isiny:) x e? (cos y2 + isin y2) 


[16] Ty fact, this is just a confirmation of the consistency of our aforementioned assumption that the sum rule of exponents 
applies to complex variables as to real variables (and hence the verification is a trivial demonstration). 
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= e% 4) (cos y1 Cos y2 — sin y1 Sin yz) + 4 (cos y; sin yz + sin y1 COs Y2) | 
= e+") cos (yy + yo) + isin (yr + yz) | = ete) +41 +H2) 
= eri tiyi)+(w2+iy2) = e71tz 


(f) From part (a) and known facts we have: 


al 1 1 e—*? (cos yg — isin y2) 


e72 erative ~ e®2(cosyo +isinys) (cos ys + isin yz) (cos y2 — isin y2) 


e 72 (cos yg — isin ; 
= : — Me) aes (cos [—y2] + ¢sin [-y2]) = e772" = e~ 
cos* y2 + sin” y2 
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Hence, from the result of part (e) we get: 


(g) We use Eqs. 8 and 10, that is: 


e+e  (cosz+isinz)+(cosz—isinz) 2cosz 


(h) We use Eqs. 8 and 10, that is: 
pe? : en 7 (cos z + isin z) = (cos z — isin z) 2 een eee (12) 
42 12 12 
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As indicated earlier, complex numbers are commonly notated with z (= «+ iy with x being the real part 
and y being the imaginary part) and represented by points of a plane (where the horizontal dimension of 
the plane represents the real part while the vertical dimension represents the imaginary part). Accordingly, 
this plane is called the complex plane or the z plane.!!”] The (finite) complex plane plus infinity (which 
is usually represented by a single point) is called the extended complex plane. A set S representing 
points z in the complex plane that satisfies the inequality |z — zo| < p (with zp being a given point in 
the plane and p being a positive real number) is called a neighborhood of zo (or more informatively “a 
p-neighborhood of zo”). This set obviously represents the interior of a circular disk (of radius p) centered 
on z and hence it may also be called open disk.!!8! A neighborhood of a given point zp excluding zo 
itself is called deleted neighborhood of zo (which may also be called deleted disk or punctured 
disk). This neighborhood is obviously represented by the relation 0 < |z — z| < p. A boundary point 
of a set S' in the complex plane is a point whose every neighborhood contains at least one point inside 
S and at least one point outside S. The boundary of a set S in the complex plane is the set of all the 
boundary points of $. A point zg in the complex plane is described as an interior point of a given set 
S (made of points in the complex plane) if there is a neighborhood of zo that lies entirely inside S. If all 
the points of a given set S in the complex plane are interior points then S is an open set. A point zo in 
the complex plane is described as an isolated point (with respect to a given property) if it is the only 
point in its neighborhood that have this property (i.e. it is not part of a curve or a 2D patch that have 
this property).!!9! 


[17] As indicated earlier, “complex plane” is more general than “z plane”. 

[18] In fact, the definition of neighborhood (as given above and as it is generally stated in the literature) is restricted to the case 
where p is constant and it identifies the boundary of the neighborhood in all directions. Otherwise, the neighborhood 
(in a more general sense) is contained in this disk (noting that this more general sense should not be excluded by a 
convention). 

119] For instance, an isolated singularity (of a given function) is the only singular point in its neighborhood (for that function), 
i.e. the function is analytic in some punctured disk around the singularity. Similarly, an isolated zero (of a given function) 
is the only point in its neighborhood at which that function vanishes, i.e. the function is non-zero in some punctured 
disk around the zero. 
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A curve in the complex plane is commonly called contour.!2°l A t-parameterized continuous curve 
(or contour) represented as z(t) is closed if z(t,) = z(t2) (where t; < t < ty with t; and tz being the 
parameters of its end points) and it is open otherwise.?!! A closed contour can be tracked clockwise or 
anticlockwise.|??]_ The common convention is that the positive sense of tracking is anticlockwise while the 
negative sense of tracking is clockwise. Accordingly, a closed curve is described as positively oriented 
if its sense of tracking is anticlockwise and negatively oriented if its sense of tracking is clockwise. A 
curve is described as simple if it does not cross or touch itself.?° A polygonal path (or line or curve) 
is an unbroken (or continuous) curve made (possibly) of segments of straight lines.!?4) 

A set S$ in the complex plane!?5! is described as connected if every pair of points in S can be connected 
by a polygonal path that lies entirely in S. A domain is an open connected (2D) set in the complex 
plane. A domain in the complex plane with some or none or all of its boundary may be called a region. 
A region that includes its boundary is a closed region while a region that excludes its boundary is 
an open region.261 A region that lies inside a disk of finite radius is described as bounded region; 
otherwise it is unbounded. A region in the complex plane is simply-connected if every closed curve in 
the region can shrink continuously (i.e. without leaving the region) to a point in the region. Accordingly, 
a region with a holel?’! in it is not simply-connected because a closed curve surrounding the hole cannot 
shrink to a point in the region continuously since it must leave the region at the hole if it should shrink 
to a point in the region (or alternatively it shrinks to a point in the hole which is outside the region). A 
region in the complex plane is described as multiply-connected if it can be divided into a finite set of 
simply-connected regions (although it as a whole is not simply-connected). 

As in real analysis where we have real functions (or functional relationships) that correlate real dependent 
variables to real independent variables such as y = f(x) =x+1 (a,y € R), in complex analysis we have 
complex functions that correlate complex dependent variables to complex independent variables such 
as w = f(z) =z+1 (z,w €C). Also, as in real analysis where real functions are seen as mappings (or 
transformations) from the « real line onto the y real line, in complex analysis complex functions are seen 
as mappings from the z complex plane onto the w complex plane. Accordingly, complex function can 
be defined generically by the following relation: 


w(z) = f(z) = ulz,y) + tv(@, y) (13) 


where w (= u+iv) and z (= x+y) are complex variables while u,v, x, y are real variables (with each of 
u and v being a function of x and y in general as indicated in the above equation) and i is the imaginary 
unit. 

A complex function f(z) that is defined in a neighborhood of a given point zo (except possibly at zo) 


201 In fact, “contour” may be used by some for a more specific type of curve (e.g. closed). So, the convention of each author 


should be followed. 

In this statement we are assuming the curve to be “finite”, i.e. it does not go to infinity. We also assume ¢ to be real 

continuous variable that takes all the values of the interval tj < t < te. 

It may be sensible to identify the sense (or direction) of tracking of some open curves (which have obvious rotational 

curvature or they are part of or similar to known closed curves like circles and squares) by “clockwise” and “anticlockwise” 

although the sense (or direction) of tracking is usually identified by identifying the start and end points of tracking. 

We note that the curves in this book are generally simple unless stated otherwise. 

In fact, being straight should not be necessary (although it is labeled “polygonal”). 

We should note that a phrase like “in the complex plane” here and in similar contexts is not a restriction on the definition 

and its validity and applicability but because in complex analysis (which is the subject of interest to us in this book) 

we are mainly interested in objects and sets that belong to the complex plane. Otherwise, many of the definitions and 
identifications in this section (and even elsewhere) are broad and they apply to surfaces in general (whether plane or not 
and whether in the complex plane or not) and some even extend beyond surfaces. 

[26] We may also define “partially closed region” and “partially open region” accordingly. We should also note that in most 
cases the sensibility of the given statements requires the “region” to be open (where we usually rely on the context and 
this understanding for this extra “open” condition). In fact, “domain” should be the right word to replace “region” in 
most cases but “region” is preferred for its generality and clarity (noting that there are several conventions and opinions 
about the meaning of “domain” in complex analysis as well as multiple usages in general). 

[27] “Hole” here (and in similar contexts) is general and hence it includes, for instance, a single point and a curve. 
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in the z plane is said to have a limit DL at zo, symbolized as 


lim f(z)=L (14) 


if for each real number ¢ > 0 there is a real number 6 > 0 such that | f(z) — L| < ¢ whenever 0 < |z — z| < 
6.28] A complex function f(z) is described as continuous at a point Zp in the z plane ifl°! 
lim f(z) = f(z) (15) 
Z>ZO 
A function is described as continuous over a region (or a curve) if it is continuous at the points of 
that region (or curve). A function is described as continuous on a boundary point 29 of a region R 
if the limit of Eq. 15 does exist for z € R. A function is described as continuous if it is continuous at 


all points in its domain of definition.!2°! A complex function f(z) that is defined in a neighborhood of a 
given point zo is said to be differentiable at zo and it has a derivative f’ at zo given by the limit 


df f(20 + Az) — f(z) 


/ _ . 
F (20) dz|,_., 7 ms Az 


(16) 


if this limit does exist. A function is described as differentiable over a region (or a curve) if it is 
differentiable at the points of that region (or curve). A function is described as differentiable if it is 
differentiable over its entire domain. A complex function f(z) is described as analytic at a point Zp in 
the complex plane if f(z) is continuously differentiable at zg and at every point in some neighborhood of 
29.821 A function is described as analytic over a region (or a curve) if it is analytic at the points of 
that region (or curve). A function is described as analytic if it is analytic over its entire domain.3! A 
complex function that is analytic at every point in the (finite) z plane is described as an entire function 
(or integral function). An analytic function is described as analytically continued if its domain of 
definition is extended beyond its original extent by being identical in value to another function (which 
is defined on a larger domain) on a connected set (in their common domain) and this process is called 
analytic continuation. A function is described as bounded (over a region in the z plane or over 
the entire z plane) if its magnitude is finite at all points (of the region or the z plane); otherwise it is 
unbounded.|*4! A function is described as singular at a point zo in the complex plane if it does 
not behave well at zo in one way or another such as by being unbounded at zo (e.g. by having non-zero 


28] In some of these statements we use “if” although we can use “iff” because we are in the process of making definitions 


and identifications rather than making mathematical statements and theorems. 
In simple terms, “continuous” means “having no sudden jump”. 
Statements like this may be extended to the entire complex plane (when the domain extends this far). However, we 
should note that expressions like “entire complex plane” may need to be restricted (in certain contexts and circumstances) 
to the “finite complex plane”. More discussion about these issues will be given later (see for example Problem 3). 
As we will see later (refer to § 1.9), the uniqueness of the value of the limit and its independence of the direction of 
approach to zo is a necessary condition for its existence. 
We should note that “differentiable at z and at every point in some neighborhood of zo” may contain some sort of 
repetition which we can justify by our desire to be very clear and transparent. We should also note that another 
condition is usually imposed in the definition of analytic function that is being single-valued (and hence only single- 
valued functions and single-valued branches of multi-valued functions should be considered) noting that the condition of 
being single-valued is more appropriate to belong to “function” than to “analytic” and hence this condition should not 
be specific to analytic functions. Also, it should be obvious that for a function to be analytic at a point or on a region 
it should beforehand be well defined there (and this should be understood wherever this term occurs with no necessity 
for stating this condition explicitly). 

[33] We should note that being analytic may also be defined by having a power series representation (which is obviously 
related to differentiability). In fact, a function is analytic at a point iff it can be represented by a (Taylor) power series 
at that point (i.e. converging in a neighborhood of that point). These issues will be investigated further later on (see for 
instance § 5.1). 

[34] “Bounded” and “unbounded” may also be used to characterize sets (regardless of representing functions or not) and regions 

(as explained earlier). So, the reader should be aware of this distinction to avoid confusion and misunderstanding. We 

should also note that a complex function (or number or variable) may be described as finite iff both its real and imaginary 

parts are finite. In fact, being finite (in this context) and being bounded are equivalent although the use of one term or 
the other may be more appropriate according to the context and situation. 
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numerator and zero denominator) or by being undefined at zo (e.g. by having zero numerator and zero 
denominator which is meaningless or indeterminate) or by ceasing to be differentiable or analytic at z./3°) 
Accordingly, a point in the complex plane at which a function f(z) becomes singular (e.g. by having zero 
denominator) is described as singular point or singularity of f. A point zo is described as a zero of 
a function f(z) if f vanishes at zo, i.e. f(zo) = 0. An analytic function f(z) has a zero of order n at 
zo (n > 0) if f(z) 4 0 but 


Fey = f(a) == FO a) =0 


where the parenthesized index (in the superscript) stands for derivative (with respect to z) of that order. 
If none of the derivatives of f vanish at zo then zp is a zero of order 1 and is commonly called simple 
zero. A singular point zp of an analytic function is a pole of order n if the reciprocal of the function 
has a zero (or rather isolated zero) of order n at. zq./°4 

A branch of a complex multi-valued function f (e.g. the logarithm function In z which is investigated 
in § 2.2; also see Problem 11 of 1.8.7 for another example) is a single-valued function F' that is similar in 
form to f (e.g. the principal logarithm function Ln z which is investigated in § 2.2) and it is continuous 
on its domain."! A branch cut of a multi-valued function f is a set of points (usually a line) in the 
complex plane that must be removed from the domain of f to create a branch of f (also see Problem 
20).[38) A branch point is a point zo in the complex plane at which a multi-valued function passes from 
one branch to another when going around an arbitrarily-small closed curve around 29 (also see Problem 
21 of the present section as well as Problem 24 of § 2.2). In fact, these concepts and terms are usually 
associated with functions like the square root and the complex logarithm which will be investigated later 
(see for example § 1.8.11, § 1.11 and § 2.2) and hence more clarifications about these issues are to be 
expected in the future. 


Problems 


1. Classify the following sets as bounded/connected/open or otherwise: 
(a) The strip -2<y<8. 
(b) The interior of a disk with center (—3,0) and radius 5. 
(c) The set represented by |z| > 6. 
(d) The set represented (in polar form) by 5 <r < 9. 
Answer: 


(a) This is unbounded, connected and closed.|°9! 


[35] Whether lack of analyticity (i.e. by lack of differentiability specifically in the above sense with no other reason for not 
behaving well) implies having singularity or not seems to be a contentious issue and hence it is a matter of opinion and 
convention. However, in this book we generally regard lack of analyticity (in the sense of lack of differentiability) as a 
cause for being singular (and this seems to be the dominant convention). In fact, some authors define “singular point” of 
a complex function as a point in the complex plane at which the function fails to be analytic noting that this definition is 
essentially practical (for the benefit of complex analysis which is mostly interested in analytic functions and analyticity) 
rather than being a definition for the concept of “singular point”. Anyway, we chose the above definition to be more 
representative and general from practical and conceptual perspectives. 

[36] A “pole of order n” may be defined differently (see § 3.3) although these definitions are generally equivalent. 

[37] We should note that discussing the issue of “branch” and its associates is a little bit difficult and messy especially at 
this early stage in the book where some of the concepts and terms are not fully explained and may not be clear to 
the reader. However, we feel obliged to do so for the sake of completeness (as well as having to do so somewhere in 
the book and it seems that nowhere is fully free of problems and complications). We should also note that whether it 
is appropriate (or not) for a multi-valued relation to be called “function” is a matter of convention and opinion and it 
differs from one author to another. Anyway, for the sake of convenience it is still possible to use “function” loosely for 
multi-valued relations while preserving its technical sense for single-valued relations (as we generally do in this book). 
Accordingly, a multi-valued “function” is a union of single-valued functions (where the quotation marks indicate its loose 
or non-technical usage). 

[38] 1 should be noted that we may have more than one branch cut (and even infinitely-many branch cuts); see Problem 25 
of § 2.2. However, it is important to be aware that in the literature the plurality of “branch cuts” (and similar plurality 
expressions like “each branch cut” or “any branch cut”) may mean two different things, i.e. once it means a single branch 
cut represented by a single curve but it is attributed to different branches and hence it is plural from this perspective, 
and once it means multiple branch cuts represented by multiple curves and hence it is plural from this perspective (as 
in Problem 25 of § 2.2 which we indicated above). 

[39] Being closed (i.e. totally) may be debated. 
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(b) This is bounded, connected and open. 

(c) The relation |x| > 6 is equivalent to the union (x < —6) U (a > 6), ie. the strip (or half-plane) to 
the left of the vertical line « = —6 and the strip (or half-plane) to the right of the vertical line x = 6. 
Therefore, this set is unbounded, unconnected and open. 

(d) This set is the origin-centered ring (or annulus) with interior radius 5 and exterior radius 9 where 
its interior boundary (i.e. the circle r = 5) is excluded and its exterior boundary (i.e. the circle r = 9) 
is included. It is bounded, connected (but not simply-connected) and neither open nor closed (because 
it is open regarding its interior boundary and closed regarding its exterior boundary and hence we may 
describe it as partially open or/and partially closed). 


. Give some examples of continuous functions. 


Answer: The polynomial, exponential, and trigonometric and hyperbolic cosine and sine functions 
are continuous over the entire complex plane.'°!_ The reciprocal (or inverse) function (ie. 1/2) is 
continuous over the entire complex plane except at z = 0. The sums, differences, products and 
compositions of continuous functions are also continuous (with some conditions). 


. Give some examples of entire functions. 


Answer: Common examples are polynomial, exponential, and trigonometric and hyperbolic cosine 
and sine functions. Their sums, differences, products and compositions (as well as their derivatives 
and integrals) should also be included (with some conditions).|4"! 

Note 1: it should be obvious that by definition “entire” is an attribute of complex functions!4?! 
and hence when we talk about entire functions (of certain types like those given above) we should 
mean complex functions of complex variables. For example, the exponential functions that are entire 
should be restricted to the complex exponentials of complex variables (i.e. excluding for instance the 
exponentials that are defined on the entire real or imaginary axis exclusively) because if an exponential 
has the form e” or the form e’” (with x and y being real) then it will not be analytic (let alone be 
entire).|43] This should similarly apply to “analytic”. So, when we talk about the analyticity or entirety 
of exponential functions we mean the complex exponentials of complex variables, i.e. of the form e” 
where z = x + iy (with x and y being real). This should apply to all types of entire functions (as 
indicated above) as well as analytic functions (i.e. in the sense of complex analysis). For more details, 
see Problem 4 of § 3.1. Also see § 4.5. 

Note 2: most of the above entire functions (and their alike) blow up at infinity (and hence they are 
singular there) and this may cast a shadow on their entirety. However, this is not the case because 
infinity should be excluded (when talking abut entirety and its alike) since it is not an ordinary region 
or point in the z plane. So, in the definition of analyticity and entirety infinity must be excluded 
(unless it is specifically required in the particular instance or context) although in other contexts and 
circumstances it may be or must be included (also see Problem § 2 of § 4.5). Accordingly, we may define 
entire function as “a complex function that is analytic at every point in the finite z plane” because 
otherwise we will not have entire functions (other than constant functions according to Liouville’s 
theorem which will be investigated in § 4.5). 


. Referring to the above definitions (as given in the text), it seems that identifying the attributes of 


complex functions (like continuity, analyticity and entirety) is very difficult job. Comment on this. 
Answer: Yes, this is the case if we have to rely only on these definitions. However, these defini- 
tions are needed only to identify the attributes of some basic forms of functions (e.g. exponentials 


40 


Al 


42 


43 


In Problem 7 of § 1.9 it is shown that analytic function is continuous and in Problem 4 of § 3.1 it is shown that these 
functions are entire and hence this statement is established (although may not be in the best and direct way). 

The purpose of this Problem and its answer is to have examples of generic forms and types of entire functions without 
going through technical (and confusing) details. So, to be rigorous we need (as indicated above) to apply certain 
restrictions (some of which will be clarified in the future). We also note that the above also applies (by priority) to 
“analytic” (in place of “entire”). 

In fact, even “analytic” (in the technical sense of complex analysis) is an attribute of complex functions although it may 
be used (rather laxly) to describe real functions (noting the difference between the analyticity in the two cases). This 
should partly explain the wide usage of “holomorphic” in complex analysis in place of “analytic” (see Problem 11). 

In fact, being defined exclusively on a subset of the complex plane (rather than the entire complex plane as required by 
the definition of entire) should be sufficient to exclude such a function from being entire regardless of being analytic or 
not. 
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or polynomials). Some general rules are then used to extend the rather limited results that we ob- 
tained from the definitions. For example, combinations (such as sums, differences and products) of 
continuous/analytic/entire functions are also continuous/analytic/entire, and hence we do not need 
to investigate these attributes of such combinations from first principles and by applying elementary 
definitions. This should reduce the task of identifying the attributes of complex functions substantially 
since the identification by using the aforementioned general rules is usually easy. 

5. What is the relation between the set of analytic functions and the set of continuous functions? 
Answer: Analyticity implies continuity but continuity does not imply analyticity. In other words, 
analytic functions are continuous but continuous functions are not necessarily analytic. So, the set of 
analytic functions is a subset of the set of continuous functions. Also, see Problem 7 of the present 
section as well as part (a) of Problem 7 of § 1.9 and Problem 13 of § 3.1. 

6. Compare the differentiability of real and complex functions. 

Answer: Real functions can be differentiable only to a certain order (see the upcoming note), while 
complex (analytic) functions have derivatives of all orders (as will be shown in Problem 6 of § 4.3). So, 
as soon as we establish the analyticity of a given complex function we can differentiate it as many times 
as we wish knowing that all these derivatives are analytic and hence we can enjoy their analyticity. In 
fact, this makes complex functions more favorable and useful than real functions and represents a big 
advantage for complex analysis over real analysis. 

Note: in the literature of real analysis we can find many examples of real functions that are differen- 
tiable only to a certain order. For instance, if f(#) = «|x| = «Vx? then we have (using the product 
rule of differentiation): 


d(avVx2 2 
df ( ) 2 # pd a 2 2 2 


and hence f is differentiable (i.e. it has first order derivative) over the entire real line including the 
origin. However, df /dx is not differentiable (i.e. f does not have second order derivative) at the origin 
because: 


Pf d (df\ — d(2\z\) _ dla _ Wa? Lye ag? 
da2 dx (<) — dx daw ede fg? at | 
which has a discontinuity at « = 0 since it is equal to —1 on the negative real line and to +1 on 
the positive real line. In fact, x/|a| is singular at x = 0 and it is not defined there (since it has the 
indeterminate form 0/0). 
7. Give examples of complex functions f which are: 
(a) Continuous and analytic. 
(b) Continuous but not analytic. 
(c) Neither continuous nor analytic. 
Answer:|*4! 
(a) Polynomial, exponential and trigonometric and hyperbolic cosine and sine functions are continuous 
and analytic (everywhere). See Problem 4 of § 3.1 and part (a) of Problem 7 of § 1.9. 
(b) The functions f(z) = z* and f(z) = |z| are continuous but not analytic (everywhere). See Problem 
13 of the present section as well as Problems 7 and 13 of § 3.1. 
(c) The functions f(z) = 4 and f(z) are neither continuous nor analytic (the first at the origin 
and the second at +i). 
8. What “continuous” means when we say: a complex function f(z) is continuous at point 29? 
Answer: It means: 


lim f(z) exists & f (Zo) exists & lim f(z) = f(z) 


Z—>Zo Z>ZO 


i. 1 
~~ 2247 


[44] This answer is rather terse but it is sufficient for the purpose of this Problem (at this stage in the book). More 
investigations about these issues will be presented later on (see for example § 3.1). 
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10. 


11. 


12. 


13. 


14. 


15. 


What “analytic” means when we say: a complex function f(z) is analytic at point 29? 
Answer: It means: 


f(z) is defined at z & f (Zo) is single-valued & f(z) has derivative at and around zo 


Also, see footnote [32] on page 17. 

What “regular” function means? 

Answer: “Regular” function is commonly used in the literature as synonymous to “analytic” function. 
However, due to uncertainty and misuse of “regular” (where it is used confusingly in different meanings) 
we avoid the use of this term in this book. 

What “holomorphic” function means? 

Answer: The term “holomorphic” may be used as synonymous to “analytic” (possibly in a more 
specific sense or context that presumes being complex). However, there seems to be multiple use of 
“holomorphic” and therefore we avoid using this term in this book (preferring the rather older and 
possibly clearer term “analytic” although it may be less specific). By the way, holomorphic functions 
may also be labeled or described as “regular” which we also avoid in this book (see Problem 10). 
Note: in this context, it is useful to be aware of the term “meromorphic” which means a function that 
is analytic over a region (which could be the entire complex plane) except at some isolated singularities 
(or poles specifically; see § 3.3). It is noteworthy that some authors use “meromorphic” as a synonym 
for “holomorphic” although, strictly, it is not. 

List some of the properties and rules of continuous complex functions. 

Answer: For example: 

(a) Sums, differences, products, compositions and moduli of continuous functions are also continuous. 
(b) Quotient of continuous functions is also continuous where the denominator does not vanish. 

(c) A function is continuous iff its real and imaginary parts are continuous (see Problem 8 of § 1.11). 
(d) A function is continuous if it is analytic (see part a of Problem 7 of § 1.9). 

The modulus of a continuous function is continuous. Justify this. 

Answer: If f(z) = u+iv (where wu and v are real) is a continuous function then u and v are continuous 
(see point c of Problem 12) and hence the sum of their squares (i.e. u2+v? = ux u+vx v) is continuous 
(see point a of Problem 12). Therefore, the modulus (i.e. the square root |f| = Vu? + v? which is a 
composition) should also be continuous (see point a of Problem 12). 

Investigate the continuity of the following complex functions: 


(a) 23 + sin?(z?). (b) e3t??-2, (c) tan z. (q)- one. 
Answer: 

(a) 2° is a polynomial function and hence it is continuous everywhere, while sin?(z) is a product of 
sin(z?) by itself [ie. sin?(z?) = sin(z?) x sin(z?)] with sin(z?) being a composition of sine and polyno- 
mial functions both of which are continuous everywhere. Hence, their sum z? + sin?(z?) is continuous 
everywhere. 

(b) edt? 2 is a composition of exponential and polynomial functions both of which are continuous 


ae : 
3+2"— is continuous everywhere. 


everywhere and hence e 

(c) tan z is a quotient of sin z and cos z (since tan z = 82) both of which are continuous everywhere. 
However, because it is a quotient we should exclude the points at which its denominator cos z vanishes, 
ie. Z7= (n + 4) m (see part a of Problem 14 of § 2.3). Hence, tan z is continuous everywhere except at 
these points. 

(d) ele is a quotient of cosh z and e* both of which are continuous everywhere. Moreover, e* does 
not vanish and hence °%2# is continuous everywhere.!4| 

Verify if the following functions are entire or not: 

(a) f(z) = coshz — e’. (b) f(z) = z*cos 2”. (c) f(z) = 2zsinz + 2. 
Answer: The verification is essentially based on the fact that the sums, differences, products and com- 
positions of entire functions are also entire. 


[45] Fyom the relation e? = e*+*¥ = e%e’Y we can see that e* vanishes nowhere in the (finite) complex plane because e* 4 0 


for any z € R while e*Y is of unity modulus. 
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16. 


17. 


18. 


19. 


(a) This is a difference of hyperbolic cosine and exponential functions both of which are entire and 
hence f is entire. 

(b) This is a product of a polynomial (i.e. z+) and a composition of a cosine and a polynomial (i.e. 
cos z”) all of which are entire and hence f is entire. 

(c) Although 2zsin z is entire (since it is a product of 2z and sin z both of which are entire) 2 
entire (since it is singular at z = 0) and hence f is not entire. 

Investigate the functions e!* and Ine’ from the perspective of entirety. 

Answer: We my write e!"* = Ine* = z and hence we may conclude that both are entire since f(z) = z 
is entire. However, there is an important difference between e™* (whose domain excludes 0 at least) 
and Ine* (whose domain includes the entire z plane) and hence it may be argued that Ine’ is entire 
but e!”* is not because In e* is defined (and analytic) on the entire complex plane while e!* is not. 
Note 1: the above result (if approved) should imply that although the composition of entire functions 
is entire the opposite may not be true, i.e. the composition of functions some of which are not entire 
is not necessarily not entire. So, Ine* is entire although In is not. 

Note 2: it may be argued that the exponential and logarithm functions are inverses and hence e 
and Ine’ are just symbols for the function f(z) = z rather than being functions of their own (noting 
that some equate Ine* to z + i2nm although this should not affect the issue of entirety). 

Note 3: the relations e™* = z and Ine* = z will be investigated in § 2.2. However, they should be 
recognized from a general background in analysis because the exponential and logarithm functions are 
inverses. Also, see Problem 6 of § 1.8.10. 

What is the relation between being analytic at a point and being singular at that point? 

Answer: Singularity is a cause for non-analyticity (taking notice of the footnote in the end of this 
answer). However, there are two possibilities with regard to the impact of non-analyticity on singular- 
ity:|46 

e Non-analyticity is a cause for singularity: in this case being non-singular means being analytic (as 
well as being analytic means being non-singular) since being non-analytic means being singular. So, 
the two (i.e. non-analyticity and singularity or analyticity and non-singularity) are equivalent although 
singularity (in other circumstances) may be caused primarily by other causes such as being indetermi- 
nate or unbounded. 

e Non-analyticity is not a cause for singularity: in this case a function that is singular at a point cannot 
be analytic at that point but a function that is not singular at a point is not necessarily analytic at that 
point. Accordingly, singularity implies non-analyticity but non-analyticity does not necessarily imply 
singularity. To put it differently, all analytic points are non-singular while only some non-analytic 
points are singular.|47] So, we do not have analytic singular but we do have the other three combina- 
tions (i.e. analytic non-singular, non-analytic singular, and non-analytic non-singular). 

Note: in this book we adopt the convention that non-analyticity (in the sense of lack of differentia- 
bility) is a (primary) cause for being singular and hence we accept the first possibility and reject the 
second (see footnote [35] on page 18). Anyway, in our view this is a trivial issue and it is a matter of 
terminology and convention with no real impact on the actual mathematics of the subject. 

What is the relation between being unbounded at a point and being singular at that point? 

Answer: Being unbounded implies being singular although being singular does not necessarily imply 
being unbounded since singularity may be caused by a reason other than being unbounded (e.g. by 
being undefined or potentially by being non-analytic in the sense of being non-differentiable). 
Manipulate Eq. 16 to get another expression for f’(zo). 


is not 


Inz 


[46] These two possibilities are about whether the lack of differentiability specifically (in the given technical sense) with no 


other reason for not behaving well is a cause for being singular or not (noting that being singular by other causes should 
imply being non-analytic in the sense of lack of differentiability). 


[47] We use here lax expressions like “analytic points” for simplicity and clarity. 
[48] We also refer the reader to footnote [199] on page 193 and Problem 6 of § 5.2 for further details about the nature 


of singularities and how they affect the analyticity (noting that some types of “singularity” do not actually affect the 
analyticity and hence the above discussions and generalizations should be understood considering this fact which possibly 
can have an impact on the terminology and how it is used). However, it should be noticed that this type of “singularity” 
(i.e. which does not harm analyticity) may not be regarded by some as a singularity (or at least as a genuine singularity). 
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20. 


21. 


22: 


Answer: From Eq. 16 [noting that Az = z— zp and hence f(z + Az) = f(z)] we have: 


f(zo + Az) — f(z) a f(z) — F(z) 


Az—0 Az 2-20 zZ— 2 


(17) 


Provide more clarification about the removal of branch cut. 

Answer: As indicated in the text, the purpose of removing the branch cut from the domain of 
multi-valued functions (which are made single-valued) is to achieve continuity and analyticity of these 
functions over their (modified) domain. Accordingly, the domain of a (single-valued) branch is smaller 
than the domain of the (multi-valued) original function. So in brief, in the first step of the process of 
making a branch we select a single value of the original (multi-valued) function over its entire domain 
(and exclude all other values) to achieve single-valuedness, while in the second step we remove the 
branch cut from the domain of the (single-valued) function to achieve continuity (and analyticity) 
over the (narrowed) domain. The result of these two steps is to have a (single-valued and continuous) 
branch. 

Define “branch point”. 

Answer: There are several (or even many) ways for defining branch point (resulting in different 
definitions in the literature). For example: 

e It is a point z in the complex plane at which a multi-valued function passes from one branch to 
another when going around an arbitrarily-small closed curve around Zo. 

e It is a point z in the complex plane at which a multi-valued function is discontinuous when going 
around an arbitrarily-small closed curve around Zp. 

e It is a point zp in the complex plane at which a multi-valued function has no single-valued branch 
in any neighborhood of Zo. 

In our view, these definitions (and their alike, or at least some of them) are neither rigorous (or 
even sufficiently technical) nor comprehensive and hence for the concept of “branch point” to be fully 
appreciated a familiarity with this concept in its different locations, contexts and instances throughout 
the subject of complex analysis is required. Also, see Problem 24 of § 2.2. 

Determine the singularities of the following complex functions: 


(a) f(z) = setae (b) f(z) = esc? z. (c) f(z) = za 

Answer: The singularities of these three functions are where their denominators vanish (noting that 
2 1 

cscy zZ = eae): 


(a) The denominator is 23 +3z = z(z—iV/3)(z+iV/3) which vanishes when z = 0 or z = +i/3. Hence, 
these are the sipeu nies of f. 

(b) We have esc? z = =4~ where sin? z vanishes when z = nz (with n being integer; see part b of 
Problem 14 of § 2.3). Hence, these are the singularities of f. : 

(c) The denominator is z? + 2z+2 which vanishes when z = —1 +i. Hence, these are the singularities 
of f. 

Note: the singularities of the functions in parts (a) and (c) are poles of order 1 (i.e. simple poles). 
This should be obvious from the given definition of “pole of order n” (see the text). The singularities 
of the function in part (b) are poles of order 2 (i.e. double poles). This will be investigated further 
later on (see for instance part e of Problem 7 of § 5.4). However, since sin z has simple zeros at z = a 
(according to the given definition noting that at z = na we have sin z = 0 but dsinz z 0) then sin? z 


dsin? z =(0 


has double zeros there (which can be confirmed by noting that at z = na we ee sin? z = ee 


but & an 2 £()) and hence csc? z should have double poles at z = nr. 


1.6 Mathematical Representation of Sets and Shapes in the Complex Plane 


The use of the terminology and notation of complex variables facilitates the mathematical representation 
of sets of complex numbers and geometric shapes in the complex plane. For example: 

e The equation |z — z| = p (where zp is a given complex number and p is a given positive real number) 
represents a circle in the complex plane with center zp and radius p. 
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e The inequality |z — z9| < p represents the interior of a disk in the complex plane with center z 9 and 
radius p. This set may also be called open disk or neighborhood of Zo. 

e The relation |z — z9| < p represents a disk in the complex plane with center zo and radius p. 

e The equation z = C + iy (where C is a real constant and —oo < y < oo) represents the (vertical) line 
x =C. This line can also be represented more compactly as Rez = C. 

e The equation z = 4 +iC (where —co < x < oo and Cis a real constant) represents the (horizontal) line 
y =C. This line can also be represented more compactly as Im z = C. 

e The intersection (Im z > 0) (0 < Rez < 2) represents the semi-infinite strip bordered by the x axis, 
the y axis and the line x = 2 (with the inclusion of the bottom and right boundaries and the exclusion of 
the left boundary). 

e The equation z* = z (or Im z = 0) represents the real axis (i.e. the x axis). 

e The equation z* = —z (or Rez = 0) represents the imaginary axis (i.e. the y axis). 

e The equation Re(z) = Im(z) represents the line y = z. 

e The equation z = re’? (0 < 6 < m) represents the upper half of the origin-centered circle of radius 7. 

e The equation z = 6 — i + 2e’” = (—m < @ < 7) represents the circle with center 6 — i and radius 2. 

e The relation —} < arg(z) < 0 represents the quarter-plane between the negative imaginary axis and 
the positive real axis (i.e. the fourth quadrant) including its boundaries. 

As we see in the above examples (and will see much more later on), the mathematical representation 
of sets and shapes employs both the Cartesian form of representation and symbolism (which is based 
on the real-imaginary split of complex numbers) and the polar form of representation and symbolism 
(which is based on the modulus-argument split of complex numbers). It also employs different types of 
mathematical relations (such as equality, inequality, intersection of sets, etc.) and notions (such as radius, 
conjugate, etc.). This versatility facilitates the mathematical representation of sets and shapes in the 
complex plane and makes it a powerful tool for clear, compact, elegant and flexible way of expression. 
This, in turn, facilitates the formulation and manipulation of mathematical relations. 


Problems 


1. Interpret the following relations (which employ the terminology and notation of complex variables): 


(a) |z| =1. (b) Jz -—24 13] <6. (c) jz +1-—1i9| < 2. 

(d) Re(z) = 4. (e) Im(z) = —2. (f) Re(z) < -1. 

(g) Im(z) > 12. (h) 8 < Re(z) < 10. (i) |z| > 2 

G2 2/28. (k) z=i2+e (-7 <0< 4) (1) (0 <argz < Z)N (z| <3). 
) (zl <5)U(jzl> 11). (n) z < ele 94 (pc O<n). (0) 3[z—2|? —5|z +i]? =0. 


(m 

Answer: These relations represent the following: 

(a) The origin-centered unit circle. 

(b) The interior of the disk with center 2 — 73 and radius 6. 

(c) The disk with center —1 + i9 and radius 2. 

(d) The (vertical) line x = 4. 

(e) The (horizontal) line y = —2. 

(f) The half-plane to the left of the line z = —1 (including this line). 
(g) The half-plane above the line y = 12 (excluding this line). 

(h) The infinite vertical strip bordered by the line x = 8 on the left and the line x = 10 on the right 
(excluding the former and including the latter). 

(i) The exterior of the origin-centered circle of radius 2. 

(j) The origin-centered ring (or annulus) bordered by the circles |z| = 2 and |z| = 3 (including the two 
borders). 

k) The right half of the unit circle with center 72. 

1) The interior of the origin-centered quarter-disk in the first quadrant with radius 3. 

m) The z plane excluding the origin-centered ring of inner radius 5 and outer radius 11. 

n) The origin-centered disk of radius 9. 


( 
( 
( 
( 
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(0) The circle with center —3 — i3 and radius \/75/4 because: 


3|z-2)7? -—5|z+i? = 0 
3\(x —2) + iy? —5lat+i(y+1)? = 0 
3 [(@ — 2)? + y?] —5 [27 + (y+ 1) = 0 
3[2?-da+4+y?]-5[e?+y?+2y+1]) = 0 
3x7 — 124 +12 + 3y? — 52? —5y?-10y—-5 = O 
7 

x? + 62 + y? + By 5 

25 7 25 

2 | 24 | = } } 

2 By eS 
(a + 3) +(u+3) _ ra 


2. What are the mathematical representations (in complex notation) of the following curves and regions 
in the complex plane: 
(a) The circle with center (—4,7) and radius \/7. 
(b) The exterior region of the disk with center (a, 8) and radius y (noting that a, 3,7 are real). 
(c) The region bordered from below by the parabola y = x? (i.e. the region contained in this parabola). 
(d) The origin-centered elliptical disk!49] with semi-axes a and b with a being along the x direction 
and 6 being along the y direction (noting that a and 0 are real). 
(e) The square with vertices 2 + 73, 5 +73, 2+ 746 and 5+ i6. 
(f) The triangle with vertices (0,0), (11,0) and (0,8). 
(g) The part of the z plane between the lines x = 0 and y = « (i.e. in the first and third quadrants) 
including the boundaries. 
Answer: 
(a) |jz+4-—17| = a. This is obvious because a circle with center z) and radius p is given by 
|z — 20| =p. 
(b) |z —a—1i6| > y. This is obvious because a disk with center zo and radius p is given by |z — zo| < p. 
(c) Imz > (Rez)?. This is because y = x? means in complex notation Im z = (Rez)? and hence the 
region above this curve is represented by the relation y > x7, i.e. Imz > (Rez)?. 
(d) (Bez)? + (ey <1. This is because this ellipse is given by (25 + (2)? = 1 which in complex 
notation is (B¢2)* + (Bz)? = 1. 
(e) As a curve, the square is given by the following union of intersections: 


( {Rez = 2} {8 <Imz <6} ) U ( {Rez =5} {8 <Imz <6} ) U 


( {lms =3}1@< Rez <5} ) U ( {tmz =0} 02 < Rez <5}) 


As a region, the square is given by the following intersection: 


(2<Rez<5)n(3<tmz<6) 


(f) As a curve, the triangle is given by the following union of intersections: 


( {Rez =0}n{0< mz <8} ) U ( {tmz =0} {0s Rex < u1}) U 


[49] We mean by “elliptical disk” the ellipse and its interior region. 
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({oskee< 1} {Ime = 8 — are:} ) 


As a region, the triangle is given by the following intersection: 


(Re: > 0) a) Ge > 0) a) (tm: <8- ARe2) 


(g) (—32 <argz< —%) U (4 <argz< z). This is because this part of the z plane consists of two 
eighth-planes: the eighth-plane between these lines in the third quadrant which is represented by 
T 


—3t < arg z < —4, and the eighth-plane between these lines in the first quadrant which is represented 


by | < argz < 4. Hence, this part of the z plane is represented by the union of these eighth-planes. 


1.7 Graphic Representation of Sets and Shapes in the Complex Plane 


Based on the mathematical representation of sets and shapes which was investigated in § 1.6, sets of 
complex numbers and geometric shapes in the complex plane can be represented graphically in a corre- 
sponding way. For example, the closed disk |z| < 1 and the open half-plane Re(z) > 1 can be represented 
graphically by the left and right frames of Figure 1. More examples will be given in the Problems and 
in the forthcoming parts of the book. Iterating what have been said in § 1.6, the graphic representation 
of sets and shapes employs both the Cartesian form and the polar form as well as different types of 
mathematical relations and geometric objects, and this versatility facilitates the graphic representation 
of sets and shapes in the complex plane and makes it a powerful tool for clear, impressive, elegant and 
flexible way of demonstration. This, in turn, helps in the development and understanding of mathematical 
relations and formulations. 


Y 


Figure 1: Graphic representation of the closed disk |z| < 1 (left frame) and the open half-plane Re(z) > 1 
(right frame). The represented sets are shaded noting that solid boundary means included and dashed 
boundary means excluded. See § 1.7. 


Problems 

1. Make graphic representations of the following sets and shapes in the complex plane: 
(a) 1<|z-3-43| <2. (b) (Rez > 1)/N (Imz > 3). 
(c) (0< argz < F)N(|z| <5). (d) (|z| < |4e|) -(Imz>3) (0<0< 1%). 
Answer: See Figure 2. 
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Figure 2: Graphic representations of the circular ring 1 < |z — 3 — 32| < 2 (upper left frame), the quarter- 
plane (Re z > 1)M(Imz > 3) (upper right frame), the interior of the eighth-disk (0 < arg z < 4)N(|z| <5) 
(lower left frame), and the truncated quarter-disk (|z| < |4e’|) — (Imz > 3) (0 <6 < %) (lower right 
frame). The represented sets are shaded noting that solid boundary means included and dashed boundary 


means excluded. It is obvious that the quarter-plane extends to infinity on the right and the top. See 
Problem 1 of § 1.7. 


2. What are the mathematical representations of the shaded regions (in the complex plane) plotted in 
Figure 3? 
Answer: The shaded region in the upper left frame is represented mathematically by the following 
difference of sets: 


E < p] - | (me < {Ree +p}) n (Imz> {Rez ~p} )r 
(tmz < {-Ree +p} n (Imz > {-Rez—p} )] 


The shaded region in the upper right frame is represented mathematically by the following difference 


of sets: 2 2 
| (=*) +(=) <1] - fimz<{B-SRez} | 
F b A 
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Figure 3: The shaded region in the upper left frame is an origin-centered disk (of radius p) excluding the 
inscribed square. The shaded region in the upper right frame is an elliptical disk (of semi-axes a and b 
and with center a +7) excluding the region to the left of (or below) the straight line with an x intercept 
A and a y intercept B. The shaded region in the lower left frame is the combination of the infinite sector 
between the line y = V3z and the negative imaginary axis (in the third quadrant) and the infinite sector 
between the line y = /3z and the positive real axis (in the first quadrant). The shaded region in the 
lower right frame is the square with vertices at +(1 +7) excluding the overlapping part of the interior of 
the unit disk centered on 7. Solid boundary means included and dashed boundary means excluded. See 
Problem 2 of § 1.7. 


The shaded region in the lower left frame is represented mathematically by the following union of sets: 


2m Z T alae et 
poe 5 Sages | 


The shaded region in the lower right frame is represented mathematically by the following difference 


of sets: 
|(-1<Ree<1)n(-1<tme<1)|- fie- a <1] 


1.8 General Aspects and Rules of Complex Numbers 


In the following subsections we outline some of the general aspects (such as mathematical properties) and 
rules of complex numbers and variables. 
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1.8.1 Relationship between Real, Imaginary and Complex Numbers 


Real numbers are a subset of complex numbers, i.e. a real number is a complex number whose imaginary 
part is zero. In the z plane, real numbers are represented by the x axis (in the Cartesian representation) 
and by the union of the semi-lines 6 = 0 and 6 = 7 (in the polar representation). In fact, most of the 
general properties of numbers are common to both real and complex numbers (see for example Problem 
1). However, some properties of real numbers (like ordering) do not apply to complex numbers. For 
example, it is meaningful to write 2 < 3 or x; > x2 but it is meaningless to write 1+7<2+ior z > 22. 
So, the property of ordering (apart from equality like z; = zg which is not really an ordering relation) 
is not defined on the set of complex numbers (although ordering of their moduli or arguments or real or 
imaginary parts are defined since these are real numbers). Similarly, some properties of complex numbers 
like conjugation (i.e. having conjugate) do not apply to real numbers (see Problem 2). 

Like real numbers, imaginary numbers are a subset of complex numbers, i.e. an imaginary number is 
a complex number whose real part is zero. In the z plane, imaginary numbers are represented by the y 
axis (in the Cartesian representation) and by the union of the semi-lines 6 = —a/2 and 6 = 7/2 (in the 
polar representation). Regarding the relation between real and imaginary numbers, they can be seen as 
disjoint sets if we exclude the number zero which is common to both (as well as to complex numbers). 


Problems 


1. Give examples of general properties that are common to real and complex numbers. 
Answer: For example: 
e Reflexivity, symmetry and transitivity. 
e Commutativity and associativity of addition and multiplication of numbers. 
Note: although the properties of reflexivity, symmetry and transitivity essentially belong to the equal- 
ity relation, they can also characterize the numbers (since it is meaningful to say: real/complex numbers 
are reflexive, symmetric and transitive with regard to the equality relation). Similarly, although the 
properties of commutativity and associativity essentially belong to the addition and multiplication op- 
erations, they can also characterize the numbers (since it is meaningful to say: real/complex numbers 
are commutative and associative with regard to the addition and multiplication operations). 

2. The claim in the text that real numbers have no conjugates may be challenged by the fact that real 
numbers are their own conjugates. Deliberate on this issue. 
Answer: In fact, conjugation applies to real numbers (since each real number is its own conjugate, 
noting that real numbers are a subset of complex numbers) but in a trivial way that makes this 
property appear nonsensical. To be more precise, real numbers as (a subset of) complex numbers 
have conjugates (which are their own), but real numbers as real numbers (i.e. on their own) have no 
conjugates. Accordingly, the number 3+ 70 has a conjugate which is 3 — 10 but the number 3 has no 
conjugate (since it has no imaginary part for the concept of conjugate to have a sensible meaning). 
So, as long as we are concerned with real numbers exclusively (as it is the case in real analysis), 
we can correctly claim (as we did in the text) that conjugation does not apply to real numbers (i.e. 
as real numbers) because “conjugation” requires having an imaginary part (or component) which is 
meaningless within the domain of real numbers and real analysis. 


1.8.2 Relationship between Cartesian and Polar Representations 


If z is a complex number with Cartesian representation z = 2 + iy and polar representation z = re’? then 
the modulus and argument of z are given respectively by: 


r=|z)=/a22+y? and 6 = arg z = arctan (%) (18) 


where in these relations we transform from Cartesian to polar.°! Similarly, we have: 


x =rcosé and y =rsind (19) 


[50] We should note that the relation 6 = arg z = arctan(y/x) is rather loose and it is waiting more investigation. 
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where in these relations we transform from polar to Cartesian using the identity e’? = cos 6+i sin 6 (or using 
the well-known relationships between polar and Cartesian coordinates noting that these relationships are 
based on simple geometric and trigonometric relations). The relationship between Cartesian representation 
and polar representation is demonstrated in Figure 4. 


r cos @ 


Figure 4: Graphic illustration of the relationship between the Cartesian form and the polar form of 
complex numbers. See § 1.8.2. 


In this context, it is necessary to draw the attention to the following important points: 
e For correct and unique determination of arg z of a complex number (i.e. to which quadrant it belongs) the 
signs of x and y should be considered separately (and not as combined in y/a). Accordingly, arctan(y/x) 
is in the first quadrant if « > 0 and y > 0 but it is in the third quadrant if x < 0 and y < 0 although in 
both cases y/x is positive. Similarly, arctan(y/zx) is in the fourth quadrant if x > 0 and y < 0 but it is in 
the second quadrant if z <0 and y > 0 although in both cases y/zx is negative.!!! 
e As noted earlier, the common convention (which we follow) is that when measuring angles, clockwise 
sense of rotation is regarded negative and anticlockwise sense is regarded positive. 
e While the Cartesian form of a given complex number (as represented by a unique point in the complex 
plane) is unique, the polar form is not because we can add or subtract an integer multiple of 27 (i.e. 
2n7) to the argument (or phase angle) 6 of a complex number without affecting its real or imaginary part 
[noting that 2 = rcos@ = rcos(# + 2n7) and y = rsin@ = rsin(@ + 2nz)]. 
e Recalling the previous point, there are certain conventions about the range of the “principal value” of the 
argument (or phase angle) of a complex number. The most common of these conventions are —7 < 6, <7 
and 0 < 6, < 2m where @, is the principal value (or principal argument). We note that in this book we 
follow the convention —mt < 0, <7. 
e Recalling again the previous points, some readers may note a lack of rigor in the relation 6 = arg z = 
arctan(y/a) regarding the range of 6 and arctan as well as the definition of arg z. To be more rigorous, we 
may write 6, = Arg z = arctan(y/z), but unfortunately even this will not solve the problem completely 
considering that arctan as a single-valued function does not have a sufficient range, while arctan as an 
inverse of tan over its entire domain should not be restricted to the principal value of 0, i.e. 6, = Arg z, [62 


[51] The reader should also note in this context the upcoming points which are related to this point. Also, see Problem 8 of 
§ 1.3. 

[52] In fact, if we define the range of arctan to be between —x and 7 then we may have a rather rigorous relation: 0 = 
arg z = arctan(y/x) + 2nm noting that 0 = 6, + 2nm and 0, = Argz and hence 6, = arctan(y/«) although arctan is not 
a (single-valued) function. We may also use the single-valued function Arctan (as we did in Problem 8 of § 1.3) but this 
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Anyway, these rather trivial and pointless complications and deliberations should not be considered se- 
riously although it is useful for the reader to be aware of (especially from a pedagogical perspective). 
Accordingly, in the following (and indeed in the book in general) we will feel broadly relaxed about such 
issues as long as the ultimate meaning is obvious relying on this understanding and the awareness of the 
triviality of such matters. 


Problems 

1. Find the polar form of the following numbers (which are given in Cartesian form): 
(a) z= —45. (b) z = —ie?. (c) z=3-i7. (d) z= 112-6. (e) z=—-(V5 +i). 
Answer: We remark that in the following, the principal polar form (which employs the principal value 
of the argument) corresponds to n = 0 (noting that n is an integer). We also remark that in some 


cases we divide by zero for the sake of demonstration only (with no intention to commit this taboo 
which may upset some mathematicians!). 


(a) 
r= |z| = Va? + y? = 1/ (—45)? + 0? = 45 
6, = Argz = arctan (2) = arctan (=z) = 


— pei? — ppil(pt2nr) — i(m+2n7) 
ence, z = re re e€ : 


(b) 
pl= Vere = fo+ ep =e 


fe = 
6 A t (2) ae = 
— rg z = arctan {| — } = arctan | —— =- 7 
e e x 0 2 
Hence, z= re = reiOn+2nr) = e2et(2nn—1/2) a e2ti(2nm—m/2) 


r = [gl=Va?+y= 32 + (-7)? = V58 
= = Y) _ ek 
6, = Argz =arctan (2) = arctan ( 3 ) ~ —1.1659 


Hence, z = re’? = retOpt2nT) w ./5et(2n7—1.1659) | 


lz] = V2? + y? = y/ (-6)" +12? = V180 


12 2 
Arg z = arctan (2) = arctan (=) = arctan (=) ~ 2.03444 
xe Si 


r 


Op 


Hence, z=re® = reiOn+2nr) ~ 180 e2(2-03444+2n7) | 


(e) 


2 
r= bla Vere = (v8) +a =v 
6, = Argz = arctan (2) = arctan (=) ~ —2.7211 
x 


Hence, z=re% = retOn+2nr) ~ J6et(2nt—2.7211) | 
2. Find the Cartesian form of the following numbers (which are given in polar form): 
(ape = ee, (bee, (c) z = 1467/2, (d) z = 36e'7/4. (e) z= 3 t*7r/6, 


Answer: 


(a) -e= 11 | cos(—37) + isin(—37)| = | - ee io| es 


leads to rather lengthy and messy relationships (and hence we avoid it). 
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(b) z= | cos(107) + isin(107)| — a1 + io| =T 


37 Csi«ssiOT : : 
(ec) z=14 [cos 5 + isin | = 14[o- 3] = -i14 
T  .. 8 1 wok _ : 
(a) z= 36| cos = + isin 5] = 36 It's = 18/2 + i18Vv2 
V3 1 


7 7 
(ep gS cos a + i7sin =| =e - - 4 ~ —17.3946 — 110.0428 


3. The Cartesian form of a given complex number (as represented by a unique point in the complex plane) 
is unique, but the polar form is not unique. Discuss this issue. 

Answer: The key point in this discussion is the restriction “as represented by a unique point in the 
complex plane” because the numbers re’? and re*°+?””) as abstract numbers are obviously two different 
and unique numbers and they are as much different as the numbers re’? and re(?+?"°) for example. 
Yes, when we consider the representation of all complex numbers by a single (or unique) complex 
“Cartesian plane” then we can see that the polar form is not unique because infinitely-many numbers 
fall on the same point in this unique plane while the Cartesian form is unique because each point 
in this unique plane is represented by a unique “Cartesian number”. Accordingly, if we represent all 
the complex numbers by infinitely-many “parallel” complex “Cartesian planes” then the corresponding 
points in these parallel planes will have the same Cartesian representation but different polar represen- 
tations. So, we may say that the polar representation of complex numbers is richer than the Cartesian 
representation. Anyway, as hinted earlier (by using for instance “Cartesian plane”) this issue essentially 
originates from the graphic representation of complex numbers by coordinated planes and the relation 
between the Cartesian and polar coordinates (since non-uniqueness originates from the fact that the 
real and imaginary parts, which are based on the Cartesian representation, are not uniquely related 
to the polar representation since adding or subtracting an integer multiple of 27 to the argument of a 
complex number does not affect its real or imaginary part). So, if we use for instance a coordinated 
plane in which the horizontal axis represents the “signed magnitude” while the vertical axis represents 
the argument then this polar-like representation of complex numbers should also be unique (although 
we will need to replace some of the familiar relations, formulations and representations which are based 
on the traditional polar and Cartesian representations to cope with this new situation). 

To sum up, when we start from a Cartesian representation (where each “Cartesian number” is repre- 
sented uniquely by a single point of the “Cartesian plane”) then the polar representation that is based 
on this “primary” Cartesian representation is not unique because infinitely-many “polar numbers” corre- 
spond to a single “Cartesian number”. However, if we start from a polar-like representation of complex 
numbers (with disregard to any other “primary” representation) then the polar-like representation of 
complex numbers is also unique. Accordingly, being non-unique can be seen as a consequence of the 
relation of the polar representation to the Cartesian representation (i.e. being a subsidiary of the Carte- 
sian representation) rather than being an intrinsic attribute of the polar (or polar-like) representation 
itself and on its own. 

4. As explained already, adding 2n7 to the argument of a complex number does not affect the number 
itself (or rather does not affect its real and imaginary parts and hence its Cartesian form). What about 
the potential effect of this addition on the functions of this complex number (or rather variable)? 
Answer: While adding 2nz to the argument of a complex number does not affect the number itself 
(as a geometric entity represented by a specific point in the complex “Cartesian plane”), it may affect 
the function of that number. For example, while f(z) = z = 2+ iy or f(z) = Re(z) is not affected by 
such addition, f(z) = Vz or f(z) = In(z) is affected in general (see for example Problem 11 of § 1.11; 
also see Problem 8 of § 1.8.10). 
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1.8.3. Equality, Inequality and Non-equality 


Two complex numbers z; and z2 are equal iff Re(z1) = Re(z2) and Im(z1) = Im(z2). Accordingly, 
complex equations represent two real equations: one for the real part and one for the imaginary part 
(e.g. 32 +12 =4—i means 3x = 4 and 3y + 2 = —1). As indicated earlier (see § 1.8.1), inequalities!®*! 
between complex numbers (as such) have no meaning although they are meaningful with regard to some 
of their attributes, e.g. the real part of a complex number is smaller than the real part of another complex 
number or the modulus of a complex number is larger than the modulus of another complex number. We 
also note that inequalities between real numbers (which are a subset of complex numbers) are meaningful. 
Regarding non-equalities (i.e. relations symbolized by 4), they are meaningful for complex numbers (as 
for real numbers) where their meaningfulness is based on the meaningfulness of complex equalities. The 
issue of non-equalities will be discussed further in the Problems. 


Problems 


1. What it means when we write, for instance, z 4 2 + 18? 
Answer: It means « 4 2 OR y # 8 (or both) and hence it does not mean « 4 2 AND y #8. The 
reason is that two complex numbers are equal iff their real parts are equal AND their imaginary parts 
are equal and this AND is violated when one of these equalities does not hold even if the other equality 
holds.!°4! For example, we correctly write 3—i 4 3+1 because the imaginary parts are not equal even 
though the real parts are equal. 

2. Discuss the issue of the equality and non-equality of two complex numbers from the perspective of 
Cartesian and polar representations. 
Answer: Referring to our previous discussion about the uniqueness of the Cartesian representation 
and the non-uniqueness of the polar representation of a given complex number (or rather given complex 
“Cartesian number”; see § 1.8.2 and Problem 3 of § 1.8.2 in particular), we can say that two complex 
numbers can be equal and non-equal at the same time. For example, if z} = 1+i = V2e'"/* and 
zg =1+i = V2e""/4 then from the Cartesian perspective z; = z2 but from the polar perspective 
z1 # 2 since (V2, 7/4) 4 (V2, 97/4). In fact, the above definition of equality [i.e. z; and z2 are equal 
iff Re(z1) = Re(z2) and Im(z1) = Im(z2)] is based on the Cartesian representation (as a primary and 


reference form) which implies that: z; and z2 are equal iff |z:| = |zg| and Arg(z,) = Arg(z2) where 
the latter condition is equivalent to arg(z,) = arg(z2) + 2n7. So, if we adopt a purely polar criterion 
for defining equality then we may say: z; and z2 are equal iff |z1| = |zg| and arg(z1) = arg(z2). 


1.8.4 Zero and Unity 


A complex number z is zero iff Re(z) = Im(z) = 0. So, in Cartesian representation a zero complex 
number z = x + ty is identified by the condition x = y = 0, ie. z =0+i0 in Cartesian form or z = (0,0) 
in Cartesian pair form. Similarly, in polar representation a zero complex number z = |z| e’ are(z) — pe’? ig 
identified by the condition r = 0 (with @ undefined). 

A complex number z is unity iff its modulus (or magnitude) is unity. So, in Cartesian form a unity 
complex number z = x + iy is identified by the condition |z| = ,/a? + y? = 1. Similarly, in polar form a 
unity complex number z = re” is identified by the condition r = 1, i.e. z = ec”? (0 € R). However, it is 
worth noting that “unity” may be used specifically for the real number “1”. 

Problems 


1. Investigate the properties of zero and unity of complex numbers and compare them. 
Answer: We note the following: 
e While zero is a single number, unity is an infinite set of numbers. However, “unity” may also be used 
to label the number 1 specifically (which is a single number). 


[53] We remind the reader of the difference between “inequality” (i.e. <,>,<,>) and “non-equality” (i.e. 4) which was 
explained in § 1.1. 
[54] This is based on a simple rule of logic, that is: the negation of “A AND B” is “(not A) OR (not B)” (where OR is 


non-exclusive). 
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e Zero can be considered as a complex number (i.e. 0+70), as a real number (i.e. 0), and as an imaginary 
number (i.e. i0) at the same time. Also, the set of unity numbers includes (strictly) complex numbers 
(like e'7/4 = 2-1/2 + (2-1/2). real numbers (like e’* = —1) and imaginary numbers (like e’"/? = i). 
We note that we have only two unity real numbers (i.e. +1) and only two unity imaginary numbers 
(i.e. +i), so the entire set of unity numbers are (strictly) complex except these four.!°>! 
e Zero is the identity element with regard to the operation of addition and the destruction element 
with regard to the operation of multiplication (since it annihilates its multiplicand), while unity is the 
identity element with regard to the operation of multiplication if we consider the modulus only (since it 
does not affect the magnitude of its multiplicand noting also that 1 specifically is the identity element 
with regard to the operation of multiplication unconditionally since it affects neither the modulus nor 
the argument of its multiplicand). 

2. Make a graphic representation of the set of unity numbers in the (upper) quarter-plane between the 
lines y= a and y=—z. 
Answer: See Figure 5. 


Figure 5: Graphic representation of the set of unity numbers (thick circular arc) between the lines y = x 
and y = —a. These numbers can be represented in polar form as z = e%(9»+2n7) (4 << ar), See 
Problem 2 of § 1.8.4. 


1.8.5 Arithmetic and Algebraic Operations 


In general, the arithmetic and algebra of complex numbers follow the same rules as those of real numbers 
with 7 (i.e. the imaginary unit) being treated as a constant number (like any other number such as 1 and 
7) but with its special properties and significance such as i? = —1. This applies to the complex numbers as 
a whole (as usually represented and symbolized by z and w) and to their real and imaginary components 
in the Cartesian form (like z = «+ iy and w = w+ iv) as well as to their modulus and argument in the 
polar form (like z = re’’). However, we should note that since i cannot merge into the real numbers (for 
instance 7 x 3 = 73 where 7 and 3 are kept separate in 73 unlike 2 x 3 = 6 where 2 and 3 are merged into 
6 which is another number) it behaves like an algebraic symbol from this perspective and this facilitates 
the separation of real and imaginary parts of any complex number and variable. In the following points 
we present some of the general rules and regulations that govern the arithmetic and algebra of complex 
numbers noting that these rules and regulations are just instantiations and applications of the above 
general rule. 

e The set of complex numbers is closed under the arithmetic and algebraic operations, i.e. the (legitimate) 
arithmetic and algebraic operations conducted on complex numbers produce complex numbers in general. 
e The algebraic sum of two complex numbers z, and 2g (i.e. 21 + 22) is a complex number z whose real 
part is the algebraic sum of their real parts and its imaginary part is the algebraic sum of their imaginary 


[55] When we say “two” or “four” we consider the numbers as identified by points in the complex plane, i.e. we consider the 
numbers as represented uniquely by their Cartesian form. We may also consider their principal polar form. 
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parts, that is: Re(z) = Re(z,)+Re(z2) and Im(z) = Im(z,)+Im(z2). So, if z) = 71 +ty, and zo = x2 + iyo 
then their algebraic sum is: 


21 zg = (v1 aE x2) + i(y1 a y2) (20) 


e It is obvious that addition and subtraction are easier in Cartesian form than in polar form. In fact, 
these operations are naturally conducted in Cartesian form and hence if the numbers are given in polar 
form they are usually converted to Cartesian form before adding or subtracting them. 

e If two complex numbers z; and 22 are given in Cartesian form as 2; = 2; + 7y; and zg = x2 + ty2 then 
their product is: 


2 X 2q = (a1 + iys)(@2 + tyg) = 21 xq + Ly iys + tye + tyriys = (1x2 — yiy2) + i(a1y2+22y1) (21) 


i.e. the real part of the product is the product of the real parts minus the product of the imaginary parts 
while the imaginary part of the product is the sum of the products of the mixed (or non-corresponding) 
real and imaginary parts. 
e If two complex numbers z; and z2 are given in polar form as z, = rye and zo = re’ then their 
product is: 

zy X 2g =e! x rget? = pyre t = py roet(Or+%) (22) 


i.e. the modulus of the product is the product of the moduli while the argument of the product is the sum 
of the arguments. The last formula can be easily extended (by repetition and induction) to the product 
of n numbers, i.e. 21 X 22 X +++ X Zn =T1T2Q°°° Pye tat+On) 

e If two complex numbers 2; and 22 are given in Cartesian form as 21 = 71 +7y1 and 22 = 2+ 4y2 (zo #0) 
then their quotient is: 


Zz 2123 _ (ti ttyi)(z2— tye) — (tite + yiy2) + i(zay1 — Biya) — TiFet+ ye | 


z2 29z3 = (x2 + ty2) (x2 — tye) a3 + y3 x3 + y3 


.L2Y1 — 21Y2 
ty + Y3 


(23) 


where we multiplied the numerator and denominator by the conjugate of the denominator to make the 
denominator real and hence separate the real and imaginary parts of the quotient. 
e If two complex numbers 2, and 22 are given in polar form as 2, =r ,e’*! and z = rge’? (z2 #0) then 
their quotient is: 
Zz nie — 11 i01-i82 _ ryry Let(®1—62) (24) 
22 reer’? T2 


i.e. the modulus of the quotient is the quotient of the moduli while the argument of the quotient is the 
argument of the dividend minus the argument of the divisor. 

e It is obvious that multiplication and division are easier in polar form than in Cartesian form. 

e Division can be seen as multiplication of the dividend by the reciprocal of its divisor (see § 1.8.9). 

e There are obvious geometric interpretations of the multiplication and division of complex numbers (as 
position vectors in the z plane); some of which will be investigated here (as well as later in the book). 
From the perspective of the polar form of the numbers involved in the multiplication operation (i.e. 
2X 22= ryrget(O1 +92) ) it is obvious that this operation means scaling associated with rotation, i.e. we 
are scaling (up or down) the magnitude (i.e. modulus) of one of the numbers by the magnitude of the 
other number and rotating the scaled number by the phase angle (i.e. argument) of the other number. 
Similarly, from the perspective of the polar form of the numbers involved in the division operation (i.e. 
21/Z9 = ryry tet(O1—2)) it is obvious that this operation also means scaling associated with rotation, i.e. 
we are scaling (down or up) the magnitude of the dividend by the reciprocal of the magnitude of the 
divisor and rotating the (scaled) dividend by the negative of the phase angle of the divisor. 

e As indicated earlier, most of the properties of arithmetic and algebraic operations on real numbers are 
also possessed by these operations on complex numbers. For example: 


(21 + 22) + 23 = 21 + (22 + 23) (associativity of addition) (25) 


(21 X 22) X 23 = 21 X (22 X 23) (associativity of multiplication) (26) 


att = 242 (commutativity of addition) (27) 
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21 X 2 = 22 X 21 commutativity of multiplication) 


( (28) 
zy X (22 + 23) = (21 X 22) £ (Z1 X 23) (distributivity of multiplication over addition) (29) 
O+z2=2+0=2z (additive identity) (30) 
lxz=zxl=z (multiplicative identity) (31) 
( (32) 
( (33) 
( (34) 


z+(-z)=(-z)+2=0 
zx (1/z) = (1/z)x z=1 
Oxz=zx0=0 


additive inverse) 
multiplicative inverse, z 4 0) 


annihilation property of 0) 


Problems 


1. Complex numbers may be compared to vectors in 2D plane!®*! and their arithmetic may be thought 
to be similar. Comment on this issue. 
Answer: Although complex numbers look like vectors in 2D plane (i.e. complex plane), their arith- 
metic is not the same as the arithmetic of vectors. In brief, addition and subtraction of complex 
numbers are similar to those of vectors, but multiplication and division are not. As we know, the 
multiplication of complex numbers is similar neither to the dot product of vectors nor to the cross 
product of vectors. Moreover, division is allowed in complex numbers but not in vectors. 
In fact, the profound difference between complex numbers and vectors is not restricted to these arith- 
metic operations and attributes but it extends to other mathematical operations and attributes. For 
example, common functions (like polynomials, exponentials, logarithmic, trigonometric, hyperbolic, 
etc.) can operate within the domain of complex numbers but not within the domain of vectors (i.e. 
in the usual sense although some extensions and generalizations may be made). So in brief, complex 
numbers and vectors are fundamentally different mathematical entities (where the former are essen- 
tially a type of abstract numbers while the latter are essentially geometric objects) although they share 
some similarities due to their 2D representation in the coordinate plane. 

2. Describe in words the operation of multiplication and division of complex numbers. 
Answer: Using the polar representation of complex numbers, we can say: the product of two complex 
numbers is a complex number whose modulus is the product of their moduli and its argument (or 
phase angle) is the sum of their arguments, while the quotient of two complex numbers is a complex 
number whose modulus is the quotient of their moduli (i.e. the modulus of the dividend divided by the 
modulus of the divisor) and its argument (or phase angle) is the difference between their arguments 
(i.e. the argument of the dividend minus the argument of the divisor). 

3. Verify the properties given by Eqs. 25-34. 
Answer:!°’| These properties are trivially based on the corresponding properties in real numbers (as 
well as the property of i and e’® as multiplicands of real numbers), that is: 


e (44+ 22) + 23 = ([v1 + 22] +t [y1 + yo]) + 03 + tyg = 21 + 2 + tyr + tye +03 + tys 
= 21 + ty + ([z2 + 23] +7 [yo + y3]) = 21 + (22 + 23) 


8 CXR (ryei% © ret?) oe (rirgelttt#2)) x 73€%3 = ryrorget(Or+42+9s) 


= re. x (rarse"( +?) = reo x (roe x res) = 21 X (ze x 23) 


° 21+ 2 = (41 +22) +i(yr + yo) = (to2+r1) +ilyeaty) =z2+% 


[56] The restriction “in 2D plane” is essential because vectors in spaces of higher dimensionality (e.g. 3D space) are totally 
different and hence they cannot be compared to complex numbers. This also applies to 2D non-planar surfaces. 

[57lIn the following verifications we use whichever more convenient form of representation (whether Cartesian or polar or 
both). 
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e zy X 2g = 7ye! x ree? = ryroetO1t%2) = por etF2t) = poet? x rye!) = zy x 21 
© 2X (22 +23) = re x ([v2 + x3] + 4 [yo + ys]) = rie (w2 + 2) + irie™ (yo + ys) 
=(re to rje""1z3) +i (rye! yo + rely 3) 
= (rie x9 + irje’t ys) + (rie! a3 + irje!tys) 
= [rie x (x2 + iya)] + [rie™™ x (x3 + iys)] = (21 x 22) £ (a X 23) 
e 0+2=(0+20) + (a +ty) = (0+ 2) +i(0+y) =r+iy=z 
=x+ty=(x+0)+i(y+0) =(e+iy) + (04+ 10) =2z+0 
° 1x z= (le) x (re) = (1x r) x Ot) =r x el = rel =z 
=re°=rxe%= (r x 1) x ei(9+0) — (re’?) x (1e’°) =zxl 
e z+(—z) =(@+ty)+ (-2 -iy) = («@-2)+i(y—y) =0+700=0 
=0+4+710 =(-a+2)+i(-yt+y) = (—a —-ity) + («+ ty) = (-z) +2 
1 iO 1 r ef i(0—O i(O sees ‘ 
e zxX—-=re” x —,=-—x — = 1x ei ~9 = e() = cos0+isin0=1+i0=1 
Zz re re 
‘ . re 1 ; 
=1+440 =cos0+isin0 = e =1 x etP-9 =~ x Teer es re? = 
rn re’ 
e Ox z=(0+720) x (x +iy) =(Oxr-Oxy)+i(0X y+ Ox x) =04+10=0 
=04+200=(4x0-—yx 0) +i(a x 0+y x 0) = (x + ty) x (0+70) = zx 0 
A, If 2, =5, zo = 13, zg = 11412, 24 = 6 —i17, z5 = V/13e'"/4 and z = e~**/%, find the following: 
(a) 162123 — 4z224. (b) 23 + 2225 — 326. (c) 2324 + 2223. 
(d) 24/23. (e) 25 X 26. (f) 25/(222¢6). 


Answer: We use Cartesian or polar forms (whichever is more convenient). 


(a) 162123 — 4224 = 16[5 (11 + 42)] — 4 [i3 (6 — i17)] = (880 + 4160) — (204 + 172) = 676 + 188 


(b) 23 + 2225 — 326 = (11+ 12) +43 (visei*/*) —3(e-#*/?) 


= (11 +i2) a( 2 +9) (5 “) 


[1 [1 
= (11472) ( 3 - + 43 *) (3 af) ~ 1.8515 + 712.2466 


(c) 2324 + 2223 = 23 (24 + 22) = (11 + 72) ([6 — 417] + 73) = (11 + 72) (6 — 114) 
(11 x 6— 2x [—14]) + i(11 x [-14] +6 x 2) = 94 — 1142 


I 


za 6-i17 (6—d17)(11—#2) 32—A199 . 
d = = = = 0.256 — 11.592 
(d) a, Ite (Uy d1—) 125 : 
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(e) zy X 26 = V18e7/4 x eH = V/13e(7/4-7/3) = V/13e77/ 1? ~ 3.4827 — 10.9332 
(f) AR Vi3ei"/4 = {M13 icn/4tn/3) = eit /2 VIB izn/12 
2226 i3e—in/3 3 3 
13. x JB . 
= VE rian = ven ~ 1.1609 + 10.3111 


5. What is the effect of multiplying a given complex number z by 7, —1, —7 and 1? 
Answer: We note first that all these numbers are of unit length and hence they will not change the 
modulus of z. So, all they do is to change the argument of z, i.e. rotate z by a given angle. Accordingly: 
e Multiplying z by 7 is equivalent to rotating it by 7/2 (since i = cos § + isin 5 = eit! a. 
e Multiplying z by —1 is equivalent to rotating it by 7 (since —1 = cosa +isinz = e’”). This should 
also be concluded from the fact that —1 = ii where each i rotates by 7/2. 
e Multiplying z by —i is equivalent to rotating it by —1/2 (since —i = cos == + isin == = e7'/?). 
This can also be seen as rotating by *£ (since —i = cos 3% + isin 8 = e'"/?), 
concluded from the fact that —i = iit where each 7 rotates by 7/2. 
e Multiplying z by 1 keeps it unchanged (since 1 = cos0 +isin0 = e” which is consistent with the fact 
that 1 is unity for multiplication). This can also be seen as rotating by 27 (since 1 = cos2a+isin 2a = 
e’?™). This can also be concluded from the fact that 1 = iiii where each i rotates by 7/2. 
So in brief, 7 rotates by [, —1 = it rotates by 2 x 5 = 7, —i = iti rotates by 3x 5 = a and 1 = iit 
rotates by 4 x 5 = 2r. 
Note: in the above answer we did not consider rotating by angles that include integer multiples of 27 
because such angles do not produce different results to the above results since adding integer multiples 
of 27 to any of the above angles does not affect the real or imaginary part of the product. Nevertheless, 
for the sake of generality and thoroughness we may say: multiplying z by 7 is equivalent to rotating it 
by § + 2nm (and similarly for the rest). 

6. Given that z is a strictly complex number (i.e. not real or imaginary) in the first quadrant, represent 
graphically z, iz, —z, and —iz as position vectors in Cartesian coordinates. 
Answer: See Figure 6. 
Comment: iz is a rotation of z by 7/2. —z is a rotation of z by 7. —iz is a rotation of z by —7/2. 
See Problem 5. 


7. Which of the following numbers are real and which are imaginary: 


This can also be 


(a) 22*. (b) z— 2*. (c) z+ 2%. (d) iMet7/2, 
(e) (Rez) /i. (£) Im(z/i). (g) arccosh(1). (h) me%57/6, 
Answer: 


(a) This is real because: 
2z* = (a+ iy)(x — iy) = (a? + y”) +i(yx — zy) = 27 +y? 
(b) This is imaginary because: 
2-2 = (x+y) —(a@—-tiy) = (e@— 2) +i(yt+y) = i2y 
(c) This is real because: 
z+2* =(x+iy) + (a@—iy) =(x@+2)+i(y—y) = 22 


(d) This is real because: 


; ; 5 5 
jit eta /2 — _jetdm/2 i (cos " + isin *) = i (cos = isin >) =-i(0+i)=1 
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Ve Y 


Figure 6: Graphic representation of z, 1z, —z, and —iz as position vectors in Cartesian coordinates. We 
note that if z has coordinates (X,Y) then iz, —z, and —iz have coordinates (—Y, X), (—X,—-Y) and 
(Y, —X) respectively. Also see the comment of Problem 6 of § 1.8.5. 


(e) This is imaginary because: 


Rez 


a 


=-ix Rez = —i x Re(a + ty) = —ix 


(f) This is real because the imaginary part of any number is real (by definition). 

(g) This can be regarded as real and imaginary (as well as complex) because arccosh(1) = 0 (considering 
the principal value; see Eq. 154). 

(h) This is neither real nor imaginary because: 


rePt/6 — 5 eg alge” = v3 i — m3, om 
a 6 6) BO ED 


8. Identify the effects of the following mathematical operations on a complex number z = x + ty (i.e. in 
its Cartesian form): 
(a) Division by 7. (b) Multiplication by 7?. (c) Multiplication by — (i*)?. 
Answer: 
(a) Rotation of z by —7/2 (i.e. clockwise rotation by 7/2) because: 
Zz 42 tz 
a 12 —1 


LZ i(a +iy) = 1 y= ix+y=y ix 


Noting that x = |z|cos@ and y = |z|sin@ [as well as the trigonometric identities cos (0 — 3) = sin 
and sin (0 - a) =— cos 6, it is obvious that y — ix is obtained by rotating x + iy by —7/2. Also, see 
Problem 5. 

(b) The same as part (a) because i?z = i? x iz = —iz = 2/i. 

(c) Doing nothing (i.e. like multiplying z by 1) because: 


3 


—(#*)?2=-(-i)? 2 =-(-1x i)? 2 =-(-1)’ x (#®) 2 =-(®@) 2 =-(-De=lxz=z 


Note: regarding part (b), being the same is from the Cartesian perspective (in accord with the 
statement of the question). Hence, it may not be the same from the polar perspective (or even 
from a “physical” perspective if we consider representing physical processes and operations by these 
mathematical operations). We should also repeat the essence of the note of Problem 5. 
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9. 


10. 


Identify the effects of the following mathematical operations on a complex number z = re’? (i.e. in its 
polar form): 
(a) Multiplication by e~*7/?. (b) Division by e~ 87/2, (c) Multiplication by —e7*"”. 
Answer: The effects of these operations are (correspondingly) identical to the effects of the operations 
in Problem 8 because: 
(a) 

a) Zz z Zz 


‘ ~ em/2 ~~ cos(m/2)+isin(n/2) O+Fi 


Zz 
e—131/2 


3 3 


(c) 


—e"™ z = —[cos(—7m) + isin (—7r)]z=—-[-1+i0]z=1x z=2 


Note: the effects of the operations in this Problem are unique because the operations in this Problem 
are given in polar form where each argument is defined uniquely (unlike the situation in Problem 8). 
Hence, from this perspective the effects of the operations in this Problem are not definitely identical 
to the effects of the operations in Problem 8. 

Show that the product of two complex numbers is zero iff at least one of them is zero. 

Answer: From Eq. 22 we have 2122 = ryr2e(+), So, if z, = 0 or z2 = 0 (or both) then r; = 0 or 
rg = 0 (or both) and hence 2122 = 0. On the other hand, if z,z2 = 0 then either r; = 0 or r2 = 0 (or 
both) and hence z; = 0 or z2 = 0 (or both). 


1.8.6 Real and Imaginary Parts 


As noted earlier, the split of complex numbers to real and imaginary parts is related to the Cartesian form 
of representation of complex numbers (noting that both parts are real). Many of the general aspects of 
the real and imaginary parts of complex numbers have already been investigated. More investigation and 
discussion about these issues will be given in the Problems of this subsection (as well as in the upcoming 
parts of the book noting that some of these issues depend on other issues that are waiting investigation). 


Problems 


1; 


Represent graphically the sets of complex numbers that satisfy the following relations: 

(a) Rez —Imz=0. (b) Rez +Imz=0. (c) Imz/Rez=1 (z#0). 
(d) Rez =6. (e) Imz =0. (f) (Re z)* + (Imz)? = 25. 
Answer: See Figure 7. 


. Identify the mathematical operations that do the following to a complex number z = x + iy (i.e. in its 


Cartesian form): 
(a) Replacing the real and imaginary parts of z by their negative, i.e. «+ iy 4 —ax — ty. 
b) Replacing the real part of z by its negative, i.e. w+ iy > —ax + iy. 


Annihilating the real part of z, i.e. x + iy > iy. 
Annihilating the imaginary part of z, i.e. x +iy > a. 
Answer: 
a) Multiplication by —1, that is: —z = —(a + iy) = —a — iy. 

b) Conjugation with negation (in whichever order), that is: —z* = —(a+iy)* = —(x —iy) = —x+iy 
or (—z)* = (—a — iy)* = —a2 + ty. 

(c) Conjugation, that is: 2* = (a + iy)* = x — ty. 

(d) Conjugation followed by multiplication by 7, that is: iz* = i(a+ty)* = i(a—ty) = (iat+y) = ytia. 


1.8.6 Real and Imaginary Parts Al 


Figure 7: Graphic representation of the sets of complex numbers of Problem 1 of § 1.8.6. All straight lines 
goes to infinity in both directions and the puncture at the origin belongs to part (c). 


It can also be achieved by multiplication by —7 followed by conjugation, that is: (—iz)* = (—ia+y)* = 
(y—ix)* =y+i2. 
(e) Conjugation followed by multiplication by —7, that is: —i(a# + iy)* = —i(a —iy) = -(ia + y) = 
—y — ix. It can also be achieved by multiplication by 7 followed by conjugation, that is: (iz)* 
Ge—y)* = (=y Piz)* =—y = ia, 
(f) Subtraction of its conjugate followed by division by 2, that is: 5 = ly. 
(g) Addition of its conjugate followed by division by 2, that is: ate = (etiy) + (ety) = #=x, 
Also, see Problem 8 of § 1.8.8. 


zo2* _ (wtty)—(a-ty) __ i2y 
~~ 1D, 


Note: in the above answer we repeatedly use conjugation which may not be a basic mathematical 


operation like addition and subtraction. So, what are the basic mathematical operations whose com- 
bination achieves conjugation (and hence they enable us to express the above operations that involve 


conjugation in terms of more basic mathematical operations)? This issue is addressed in Problem 10 of 


§ 1.8.8 where we will see that in Cartesian form (at least) there may not be more basic mathematical 
operations by which conjugation can be achieved and accordingly conjugation is a basic mathematical 
operation that is not based on (or achievable by) more basic operations. 


3. Solve the following complex equations, inequalities and non-equality (for z € C):/8 


[58] We remind the reader that the double-bar symbol in |a| means modulus when a is complex and means absolute value when 
a is real (see § 1.1). We should also note that although the relations that are expressed by non-equalities can generally 
be expressed in terms of inequalities, in certain situations the non-equalities produce simpler and clearer mathematical 


relations and expressions and hence they are advantageous as a tool for mathematical expression and representation. 
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(a) Rez < (Imz)* +8. (b) Re|z| < 3. (c) Re(z)Im(z)=5 (0<argz < 4). 
(d) |Imz| =e. (e) (Imz)* + (Rez)? +4=0. (f) Imz 4 2Rez+1. 
Answer: 


(a) The equation Rez = (Imz)* +8 represents the parabola x = y? + 8 which is symmetrical about 
the real axis and opens to the right with vertex at (8,0). Hence, the solution of the inequality is all 
the numbers in the z plane to the left of this parabola. 

(b) The modulus |z| is real and hence Re |z| = |z|. So, what we have is |z| < 3 which is an equation 
of the origin-centered disk of radius 3. Therefore, the solution is all the complex numbers represented 
by this disk. 

(c) The equation Re(z) Im(z) = 5 represents the hyperbola y = 5/x (x 4 0). However, the condition 
0 < argz < § restricts the solution to the numbers represented by the branch of this hyperbola in the 
first quadrant. 


(d) We have |Im z| = |y| = e and hence y = +e. So, the solution is all the complex numbers represented 
by the two (horizontal) lines: y = +e and y = —e. 
(e) This equation means (Im z)* + (Rez)? = —4 and hence it has no solution because both Im z and 


Rez are real and hence both (Im z)* and (Rez)? are non-negative, so their sum cannot be negative. 
(f) The equation In z = 2Rez +1 represents the line y = 2x +1. Hence, the solution of this non- 
equality is the entire set of complex numbers excluding those represented by this line. 

4. Solve the following systems of simultaneous complex equations (for z € C): 


(a) Rez =2[1— (im2)"] and Imz—6Rez—1=0. 
5 

(b) |Rez| = 7 and (Rez — 1)? + (Imz +2)? = 9. 

(c) Im(z) Re(z) = 1 and (Rez)? + 2(Imz)? —5 =0. 

(d) Imz— Rez—1=0 and Imz — (Rez)? + 2Rez =2. 


Answer:!91 
(a) We have: 


(Bez) (m2) a1 (Rez > 0) 
Once aa 


which is an equation of the right half of the origin-centered ellipse with semi-axes 2 (along the x 
direction) and 5 (along the y direction). Similarly, the equation Im z — 6 Rez — 1 = 0 represents the 
straight line y = 62 +1. These two curves meet only at the point with 2 = (20/42 — 24)/169 ~ 0.6249 
and y = (120\/42 + 25)/169 ~ 4.7496. Hence, the solution of this system of simultaneous equations is 
the point z ~ 0.6249 + 74.7496. 

(b) The first equation represents the two vertical lines « = —7 and x = +7 while the second equation 
represents the circle with center z9 = 1—72 and radius R = 3. It is obvious that these three curves do 
not intersect at any point in the complex plane and hence this system of simultaneous equations has 
no solution. 

(c) The first equation represents the hyperbola y = 1/a while the second equation represents the 
origin-centered ellipse with semi-axes V5 (along the x direction) and \/5/2 (along the y direction). 


[59] We note that the solutions (in this Problem and its alike) can be verified by inserting them into the systems. 
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These two curves obviously meet at four points which are: 


5 17 5-17 
a2 = £ i ES) viz ~ +(2.1358 + 10.4682) 


2 4 
5—V17 5 17 
34 = 5 i = i ae ~ +(0.6622 + 11.5102) 


So, these four points are the solution of this system of simultaneous equations. 
(d) The first equation represents the straight line y = x + 1 while the second equation represents the 
parabola y = x? — 24 + 2. These two curves meet at two points which are: 


$a7/5. 5aV5 Sb a/5 Shea: 
= 5 +4 5 = 5 ma 5 


These two points are the solution of this system of simultaneous equations. 

5. What is the effect of the operation of taking the real/imaginary part on sets of complex numbers (such 
as curves, shapes and regions) in the complex plane? What is the effect of the operation of taking the 
imaginary component? 

Answer: The effect of taking the real part is that the projection of the “cross section” (i.e. the cross 
section that faces the real axis) of the set on the real axis is mapped onto the real axis. For example, 
on taking the real part of the set represented by |z| = 2 (i.e. the origin-centered circle of radius 2) we 
get the segment on the real axis between the point —2 and the point 2, i.e. we compress it (or collapse 
it) on the real axis. 

The effect of taking the imaginary part is that the projection of the “cross section” (ie. the cross 
section that faces the imaginary axis) of the set on the imaginary axis is mapped onto the real axis. For 
example, on taking the imaginary part of the set represented by Im(z) = 5 Re(z)+3 with 1 < Re(z) <3 
(i.e. the segment of the line y = 5a + 3 between z; = 1+ 78 and z2 = 3+i18) we get the segment on 
the real axis between the point 8 and the point 18. 

The effect of taking the imaginary component is that the projection of the “cross section” (i.e. the cross 
section that faces the imaginary axis) of the set on the imaginary axis is mapped onto the imaginary 
axis. For example, on taking the imaginary component of the set represented by Im(z) = 5 Re(z) + 3 
with 1 < Re(z) < 3 we get the segment on the imaginary axis between the point 78 and the point 718. 


~ 0.3820 + 71.3820 & Zz ~ 2.6180 + 23.6180 
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1.8.7 Modulus and Argument 


As noted earlier, the split of complex numbers to modulus and argument is related to the polar form of 
representation of these numbers (noting that the modulus and argument are both real with the modulus 
being non-negative). Some of the general aspects of modulus and argument have already been investigated. 
In the following points we outline the main properties and rules of modulus and argument of complex 
numbers: 

e The modulus (or magnitude) of a complex number z is a real number obtained by taking the (positive) 
square root of the product of the number by its conjugate, that is |z| = //zz*. This can be shown (using 
the Cartesian representation z = x + iy) as follows: 


el = V+ = Jet Mey = Ve (35) 
This can also be shown (using the polar representation z = re’’) as follows: 
lz) =r = Vr? = Vre® x re-? = Vzz* (36) 


e If z = re’® then 6 = arg(z) where arg stands for argument. If @ is in the interval —t < 6 < r then it 
is commonly labeled as the principal argument and is usually symbolized with Arg(z).!°l As indicated 


[69] As indicated earlier, Arg(z) may be taken in the interval 0 < @ < 2m (according to another convention). 
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earlier (see § 1.8.2), although a given complex number (as represented by a unique point in the complex 
plane) is unique, it has infinite number of arguments because we can add an integer multiple of 27 (i.e. 
2n7) to its principal argument without affecting its real or imaginary part. In other words, arg(z) has an 
infinite number of (distinct) values, i.e. it is an infinitely multi-valued function (like the natural logarithm 
function which will be investigated in § 2.2; also see § 1.11). 

e The modulus of a product is the product of the moduli, that is |z1z2| = |z1||z2|. This can be easily 
shown using the polar form, that is: 


i041 ei (A1 +62) 


|z1z2| = [rie rae"?| = rire = rire = |21||22| (37) 


where we used |e’®| = |cos@ + isin6| = cos? 6 + sin? 6 = 1 (and noting that r; and rz are non-negative 
real numbers). This can be easily generalized (by repetitive application) to more than two factors, i.e. 
[zy X 2 X +++ X Zn| = |z1| x [ze] x +++ x len]. 


e The modulus of a quotient is the quotient of the moduli, that is |z1/z2| = |z1| /|z2|. This can also be 
easily shown using the polar form, that is: 


il riers |! ory ry |z1| 


ei(91—62) a) 


(38) 


22 rete re ro [zal 


e The argument of a product is the sum of the arguments of the multiplicands, that is arg(z,z2) = 
arg(z1) + arg(z2). This can be easily shown using the polar form, that is: 
arg(z122) = arg(rye'rae'?) = arg(ryroe('+)) = 6 + A = arg(21) + arg(z2) (39) 


e The argument of a quotient is the argument of the dividend minus the argument of the divisor, that is 
arg(z1/z2) = arg(z1) — arg(z2). This can also be easily shown using the polar form, that is: 


101 : 
arg (+) = arg (25 ) = arg (Zew-m) = 0, — 62 = arg(z1) — arg(z2) (40) 


zo rget92 r9 


e The moduli of complex numbers satisfy the following semi-inequalities (among other inequalities): 


ztze| < lzi| + |zal (41) 
Zp +20; > |z1|— |z0| (42) 
zy—22| 2 |z1| — |zal (43) 
ley tzot-+-+2n| < lei] +|zo]+---+]zn| (44) 


The first semi-inequality becomes equality when the principal arguments of z, and z2 are identical or 
(at least) one of these numbers is zero. The second semi-inequality becomes equality when the principal 
arguments of z, and z2 differ by a (with the smaller in modulus being labeled z2) or (at least) one of 
these numbers is zero (which should be labeled z2 if only one is zero). The third semi-inequality becomes 
equality when the principal arguments of z, and 22 are identical (with the smaller in modulus being labeled 
z2) or (at least) one of these numbers is zero (which should be labeled zz if only one is zero). Similar 
conditions can be easily formulated for the fourth semi-inequality (to become equality) noting that it is 
a generalization of the first semi-inequality. We note that some or all of the above semi-inequalities (and 
even other similar inequalities and semi-inequalities) are commonly called the triangle inequalities (noting 
that this is a generic name which may be used to label any relation of the above types that compares 
the modulus of a sum or difference of numbers to the sum or difference of their individual moduli). We 
also note that a semi-inequality similar to the last semi-inequality also holds for integrals (noting that 
integration is essentially a summation operation over an infinite number of terms) and hence we have a 
“triangle inequality for integrals” (as well as for algebraic sums), that is: 


i * (eae 


B 
< f pel ag (a,8,€€R with a<é<8) (45) 


Problems 
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1. Verify the following relations using the Cartesian form of complex numbers: 


(a) |21 22] = |21| |z2l- (b) [21/22] = zi] /|zal- 
(c) arg(z122) = arg(z1) + arg(z2). (d) arg(z1/z2) = arg(z1) — arg(z2). 
Answer: 


(a) From Eq. 21 we have: 


lziz2] = |(wive — yry2) + i(aiye + vayi)| = V (wie — yry2)? + (xiy2 + e241)? 


[303 — Qeivayiys + y2y3 + 23y3 + Qore2yiye + 23y? = y/x903 + yPyd + 2343 + 23y? 


=f (2 +y3) (03 +98) = 28 +9? 23 +93 = lal lel 


(b) From Eq. 23 we have: 
2 2 
_ (23 he ye (= _ ie) 
ty + y3 vy + Y3 


_ {= + 2xitoyiyo + Y7Ys , LSyy — 2Zeiwoyiy. + atys _ {= + yiys + 25yt + riy5 
= 2 2)2 ? 
(x5 + yz) 


21 L122 7 Y1Yy2 joey — ©1Y2 


2,2 2,2 
Ly YS Ly + Y9 


22 


2 2 
(x5 + 93) (x5 + y3) 


_ f@i+yp@st+y) _ [eityt _ vett+yi _ lal 
(a2 + y2)* v3 + y3 a+ys [22 


(c) If 6; = arg(z1) and 02 = arg(z2) then from the trigonometric identity of the tangent of a sum of 
angles we get: 


tan 0, + tan aoa 
tan(6; +62) = SUT CORO: ca) ate _— F2y1 + £1Y2 


l—tan6,;tan@, 1- eos @1X2— Yiy2 


6, + 02 = arg(z1) +arg(z2) = arctan (2B =e | (46) 
T1202 — Y1Y2 


Also, from Eq. 21 we have 2122 = (@1%2 — y1y2) + i(@1y2 + v2y1) and hence: 


t1y2+ “2 


arg(z122) = arctan ( 
T1222 — YiYy2 


On comparing Eq. 46 and Eq. 47 we get arg(z1z2) = arg(z1) + arg(z2). 
(d) If 0; = arg(z1) and 02 = arg(z2) then from the trigonometric identity of the tangent of a difference 
of angles we get: 


— tan@;—tand, _ = _ me _ ©2Y1 — L1Y2 
tan(@1 — 62) = 7 Vi y2 
1+tan@,tan6g 1+ 82 21%2+y1yo 
T2Y1 — L1Y2 
6, — 62 = arg(z1) — arg(z = arctan | ——————— 48 
if 2 g(z1) (22) (aaa) (48) 


Also, from Eq. 23 we have 2 = *1*37¥1y2 + 74 *2¥1—~ 7192 and hence: 
22 T2TY2 La+Ys 


arg (2) = arctan (242 ) (49) 
22 L1 XQ + Y1Y2 
On comparing Eq. 48 and Eq. 49 we get arg(z1/z2) = arg(z1) — arg(z2). 
Note: in parts (c) and (d) we consider the principal argument (although we used @ and arg). We 
also ignored some conditions and restrictions noting that the purpose of the Problem is to show the 


general validity of the formulae (i.e. being obtainable from the Cartesian form) without going through 
well-known and boring details. 
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2. Find the moduli and the (principal) arguments of the following numbers: 
(a) z= 37-1. (b) z =719. (c) z = 0.5e?". (d) z = 155 — 55. 
Answer: 
(a) |z| = V9n? + 1 ~ 9.4777 and Arg(z) = arctan [—1/(37)] ~ —0.1057. 
(b) |z| = 9 and Arg(z) = 7/2. 
(c) |z| = 0.5e2" ~ 267.7458 and Arg(z) = 0. 
(d) |z| = \/(—55)? + 55? = 55/2 ~ 77.7817 and Arg(z) = arctan [55/(—55)] = 37/4. 
3. If zy = 1-18, 22 =4+%i7, 23 = 7112 and 24 = 7 +47, find the moduli and the (principal) arguments of 
the following products and quotients: 
(a) z1 X 22. (b) 21/23. (c) (21 X 22)/(23 X 24). 


Answer: To reduce the calculations, we convert these numbers to polar form, that is: 

zy ~ /65e7 11-4464 Zo, ~ /16 + 2 20-6658 23 a 12¢*"/2 ZA ~ /5Qe29-1419 
(a) 

21 X Zo V/65e7 1! 4464 x 16 + 72 et0-6658 ~ J/65 x 1/16 4 q2ei(—1.4464+0.6658) ~ 41.006393e7 20-7807 


Hence, the modulus is 41.006393 and the argument is —0.7807. 
(b) 


41 be eS _ v65 ei(—1-4464—"/2) © 9.671 9e—3-01724 
za 12e*/2 ay) ae 

Hence, the modulus is 0.6719 and the argument is —3.01724. 

(c) 


ZX 22 V65e~** 4464 x 16 + 176-0658 65 x V16 + 0? (1 446440.6658—1/2—0.1419) 
e j - V ei(-1. 

23 X 24 12e?7/2 x 4/50 e%0-1419 12 x /50 

0.4833e7 12-4934 


l2 


Hence, the modulus is 0.4833 and the argument is —2.4934. 
4. Prove the following relations (with n being integer): 


(a) |2"| = |z[" (z #0). (b) 2|z/? > (|Rez|+|Imz|)*. (ce) Jar +29] < [al + |zal. 
(d) |z1 + 22| = |z1|— za]. (e) [za — 22] = [21 | — [zal (E) |aiseexe aa | lay ete ze 
Answer: 


(a) If mn = 0,+1 the result is obvious. If n > 1 then we have (noting the generalization of Eq. 37): 


[Beale Bees ae gl lal al Stans Sele] = |Z)” 
If nm < —1 then n = — |n| and we have (noting Eq. 38): 
"=| =|] = = vag = Het = lel” 
zinl jexzx-rxa2z| [2] x zp xs x [2 |2||"! 


(|Rez|—|Imz|)? > 0 
|Rez|* —2|Re2z||Imz|+|Imz|? > 0 
|Rez/?+|Imz|? > 2|Rez| |Imz| 
2\Rez|?+2|Imz)?7 > |Rez|* +2|Re2||Imz| + |Imz|? 


1.8.7 Modulus and Argument 


2 (|Re =)? 4 [Im 2/*) 


0 

0 

221 22Y1Y2 

vias + 2aiwoyrye + yiye 


Di iD 2.2, 
zLy + 2 Tayi yo + Yiy2 


(a1%2+ yiye)” 


T1X2 + Y1Y2 
224122 + 2Y1Y2 


ay + Qayxg +25 + y] + 2yiyo + y5 
(x1 + £9)" + (y1 ah yo)” 


Jz + 20” 


|z1 + 22| 


2|z)° 


IN IA IA IA IA 


IN IA IA 


IA 


IA 


IN IA 


(Re z| + |Imz|)” 


IV 


(|Re z| + [Im z| )° 


V 


(x1y2 _ yaa)? 

riys — Weireyiye + yj x5 
viys + yix5 

vias + ariys + yies + yiys 


(x7 + yt) (73 + y2) 
2 
(Vet ut8 +8) 
23 + 2/23 +93 
ay)? + 2/03 + 93 
(a2 + v2) + 24/03 + y34/03 +93 + (3 +43) 
Jzr|? + 2 |za| [za] + |z0l? 


(\z1| + |zal)° 


|z1| + |22| 


(d) We start from the fifth line of the proof of part (c), that is: 


vjx3 + Wey royiye + 7 Ys 
2 
(—a1 22 = y1y2) 


21X22 — Y1Y2 


224122 + 2y1Y2 


ai + 2ayr2 +25 4+ yf + 2yryo + y5 
(x1 + @2)* + (yr + y2)? 
Jz + 20” 


|z1 + 22| 


IV IA IN IA 


IV 


IV 


IV IV 


(xt + yt) (73 + y2) 

2 
(Vet uty8 +8) 
(2 + yy)? +93 
- 2/0? + y/o + 3 


(23 + yf) — 24/03 + y24/03 + 93 + (23 +48) 


Jza|? — 2 |za| [za] + |z0l? 


Note: this result may be obtained more simply from the result of part (c), that is: 


|z1| = |21 + 22 — 22| = |(z1 + 22) + (—22)| < 2a + 22| + |—22| = |21 + 22| + |20| 


and hence on subtracting |z2| from both sides we get |z1| — |za| < |z1 + 29|. 
(e) We start from the seventh line of the proof of part (c), that is: 


X1X2+ yiy2 


—227122 me 2y1y2 


2 
1 


ay — 2x12 +25+y) — 2yiyo + 93 


IA 


V 


IV 


23 +23 +93 
2/03 + 2/03 + 


(23 + y2) — 2y/0? + yPy/23 +03 + (03 +93) 
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(x1 — 22)? +(y%1 —y)? > z1|* — 221 [z2| + |z0l? 
Jer — z|7 > (lz1| — |zal)” 
|z1— 2a] = |z1|— [zal 


Note: this result may be obtained more simply from the result of part (c), that is: 
|z1| = |z1 — 22 + 20] = |(41 — 22) + 20] < [21 — 22] + [20 


and hence on subtracting |z2| from both sides we get |z1| — |za| < |z1 — 29|. 
(f) This inequality is just an extension of the inequality of part (c) and hence it can be proved by 
repetitive application of part (c). For example: 


|z1 + 22 + 23| |z1 + (22 + 23)| 


|z1| + |22 + 23| 


IN IA 


|z1| + [22] + |zs| 


The generalization can be established by induction. 
5. Solve the following complex equations, inequalities and non-equality (for z € C): 


(a) 2|z| =7. (b) |z|? +2 =0. (c) |z| —3Re(z) = 0. 
(d) |z| + Im(z) = 2. (e) 2arg(z) — $ =0. (f) |z| — 4arg(z) =a. 
(g) |z -— 2-16] > 6. (h) 0 < arg(z) < §. (i) |z + 72| A 10. 

(j) 0 < Arg(z) < 5. 

Answer: 

(a) We have 2|z| = 7 and hence |z| = 7/2. So, the solution is the set of complex numbers whose 
modulus is 7/2 which is represented by the origin-centered circle with radius 7/2. 

(b) We have |z|? + 77 = 0 and hence |z|* = —z. So, the solution is the set of complex numbers whose 


modulus squared is —z which is the empty set, ie. there is no solution (noting that by definition the 
modulus and its square are real non-negative). 


(c) 
|z] —-3Re(z) = 
Ve+y—3c = 0 
Vur+y? = 32 
ety = 92° (x > 0) 
ye = 82? 


y= +V/8a 


So, the solution is the set of complex numbers represented by the two lines y = 8x and y = —V8x 
(with 2 being restricted by the condition x > 0 since the modulus |z| = \/x? + y? is by definition 
non-negative as can be seen in line 3 and as indicated in line 4). 


(d) 


|z| +Im(z) = 2 
Vur2t+yr+y 2 
awty? = 2-y 
gay = 4—4yty? 
go = 4=dy 
ee 
Y= ere 
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So, the solution is the set of complex numbers represented by the parabola y = 1 — a We note 


that although it seems (from line 3 more obviously) that we need to impose the condition y < 2, this 


condition is already satisfied by the parabola y = 1 — a whose maximum is y(0) = 1. Therefore, we 
do not need to impose this condition. 


(e) 


2arg(z) — 5 = 0 
7 

a i iG 
2 

g= 7 


So, the solution is the set of complex numbers represented by the line y = x (with x > 0 since these 
numbers are in the first quadrant). 


(f) 


|z| —4arg(z) = 7 
r-40 = @ 

1 

r = 4047 (@> are 


So, the solution is the set of complex numbers represented by the spiral p = 4¢+-77 in polar coordinates 
(considering a suitable range for ¢ corresponding to the condition @ > —4 which is imposed above by 
the fact that r > 0). 
(g) The equation |z — 2 — 16] = 6 represents a circle with center 2+76 and radius 6. Hence, the solution 
of the semi-inequality is all the numbers in the z plane excluding those inside this circle. 
(h) The solution of this double inequality is the complex numbers in the first quadrant (of Cartesian 
complex plane) including the (positive) real axis and excluding the (positive) imaginary axis. 
(i) The equation |z + i2| = 10 represents the circle with center —72 and radius 10. Hence, the solution 
of this non-equality is the entire set of complex numbers excluding those represented by this circle. 
We note that the essence of this non-equality may also be expressed (less compactly, comprehensibly 
and elegantly) by the relation (|z + %2| < 10) U (|z+#2| > 10). 
(j) From a Cartesian viewpoint, the solution is the same as the solution of part (h). However, the 
solution can also be given (from a polar viewpoint) as: 2na < arg(z) < (2nm + 5) which represents 
all the complex numbers whose arguments satisfy this double inequality (which is more extensive than 
the double inequality of part h). 

6. Solve the following systems of simultaneous complex equations (for z € C): 


(a) |z| =3 and z — Re(z) + 15Re(z) = 23. 

(b) |z| = 1 and z+ Re(z) + Im(z) — iIm(z) = 0.5. 
(c) |z| = 5 and arg(z) = 7/3. 

(d) Re(z) = 3 and arg(z) = —7/5. 


Answer: 
(a) From the first equation we have |z| = \/z? + y? = 3 (and hence x? + y? = 9), while from the 
second equation we have: 
(a+ty)-ax+ida = 13 
i(y+5r) = 2 
y = 3-52 


On substituting from the last equation into x? + y? = 9 (which we obtained earlier) we get: 


I 


a? + (3-52)? 
x2 +9 —30r + 252? 
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26a? — 302 = 0 
x (262 —30) = 0 


So, either « = 0 and hence y = 3 or x = 15/13 and hence y = —36/13. Therefore, we have two 
solutions: z = 73 and z= Beet 
(b) From the first equation we have |z| = \/xz2 + y? = 1 (and hence 2? + y? = 1), while from the 


second equation we have: 


(ctiy)+a+y-iy = 0.5 
2e+y = 0.5 
y = 0.5- 2x 


On substituting from the last equation into x1? + y? = 1 we get: 


v+(0.5—-22)7 = 1 
zg? +0.25-2¢+42? = 1 
5a? —22 = 0.75 
xz? —04¢ = 0.15 
(c—0.2)? = 0.15 +0.04 


x = 0.2+v0.19 


So, either « = 0.2+ /0.19 and hence y = 0.1—2V/0.19 or « = 0.2—/0.19 and hence y = 0.14+2V0.19. 
Therefore, we have two solutions: z = (0.2 =e v0.19) +4 (0.1 + 2,/0.19). 
(c) The equation |z| = 5 represents the origin-centered circle with radius 5, while the equation arg(z) = 
m/3 represents the line y = (tan %) a = V3 (with x > 0). So, the solution is the point where these 
curves meet, i.e. 2 = 5(cos% +isin Z) = 3 4 jd 
(d) The equation Re(z) = 3 represents the (vertical) line x = 3, while the equation arg(z) = —7/5 
represents the line y = — (tan z) x ~ —0.7265 2 (with z > 0). So, the solution is the point where these 
lines meet, ie. z= 3—i3tan = ~ 3 — 12.1796. 

7. What is the effect of the operation of taking the modulus/argument of complex numbers on the complex 
plane and how it shifts curves and regions in this plane? 
Answer: Taking the modulus is equivalent to rotating a complex number z = re’? by —@ and hence 
projecting or mapping it (rotationally) onto the positive real axis. So, the effect (on the complex plane) 
of taking the modulus is to fold the upper and lower halves of the complex plane onto the positive real 
axis (similar to folding a handheld folding fan). Accordingly, lines and regions in the complex plane 
are projected rotationally onto the positive real axis in such a way that their part in the upper/lower 
half of the complex plane is rotated clockwise/anticlockwise to be mapped onto its “rotational cross 
section” on the positive real axis. 
Taking the principal argument is equivalent to mapping the value of the argument onto the real axis 
(whether positive or negative or zero). So, the effect (on the complex plane) of taking the principal 
argument is to map the complex plane onto the real interval —t < x < 2./®!] Accordingly, curves and 
regions in the complex plane are mapped onto this real interval (whether on the entire interval or on 
part of it depending on the range of the argument which could be a single number as it is the case if 
the curve for instance is an origin-stemming line segment in the upper or lower half of the complex 
plane). 
Note: if we consider the argument in general (i.e. not restricted to be principal) then the effect of 
taking the argument is to map the complex plane(s) onto the entire real axis. 

8. What are the images (in the w plane) of the following sets of complex numbers (in the z plane) under 
the effect of taking the modulus: 


[61] The use of x here (and in similar instances) is for simplicity and to avoid distraction. 
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10. 


11. 


2 2 
(a) Bez) , Gae _1=0. (b) Imz—3Rez—-2=0 (0<Rez <2). 
Answer: 8 

(a) This set is the ellipse 4 + 4 = 1. Noting that this ellipse is contained between the origin-centered 
circle of radius 2 and the origin-centered circle of radius 3, it is obvious that the moduli of the points 
on this ellipse are in the range 2 < |z| < 3. Accordingly, the map is the line segment on the real axis 
(i.e. the u axis of the w plane) between 2 and 3, ie. 2<u <3. 

(b) This set is the line segment y = 3x + 2 (0 < x < 2). Noting that the end points of this segment 
(ie. 2; = 72 and z2 = 2+ %8) have moduli |z1| = 2 and |z2| = 68 and the points in-between have 
moduli between these values, it is obvious that the moduli of the points on this segment are in the 
range 2 < |z| < /68. Accordingly, the map is the line segment on the real axis (i.e. the wu axis of the 
w plane) between 2 and V68, ic. 2<u< V68. 

What are the images (in the w plane) of the following sets of complex numbers (in the z plane) under 
the effect of taking the (principal) argument: 


(a) Imz = |Rez|. (b) Imz = —(Rez)?+9 (-3 < Rez < 3). 
Answer: 
(a) This set is the two semi-lines: y = x in the first quadrant and y = —z in the second quadrant. 


The (principal) argument of all the numbers on the first semi-line is 6, = 7/4 and the argument is 
6 = 0, + 2nt = 7/4 + 2nz, while the principal argument of all the numbers on the second semi-line is 
6, = 37/4 and the argument is 6 = 6, + 2na = 37/4+ 2nn. Accordingly, the map is these points on 
the real axis (i.e. the wu axis), i.e. the two points u = 7/4 and u = 37/4 if we consider the principal 
argument only or the infinitely-many points u = 7/4 + 2nm and u = 37/4 + 2n7m if we ignore the 
“principal” restriction. 

(b) This set is the parabola y = —z2 +9 (—3 < x < 3). It is obvious that the principal argument of 
all the numbers on this curve is 0 < 6, < 7 and the argument is 2na < 6 < (1+ 2n)7a. Accordingly, 
the map is the line segment(s) on the real axis (i.e. the u axis), i.e. the line segment 0 < u < a if we 
consider the principal argument only or the infinitely-many line segments 2na < u < (1+ 2n) x if we 
ignore the “principal” restriction. 

Given a specific complex number in a particular form, how to determine if its argument is unique or 
not and if it is principal or not? 

Answer: Let z be a complex number and its argument is 6 = arg z and the principal value of the 
argument is #, = Arg z. Now, if z is given in polar form (ie. z = re’’) then its argument @ is unique 
(i.e. as it is given) and could be principal (if it is in the range —a < 6 < 7) or not (if it is not in the 
range —7 <0 <7). But if z is given in Cartesian form (i.e. z = x+y) then its argument @ is not 
unique and hence we write 0 = 6, + 2nz or arg z = Arg z+ 2nm where 2nm accounts for the periodicity. 
Let define the argument function as arg(z) = 6, + 2na = 6 (where z = x + iy and —7 < 6, < 7). 
Investigate this function and its principal branch from the viewpoint of single-valuedness and multi- 
valuedness. 

Answer: It is obvious that arg(z) = 6, + 2n7m is multi-valued (and in fact it is infinitely multi- 
valued) because of n = 0,+1,+2,--- (noting that « = rcos@ and y = rsin@ plus the 27-periodicity 
of the trigonometric cosine and sine functions). However, its principal branch Arg(z) = @> is single- 
valued although we need (for having a continuous function) to remove the negative real axis (i.e. the 
branch cut) from its (original) domain (which is the origin-punctured complex plane) to make Arg(z) 
continuous on its (reduced) domain (noting that the function has a 27 jump on the negative real axis 
and it is not defined at the branch point z = 0). 
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As noted earlier, the conjugate of a complex number is a mirror image of that number (as a point in the 
complex plane) in the real axis.!®2] Some of the general aspects of the conjugates of complex numbers have 


[62] Ty fact, this is related to the Cartesian view of complex numbers. So to be more precise, we should say: from the 


Cartesian perspective the conjugate of a complex number is the mirror image of that number in the real axis, while from 
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already been discussed or hinted or implicated in practical contexts. In the following points we summarize 
the main properties and rules of conjugation of complex numbers: 

e The conjugate of a complex number in the Cartesian form is obtained by taking the same real part and 
the negative of the imaginary part. So, if z = 7 +iy then its conjugate is z* = x — iy. 

e The conjugate of a complex number in the polar form is obtained by taking the same modulus and the 
negative of the argument. So, if z = re’? then 2* = re~”®. 

e The conjugate of the conjugate of a complex number is the number itself, that is: (z*)" = z (ie. 
conjugation undo itself and hence it is an involution).!®%! This is obvious because the negative of the 
negative of a number (i.e. the imaginary part in Cartesian form or the argument in polar form) is the 
number itself. 

e The conjugate of an algebraic sum of complex numbers is the algebraic sum of their conjugates, that is: 


(2, 42)" = ([z1 + 29] + ily + y|) — [21 +29] —ily ty] = (x1 — iy1) + (a2 —ty2) = 27425 (50) 
This applies (by iteration and induction) to more than two numbers, e.g. 
(21 + 22 — 23)" = (21 + {20 — 23})* = ef + (42 — 23)" = ef +25 - 33 (51) 
e The conjugate of a product of complex numbers is the product of their conjugates, that is: 
(21 x 2)" = (ryrget(r +62) )* = rirge 81 +82) = rirge ote 192 a rye x roe 12 = 2x 2 (52) 
This applies (by iteration and induction) to more than two numbers, e.g. 
(Bis Ka) a x ae A ey ea Ke a) Ha eR Sa Mes ee (53) 
e The conjugate of a quotient of complex numbers is the quotient of their conjugates, that is: 
z1\" T1 ; ae ee T1 30, 4 rye ra 
ox — ‘1 (61-62) = “1 -t(O1—62) = 1 6101 pide = : = all. (54) 
29 rT Tr r2 roe 92h 


e The conjugate of a real number is the number itself, that is z* = z (where z is real). This is obvious 
because z= 2+720=2-—10= 2". 
e The sum of a number and its conjugate is equal to twice its real part, that is: 

(aa eae 


zt2z" = (4 +iy) + (x— iy) = 2x and hence Re(z) = 5 (55) 


where we divided the first equation by 2 to obtain the second equation [noting that 2 = Re(z)]. 
e The difference of a number and its conjugate is equal to 7 times twice its imaginary part, that is: 
z— 2 


z—2* = (a+ ty) — (w@— iy) = i2y and hence Im(z) = 5 (56) 
i 


where we divided the first equation by i2 to obtain the second equation [noting that y= Im(z)]. 
e The product of a number and its conjugate is equal to the square of its modulus, that is: 
w 10-0) _ 72 (polar) (57) 


exe are? x re” =re 


or zx 2* = (a+ iy) x (@ — iy) = 2? — ivy + tye — Py? = 2? +4? = |z)? (Cartesian) (58) 
e The quotient of a number by its conjugate is unity (with twice the argument of the number), that is: 
i6 i0 


= a - ee — @126 (polar) (59) 


the polar perspective it is the number with the same modulus and opposite argument. 
“Involution” in mathematics means an operation or a function that is its own inverse and hence it undo itself such as 
multiplication by —1 and reciprocation (see § 1.8.9). 


[63] 
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z a«at+iy (a2t+iy)x(e@t+iy) (r+ i%y)? 
= = _— ‘ 
or 2 g—iy (a—iy)x(a@+iy) «2? +y? (Cartesian) (60) 


e In general, the conjugate of any complex expression can be easily obtained by replacing each i (whether 
explicit or implicit) by —i.!64] So, to obtain the conjugate of w~’* for example (assuming that z = x + iy 
and w = u+iv) we need! first to write this expression in explicit form to show all the i’s in the expression, 
ie. (u+iv)—*@+4), We then replace every i in this explicit form by —i to obtain the conjugate of w~*, 
ie. 


(w-*7)* _ [(w a jy) tet) = (u = iv)'-¥) _ (wr) (61) 
The justification of this rule is the “bypassing” nature of the conjugation operation (as represented by the 
above rules such as: the conjugate of sum is the sum of conjugates, the conjugate of product is the product 
of conjugates, etc.) which makes any complex expression permeable and transparent to conjugation, and 
this enables conjugation to propagate and permeate inside any complex expression reaching every 7 and 
converting it to —i.|°4 
Problems 


1. Give some of the properties and rules of the conjugate z* of a complex number z. 
Answer: We can say for example: 
e z* has the same real part as z but opposite imaginary part (i.e. 2* =a —iyifz=a+ iy). 
e z* has the same modulus as z but opposite argument (i.e. 2* = re~”? if z = re’). 
e z* is a mirror reflection of z in the real axis (with the real axis being mapped on itself, i.e. each real 
number is mapped by conjugation on itself). 
e The product z*z is a real number which equals the square of the modulus of z* (as well as the square 
of the modulus of z). 
e The conjugate of a conjugate of a number is the number itself, ie. (z*)* = z. 
e The conjugate of a real number is the number itself (i.e. z* = z iff z is real). 
2. Verify the following relations using the Cartesian form of complex numbers: 


(a) |z*| = |z|. (b) Arg z* = —Arg z. (c) (2122)* = 2725. (d) (21/22)* = zi /z5. 
Answer: 
(a) We have: 


Jz" = [2 — ty] = Va? + Cy)? = Vo? + y? = |e t dyl = |e 
(b) We have: 


x 


Arg z* = arctan (=) = — arctan (2) = —Argz 
x 


(c) From Eq. 21 we have: 


(2122)" = (a1@2 — yiy2) — U(x1y2 + Tay1) = (x1 — ty1)(2 — ty2) = 2325 


(d) From Eq. 23 we have: 


25 + ys (a2 — ty2)(@2 +iyz) ta-ty2 2% 


(2) 7 (w122 + yiye) —i (way — iyo) — (a1 -—iy)(totiye)  vi-iy Ff 


3. The conjugation of a complex number is achieved by negating its imaginary part (in Cartesian form) 
and by negating its argument (in polar form). Show that these two operations (or negations) are 
equivalent. 


[64] In other words, we need to replace each number and variable in that expression by its conjugate. 

[65] This “need” is for demonstration. 

[66] Ty other words, reaching every number and variable in that expression and converting it to its conjugate (noting that 
the conjugate of a real number is the number itself). 
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Answer: The answer of this Problem is provided by the answer (of parts a and b) of Problem 2 
because: 


jarctan(—y/a) _ z*| ciAte 2° —iArgz _ re ATS 2 — »* 


z* =x -—iy=|x—iyle =|zle z 

where reading this equation from left to right means starting from the Cartesian negation and ending 
with the polar negation, while reading it from right to left means starting from the polar negation and 
ending with the Cartesian negation. 


4. Solve the following complex equations (for z € C): 


(a) z+ 2* =0. (b) z— 2* =0. (c) 4z + 2z* = 30 - #4. 
(d) z=5/z*. (e) z—2* =%8. 
Answer: 


(a) 


(a+ty)+(a—-—iy) = 0 
2x = 0 
zx = 0 


So, the solution is the set of imaginary numbers which is represented by the imaginary axis. 


(b) 


(a+ty)—(a—-iy) = 0 
iy = 0 
y = 0 


So, the solution is the set of real numbers which is represented by the real axis. 


2 A(a + iy) + 2(x — iy) 30 —i4 


62+722y = 30-74 


I 


On equating the real and imaginary parts on the two sides we get 62 = 30 (and hence x = 5) and 
2y = —4 (and hence y = —2). So, the solution is z = 5 — i2 which is represented by the point (5, —2) 
in the Cartesian plane. 


(d) 


es) 
(a+ty)(a-—iy) = 5 
arty = 5 

Jz? = 5 


Ja) = v5 


So, the solution is the set of complex numbers whose modulus is /5 which is represented by the origin- 
centered circle with radius V5. 


(e) 


(c+iy)-—(x#-ty) = 18 
i2y = i8 
eA 


So, the solution is the set of complex numbers whose imaginary part is 4 which is represented by the 
horizontal line y = 4. 
5. Solve the following systems of simultaneous complex equations (for z € C): 
(a) z+ 2* = 2.3 and 3z — 3z* = 16. 
(b) z— 2z* = —1—715 and 9z4 z* = 10-740. 
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(c) 2Im(z) — 3(z 4+ 2*) = 2 and z — z* — i6Re(z) — i2 = 0. 

(d) 32 + 2* — 5Re(z) = —34 72 and 2z2* — 7z + iIm(z) = —15 — 28. 
(e) z— 132 — 2* —i3z* +14 =0 and 22 — 2z* — 112Re z* + 120 = 0. 

Answer: 

(a) On adding 3 times the first equation to the second equation side by side we get: 


3(z4+ 2°) + (82—32*) = 3(2.3) +76 
6z = 6.9+76 
z = 1.1547 


So, we have only one solution, i.e. z = 1.15 +7. 
(b) On adding twice the second equation to the first equation side by side we get: 


z—22*+4+2(924+2*) = 1—i15 + 2 (10 — 740) 
192 = 19-195 
z = 1-15 


So, we have only one solution, i.e. z = 1 — 15. 

(c) From the first equation we get 2y—3(2x) = 2 and hence y = 32+1. Also, from the second equation 
we get i2y — i6x — 12 = 0 and hence y = 3x + 1 again. So, we have infinite number of solutions, i.e. 
the set of complex numbers z = x + i(3a +1) represented by the line y = 3a + 1. 

(d) From the first equation we get: 


3(a + iy) +(e@—iy)-—5a = -3+4i2 
-x + i2y 3412 


I 


and hence x = 3 and y = 1. Similarly, from the second equation we get: 


2(a — ty) — T(x + iy) + ty —15-—18 
—5a—wWy = —-15-—728 


I 


and hence x = 3 and y = 1 again. So, the two equations are consistent and hence the solution is 
z=341. 
(e) From the first equation we get: 


(z-—2*)-i(z+2*) = —-i4 
i2y—i6bx = —iA4 
y = 34-2 


Similarly, from the second equation we get: 


(2z —2z2*)—i12Rez* = —i20 
i4y —i12x = 120 
y = 38x@-5 


These equations represent two parallel lines and hence there is no solution. 
6. Express the following expressions in terms of |z,| and |29|: 
2 2 x 2 2 
(a) |z1 — 22|" + 2125 + 220. (b) |z1 + 22|° + |z1 — 20 
Answer: 


(a) 


|z1 — 20|" + 212% + 2% 20 = (21 — 22)(21 — 22)* + 2125 + 2322 
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(b) 


|Z1 + 29" + |z1 — 22 . 


56 


* * * * 
= (a — 2)(2] — 2) + 2129 + 2122 
* * * * * * 
= 22 — 212% — 20% + Ze%q + 212g + 2 2 
= 22, + 2025 


= Ja? a. |z2|” 


(21 + 22)(21 + 22)" + (21 — 22) (21 — 22)" 
(21 + 22)(21 + 29) + (21 — 22)(21 — 22) 


212, + 2125 + za2zt + 2025 + m2] — 2125 — 2027 + 2225 


22124 + 22025 


2 |zi|? + 2|z2l" 


7. Given that z is a strictly complex number (i.e. not real or imaginary) in the first quadrant, represent 
graphically z, z*, —z and —z* as position vectors in Cartesian coordinates and comment. 


Answer: See Figure 8. 


Comment: z* is a mirror reflection of z in the x axis. —z* is a mirror reflection of z in the y axis. 
—z is a mirror reflection of —z* in the x axis. —z is a mirror reflection of z* in the y axis. —z is a 
reflection of z in the origin (or a rotation of z by 2na + 7 around the origin). —z* is a reflection of z* 
in the origin (or a rotation of z* by 2na + 7 around the origin). 


omnis 


Figure 8: Graphic representation of z, z*, —z and —z* as position vectors in Cartesian coordinates. We 
note that if z has coordinates (X,Y) then z*, —z and —z* have coordinates (X,—Y), (—X,—Y) and 
(—X,Y) respectively. Also see the comment of Problem 7 of § 1.8.8. 


8. Re-solve Problem 2 of § 1.8.6 using this time the polar form of z, i.e. z = re’’. 
Answer: The operations here are essentially the same as those in Problem 2 of § 1.8.6 but the 
operators and symbolism are different in general. So, in the following we show the initial form and the 


final result. 


( 

( 

(c) re® > re-*, 

(d) re? — ire = re(—9+7/2), 
(e) re? — —ire—® = re(—9-7/2) 
(f) nel ay ce wa = ire 
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(g) re’? = pe = i =rcos6. 

9. Make a graphic illustration of the effect of conjugation of complex numbers on the complex plane and 
how it shifts lines and regions in this plane. 
Answer: See Figure 9. As we see, conjugation mirror-reflects the upper half of the complex plane 
onto the lower half and vice versa and maps the real axis on itself (i.e. each number on the real axis 


is mapped on itself). 


Figure 9: Graphic illustration of the effect of conjugation of complex numbers on the complex plane and 
how it shifts lines and regions in this plane. The double-arrow lines and curves indicate which lines and 
regions are exchanged by the action of conjugation. See Problem 9 of § 1.8.8. 


10. Identify the basic mathematical operation(s) that achieves the conjugation of a complex number z = 
re’, 
Answer: It is the multiplication by e~’2° because ze~?2° = re’®e7??? = rei(9-2) = re- which is the 
conjugate of z. 
Note: if we consider the Cartesian form of the complex number (i.e. z = «+7y) then the mathematical 
operation that achieves conjugation is subtracting z from twice its real part, ie. z* = 2Re(z) — z. 
However, considering the operation of taking the real part more fundamental than the conjugation 
itself is questionable. Accordingly, the conjugation of a complex number in Cartesian form may not 
be achievable by more basic mathematical operations than the conjugation itself.!7 
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If z is a complex number (not equal zero) then its reciprocal is: 


pla-=+.-= (62) 


i.e. the reciprocal is obtained by dividing the conjugate of the number by its modulus squared. Ac- 


cordingly, in the Cartesian form (where z = x + iy 4 0) we have z~! = aq while in the polar form 


[67] In fact, even considering the multiplication by e~?29 as more basic than the conjugation itself may be questioned. 
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(where z = re’? 4 0) we have z~! = a = r-te-” (ie. by taking the reciprocal of the modulus and 


the negative of the argument). In the following points we outline some of the observations about the 
reciprocals of complex numbers (as well as the reciprocals of the subsets of complex numbers, i.e. the real 
and imaginary numbers): 

e The reciprocals of the real numbers (4 0) are real numbers and they have the same sign as the recip- 
rocated numbers. Hence, the numbers on the positive/negative real axis remain on the positive/negative 
real axis after reciprocation (i.e. taking reciprocal or inversion). Regarding the magnitude, those with 
larger magnitude than 1 shrink to become less than 1 in magnitude, and those with smaller magnitude 
than 1 expands to become greater than 1 in magnitude, while +1 remain where they are since they are 
their own reciprocals. 

e The reciprocals of the imaginary numbers (4 0) are imaginary numbers and they have an opposite sign 
to the sign of the reciprocated numbers. Hence, the numbers on the positive/negative imaginary axis 
become on the negative/positive imaginary axis after reciprocation. The reversal of sign is due to the fact 
that : = + = + = —i. Regarding the magnitude, it follows the same rules as those of real numbers (as 
explained in the previous point noting that +7 exchange their positions since they are the reciprocals of 
each other). 

e The reciprocals of the complex numbers in the first/fourth quadrant are in the fourth/first quadrant, 
while the reciprocals of the complex numbers in the second/third quadrant are in the third/second quad- 
rant. This is because the argument of the reciprocal is the negative of the argument of the reciprocated 
number (see Eq. 62 and the related text). Regarding the magnitude, it follows the same rules as those of 
real numbers (as explained earlier). 

e Every complex number has a reciprocal except zero. This is because the function 1/z (which is the 
“reciprocal function”) is defined over the entire z plane excluding the origin (which corresponds to zero). 
e The reciprocal of any complex number (excluding zero) is unique because 1/z is a one-to-one function. 


e The reciprocal of the reciprocal of a complex number is the number itself, that is: (ey? = z (ie. 
reciprocation undo itself and hence it is an involutory operation). 


Problems 


1. Find the reciprocals of the following numbers: 


(a) z= in. (b)2a5e 77, (c) z= V17e'7/®. (d) z = i3e?. 
Answer 

(@) ==—_= so - X** ~ 0.1592 + 10.1592 

(b) . = < 5 = ae ~ 0.9621 

(c) . = MEE = i = a (cos f isin =) ~ 0.1962 — 10.1426 

(d) . = ~ = i ~ —10.006105 


2. Make a graphic illustration of the effect of reciprocation of complex numbers on the complex plane 
and how it shifts lines, curves and regions in this plane. 
Answer: See Figure 10. 
3. Identify a curve in the z plane on which conjugation and reciprocation have the same effect, i.e. 
* —1 
BSB 
Answer: It is the origin-centered unit circle e’? (—m < @ < 7) because: 


(aor eo 8 (e#) = 27! 


4. What is the effect of reciprocation on the following curves and lines: 


(a) Origin-centered circles. (b) Straight lines passing through the (punctured) origin. 
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Figure 10: Graphic illustration of the effect of reciprocation of complex numbers on the complex plane 
and how it shifts lines, curves and regions in this plane. The circle is the origin-centered unit circle. The 
double-arrow lines and curves indicate which lines, curves and regions are exchanged by the action of 
reciprocation. The puncture at the origin indicates the exclusion of zero. See Problem 2 of § 1.8.9. 


Answer: 

(a) Referring to Eq. 62, we can see that the effect of reciprocation on a complex number z is a combi- 
nation of conjugation and scaling (up or down) by the reciprocal of its modulus squared 1/ |z|?. As we 
know, the effect of conjugation is a reflection in the real axis and hence it maps an origin-centered circle 
C onto an origin-centered circle C* of the same radius. Now, since all the points on an origin-centered 
circle have the same modulus, scaling C* by 1/ lz| means that all the points on C* are scaled by the 
same factor, ie. the scaling will keep the circular shape of C*. Finally, the scaling by 1/ lz|? means 
that the circles with radius smaller/greater than 1 will be scaled up/down to become with radius 
greater/smaller than 1 while the unit circle will keep its size. So to sum up, the effect of reciprocation 
on origin-centered circles is to map the origin-centered circles inside/outside the origin-centered unit 
circle onto the origin-centered circles outside/inside the origin-centered unit circle while mapping the 
origin-centered unit circle onto itself (with just reflecting it in the real axis).!°8! Also, see Problems 4 
and 6 of § 6.2. 

(b) Referring again to Eq. 62, we can see that a line y = ax (a € R, x £0) will be mapped by con- 
jugation onto a line y = —az (noting that this sort of mapping also applies to the real and imaginary 
axes as special cases). Each point on the line y = —az is then scaled by 1/|z|? and hence it remains 


[68] We note that the above explanation and justification may be clearer from some aspects if we use the polar form of 
reciprocal (i.e. 27! = rte?) since the conjugation is clearly indicated by the reversal of the sign of 9 while the 


shrinking/expanding to inside/outside the unit circle is clearly indicated by taking the reciprocal of r. 
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after scaling on this line (since 1/|z|? is real). Accordingly, the semi-line y = ax in quadrant 1,2,3,4 
is mapped onto the semi-line y = —az in quadrant 4,3,2,1 (respectively) where the part of y = ax 
inside /outside/on the origin-centered unit circle is mapped onto the part of y = —az outside/inside/on 
the origin-centered unit circle. As indicated earlier, this type of mapping also applies to the real and 
imaginary axes with some minor changes in the above phrasing due to their status as special cases (see 
the text about the reciprocals of real and imaginary numbers as well as Figure 10). Also, see Problems 
4 and 6 of § 6.2. 
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Exponentiation (or raising to power) of complex numbers can be seen as a function f(z,p) = z? that 
maps a pair of complex numbers (i.e. z and p) onto another complex number (i.e. z?). In fact, this is 
just a generalization of exponentiation of real numbers (i.e. «¥ where x,y € R) which in its turn is a 
generalization of multiplication (i.e. when y is a positive integer).|°9 Exponentiation of complex numbers 
is easier to deal with and manipulate in polar form where raising z to power p is done by raising the 
modulus to power p and multiplying the argument by p, that is: 


= (re)? = rP ei? (63) 


where p is complex in general. Most of the properties of exponentiation in real numbers also apply to 
complex numbers. For example: 


gy Se ab (z £0) (64) 
(a22)? = 22 (65) 

Pp Pp 

a1 2, el 
) = 2 (66) 

1 

3 = gk (67) 
gPinhe! eo. ghigy2 (68) 


where 2, 21, Z2,P,P1,P2 are complex numbers (in general) and the denominators must not vanish. In this 
context, it is important to be aware of De Moivre’s formula which is given by: 


(cos@ + isin 6)" = cosné + isin nd (69) 


where @ is real and n is an integer (noting that there are generalizations of De Moivre’s formula to 
relax these conditions). This formula (which will be verified in Problem 3) is very useful by itself (as 
a trigonometric identity) as well as in reducing the required algebra in manipulating the powers!” of 
complex numbers in polar form. Some of the applications of this formula will be investigated in the 
Problems. 


Problems 


1. Is the exponentiation function f(z, p) = z? single-valued or multi-valued? 
Answer: This issue is investigated (rather thoroughly and with regard to the distinction of values 
considering the nature of the exponent) in Problem 7 of § 2.2 (where it is postponed to § 2.2 due to its 
dependency on the exponential and natural logarithm functions which are investigated there). However, 
from a different perspective we may differentiate between the Cartesian representation of z and p and 
the polar representation of z and p where z? should be multi-valued (in general sense regardless of the 
distinction of values) according to the former and single-valued according to the latter. The reason 
is that if z and p are given by a definite polar representation then both their modulus and argument 


[69] Those who are interested in the technicalities of these generalizations should refer to the literature. 
[70] “Power” here (and in similar contexts) means the entire exponentiation outcome (i.e. z?) although it originally means 
the index (i.e. p). The context should be sufficient to identify the meaning and remove any potential ambiguity. 
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are definite and hence it should be single-valued. Yes, the Cartesian representation corresponds to 
infinitely-many polar representations (where the arguments of these polar representations differ by 
2nm) and hence it should be multi-valued (i.e. in general). 

. Find the following powers in Cartesian form:!”4] 


(a) (4e717/8)4. (b) (1+7)°. (c) (1—iv3)°. (d) (7 —iv3)*. 
(e) 82-*, (f) (= 712). (g) (V3 + iV3)o+"?. 


Answer: We convert the base to its polar form (if it is given in Cartesian form) before conducting 
the operation.!7?! This is followed by converting the result to its final Cartesian form (if required). 


(a) 


, 4 ‘ 
(42-79) = 4te—47/3 _ 956 (cos — isin =) = 20 ( : “) = —128 + 1128/3 


r 


~ 128 + 1221.7025 
(b) 


3 ; 30 30 = 1 1 
iL \3 = 5) im/4 = 93/2 i3n/4 _ 9 D) eine ee eareeas —2 D) . = 9) i2 
(1+ 7) (v2 ) e V2 | cos Fi +isin i V/ Ji A i 


(c) 
6 P 6 : 
(1 = iv3) = (22/8) = 2%¢-#2" — 64 (cos 2m — isin 2m) = 64(1— i0) = 64 


(d) 


13 : 1.3 ; 
(7 = iv3) ~ (s/a2ct020) ~ 13.0437e~%-3153 — 13.0437 (cos 0.3153 — isin 0.3153) 
12.4006 — i4.0453 


get = 8%x 8g *=64x (close 8)" = 64e~ ‘1°88 = 64[ cos (log, 8) — isin (log, 8) | 
~ ~31.1676 — 155.8979 


(5=412)' & (13¢~#1-1760)' = 13%¢!-1760 _ ¢1.1760 (clog. 13)i _ ¢1-1760gi log. 13 


e1 17891 cos (log, 13) + isin (log, 13) ] ~ —2.7173 + 11.7673 


(g) 
(v3 te iv3) 6+12 


I 


( Voeir/4) = (veeir/")" (veeir"")" = (2160/2) (6'e*/?) 
(216e-*/?) (eer?) = (216e-7/?) (ci8n/2ei108- 8) = 2160-7 /2ei(3r/2+108. 6) 


44.9020e'°°°*" = 44.9020 (cos 6.5041 + isin 6.5041) ~ 43.8103 + 79.8411 


I 


l2 


3. Verify De Moivre’s formula. 


Answer: We have: 


e'” = cos +isind (see Eq. 8) 


[71] Calling some of these “powers” may not be conventional. 
\72] Tn fact, we convert the base to its principal polar form so that we get a unique solution in all cases (see Problem 1). 
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(c’®)" = (cos0 + isin 0)” 
e'”? — (cos@ + isin)” 
cosn6 +isinn@ = (cos é +isin6)” (see Eq. 8) 


Note: although n suggests an integer power (and possibly even a positive integer which could be based 
on historical reasons), the formula should be general according to the above verification. In fact, the 
generalization should also apply to 0. 

4. Explain how De Moivre’s formula can be used to obtain trigonometric expressions for cosn@ and sin n@ 
in terms of cos @ and sin @ (considering, for simplicity, only integer n > 1 and real 6). 
Answer: If we expand the left hand side of Eq. 69 using the binomial theorem and equate its real 
part to cosn@ (which is the real part on the right hand side of Eq. 69) and equate its imaginary 
part to sinn@ (which is the imaginary part on the right hand side of Eq. 69) then we obtain these 
trigonometric expressions. For example: 


(cos? +isin@)? = cos20+isin20 


cos? 6 + i2cos @sin6 — sin? 6 
(cos* 6 — sin? 0) +i2cosésind = cos20+isin20 


cos 26 + isin 20 


I 


Hence, cos 20 = cos? 6 — sin? @ and sin 20 = 2cos@sin@. Another example: 


(cosd+isin@)* = cos40+isin 40 
cos* 6 + 4cos® 6 isin 6 + 6 cos? @ i? sin? 6 + 4cos i? sin? 6+ i*sin*@ = cos46+isin 46 
(cos* @ — 6 cos” @ sin” 6 + sin* 0) + i (4cos* @ sin? — 4cos@ sin? 0) = cos40 +isin 40 


Hence, cos 40 = cos* 6 — 6 cos? 6 sin? 6 + sin* @ and sin 40 = 4cos* 6 sin@ — 4cos@ sin? 6. 

5. Verify the properties of exponentiation which are given by Eqs. 64-68. 
Answer:!3! These properties are generally based on the corresponding properties in real numbers (as 
well as the properties of i and e’), that is: 


og = (rei?)" ree = 7° =1xK1=1 
(2122)” a (rye% ret)” = rh P91 ph etPoe = (rPeiP*) (rp et?) = (rie)? (raet)” = PP 
a ae rei \? ee ce (rie)? ae 
Zo 7 roet2 J rh etpO2 — (rget02\P xb 
1 1 1 é Se se 
a = _— ppp —ipd __ i0\—P _ op 
2 (ret) Ped — Fee = (re ) =e 
yPitp, (rei? )Pt? = pPitP2i0(pitp2) — pPipP2 P19 pips) — (r?1 P29) (r?2 ¢iP29) 


= (ret?) (ret?) =ightghe 


Note: in the above verifications we assumed that (z?!)?? = z?1P2, This can be seen as a generalization 
of the same rule with p2 being an integer which may be established from the definition of raising to 
integer power. Also, see Eq. 63 and the related text. 

6. Define the “logarithm” of a given number (which is complex in general) and hence identify the relation 
between the operations (or functions) of exponentiation (or raising to power) and taking logarithm. 
Answer: The logarithm of a given number a to a given base number £ (i.e. log a) is the exponent 


[731 Tt should be noted that the purpose of the following verifications is to demonstrate consistency rather than to provide 
rigorous proofs. 
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to which the base 3 must be raised to produce the number a (i.e. 67 = a). Accordingly, we can write 
a = BY = 6'°8s* which means that exponentiation and taking logarithm (i.e. to the same base) are 
inverse operations (or functions), i.e. 6!°% % = log, BY =a. 

7. Using the result of Problem 6 plus the properties of exponentiation (which are given by Eqs. 64-68 
and verified in Problem 5), verify the following rules of logarithm:!"4! 


(a) log, (a8) = log, a + log, B. (b) log, (a/8) = log, a — log, B. (c) log, ab = Blog, a. 
(d) log, ~/a = 67! log, a. (e) log, 1 = 0. (f) log, a =1. 

(g) log, a = log, a/ log, B. (h) logg(1/a) = — log, a. (i) logg a = 1/log, 8. 
Answer:!75|_ We use the abbreviation “log.” for “taking logarithm” and the abbreviation “exp.” for 
“exponentiation”. 


(a) 
abB=ax Bp 


r708 (28) — ylos, a yx vlos, 6 (log. and exp. are inverses) 


7708 (28) = 708s atlog., 8 (see Eq. 68) 

log, (a) = log, a + log, 8 
where in the last step we took the logarithm of both sides to the base y and used the fact that 
exponentiation and taking logarithm are inverses (or we just compared the exponents on the two 
sides). 


(b) 


; =ax pt 
lob (a/B) — vloby o x (lob, py (log. and exp. are inverses) 
ry08 (4/8) — rloky © y¢ -/— los, B (see the note of Problem 5) 
njl08y (0/8) = nly a—log,, B (see Eq. 68) 
log, (5) = log, a — log, 2 


where in the last step we did what we did in the last step of part (a). 


(c) 


log, a’ = log, (a)? 
= log, ("8 al? (log. and exp. are inverses) 
= log, (y? eas) (see the note of Problem 5) 
= Blog, a (log. and exp. are inverses) 


(d) This is an instance of the result of part (c) noting that ¢/a = a!/® = af, 
(e) Using the fact that 1 = 1° plus the result of part (c) we have: 


log, 1 = log, 1° =0 x log, 1 =0 


\74] Tm principle, a, 8, y in these rules are complex in general although some restrictions may be imposed, e.g. the base is 
usually required to be real, positive and 4 1. In fact, there are many details about the application and validity of the 
individual formulae and their conditions and restrictions, but we do not investigate these details due to limitations on 
space, scope and objectives. 

[75] As indicated earlier, in Problems like this what we actually do is to “verify” rather than “prove”, and hence it is mainly 
an exercise of testing and checking consistency and coherence. 
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(f) 


a=a 
Sa % — al (log. and exp. are inverses) 
log,a=1 


where in the last step we did what we did in the last step of part (a). 


(g) 


GBB & (log. and exp. are inverses) 
a = (78 B ye m (log. and exp. are inverses) 
O = 708s BX1085 & (see the note of Problem 5) 
log, a = log, nf0By BX logs o (taking logarithm to base 7) 
log.,, a = log, 8 x logg a (log. and exp. are inverses) 
log, a 
log 3 a = — 
eb” log, 8 


(h) This is an instance of the result of part (c) noting that 1/a = a~!. It can also be obtained from 
the results of parts (b) and (e), i.e. 


logg(1/a) = log, 1 — logg a = 0 — logg a = — logg a 
(i) 


logs a x log, 8 = log, a (the result of part g) 
logg a x log, 6 = logy a (y =a) 
logs a x log, 8 =1 (the result of part f) 
log, a = = 
log, 6 


8. Investigate the effects of the following operations on the given curves and lines: 
(a) The effect of squaring (i.e. raising to power 2) on the upper half of the origin-centered circles. 


(b) The effect of cubing (i.e. raising to power 3) on the semi-line Rez = V3Imz (Rez > 0). 


(c) The effect of exponentiation by i on the origin-centered unit circle. 

Answer: We should remark first that since exponentiation generally involves manipulation of the argu- 
ment (e.g. by doubling it in the case of squaring), the answer generally depends on the parameterization 
of the curves and lines and hence it is not unique. So, to have a unique answer we restrict the question 
and answer to the “principal parameterization”, i.e. using the principal value of the argument (as 
defined by the range —7 < 6, < m according to our convention) in the parameterization (see Problem 
4 of § 1.8.2). 

(a) The upper half of an origin-centered circle of radius r is given by re’? (r > 0 and 0 <6@< 7). On 
squaring this we get r7e’?. So, the effect of squaring is to scale the radius by a factor of r and rotate 
a point with argument @ by 6 (i.e. double its argument). Accordingly, the origin-centered semi-circles 
will be mapped onto origin-centered full circles where the semi-circles with radius 0 < r < 1 will shrink 
in radius (and hence they stay inside the origin-centered unit circle but become smaller) and the semi- 
circles with radius r > 1 will expand in radius (and hence they stay outside the origin-centered unit 
circle but become bigger) while the semi-circle with radius r = 1 will keep its radius. 

(b) This semi-line is given by re’™/® (r > 0). On cubing this we get r’e’"/?. So, the effect of cubing 
is to scale the modulus r of a point on this semi-line by a factor of r? and rotate the point by 7/3 
(i.e. project it onto the positive imaginary axis). Accordingly, this semi-line will be mapped onto the 
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positive imaginary axis where the points with 0 < r < 1 will shrink in modulus and the points with 
r > 1 will expand in modulus while the point with r = 1 will keep its modulus. 

(c) This circle is given by e’? (-x < @ < 7). On exponentiating this by 7 we get (e%)" =~¢? 
(-1 <0< 7). So, the effect of exponentiation by 7 is to project this circle on the real axis. Accord- 
ingly, the origin-centered unit circle will be mapped onto the line segment on the positive real axis 


that is defined by the real interval e™ > x > e7”. 


1.8.11 Roots of Complex Numbers 


A complex number w is an n“” root of a complex number z if z = w” (where n is an integer greater than 


1). Taking roots can be seen as raising to (real) fractional powers and hence rooting (i.e. taking root) 
generally follows the rules of exponentiation. If z = re’? (r > 0) then the n‘” roots of z are:!”6 


yi/n = piln ei(O+2mn)/n (m =0,1,-++,n— 1) (70) 


The root corresponding to m = 0 is labeled as the principal n‘” root of z (assuming @ to be the principal 
argument). From Eq. 70 we can see that z!/” has n distinct values, i.e. a (non-zero) complex number 
has n distinct n‘” roots (see Problem 5). Hence, the square root z'/2 has two distinct values, the cubic 
root z!/3 has three distinct values, and so on. Accordingly, the function of taking the n“” root of complex 
numbers is a finitely multi-valued function (see § 1.5).!77! 

It should be noted that in Eq. 70 the meaning of 1/n in r!/” is rather different from its meaning in 
z/" because in r!/” it has its usual real meaning (i.e. the positive real root of r noting that r!/” is 
the modulus of z!/” and hence it must be real non-negative) while in z!/” it has a complex meaning (as 
revealed in the right side of Eq. 70). This difference becomes apparent when z is a positive real number 
and hence the distinction between 1/n in r!/” and 1/n in z‘/” is revealed, as will be seen in the Problems 
(refer for example to part a of Problem 1 where we used the modulus sign in |1| to indicate this difference 
and remove any potential inconsistency).|”8l 


Problems 
1. Find the following roots (where a in part h is a non-zero real number and n is an integer > 1): 


(a) 11/2. (b) 12/3, (c) 51/2, (d) (—1)'”?. 


(e) (im) *. avemer an gy Ga), (h) al/”. 
Answer: We should note that in the following we use the principal value of the argument of the base 
(or radicand), i.e. 9 in Eq. 70 represents 0,. We should also note that part (e) and its alike (where the 
power is —1/n with n being an integer greater than 1) should be interpreted as taking the n‘” root of 
the reciprocal. 


(a) 


1M = (1x eilor2ma) 7 |]? eiCamny/2 — ygimn — gin i =04) 
So, we have two square roots of 1: 


zo = e°=cos0+isin0O=1+i0=1 


76] This formula may seem more appropriate for the convention 0 < Arg(z) < 27, but this is not necessarily the case. In 
fact, this is to ease the calculations. Anyway, this is a trivial matter and hence it should not be of any concern. We 
should also note that 6 here is the principal argument (as indicated in the reference to the convention) although the use 
of non-principal values should not affect the actual values of the roots due to the periodicity (see Problem 11 of § 1.11) 
which can also be confirmed by the fact that w” — z (for a fixed z # 0) is a polynomial (of order n) in w and hence it 
should have exactly n complex zeros (or roots) as will be shown in Problem 5. 

I"7lTm fact, it is infinitely multi-valued but because of the periodicity, the m distinct values are repeated and hence it is 
finitely multi-valued by considering only these m distinct values. 

[78] We note that we use the modulus sign only in some cases to draw the attention to this point. Hence, we generally rely 
on the position and context to distinguish between the real root and the complex root. We should also note that the 
modulus sign is used as an indication to this difference (noting that it may be appropriate to be applied to the root itself 
as well for more clarity). 
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zz = e™ =cosxrt+isina =-1+i0=-1 


As explained in the text, 1!/? represents the square root of 1 as a complex number (ie. 1+ 70) while 
1/2 
|2| 


(b) 


represents the positive square root of 1 as a real number (and hence there is no inconsistency). 
; 1/3 ; : 
11/3 (1 x elt) = 11/3 ,t(2mn)/3 = {ei2mn)/3 - ei(2mn)/3 (m = 0, 1,2) 


So, we have three cubic roots of 1 (as a complex number): 


Zo e% =14+00=1 
: 2 2 1 
Zz gen = ces > + isin > ==54 a ~ —0.5 + 10.8660 
. 2 2 1 
Zz ein /s — 9127/3 — cog _ isin > =F me ~ —0.5 — 10.8660 
(c) | 
52 = (5x1)? = V5 x 1? = Ve (m= 0,1) 
where we used the result of part (a).!”9] So, we have two square roots of 5: 
zo = v5e° = V5(cos0 + isin0) = V5(1+ 10) = V5 ~ 2.2361 
a = Vb5e'™ = V5(cosa + isin) = V5(-1+ 10) = —V5 ~ —2.2361 
(d) 7, 
(aye _ (aeletah) / — qi/2ei(m+2mn)/2 _ Vreiln+2mn)/2 (m = 0,1) 
So, we have two square roots of —7: 
zo = Vel"? = ifm ~ 61.7725 
zp = melt t2™)/2 = pet)? — pe)? = ~in/m XY —11.7725 
(e) a 
(—in) 1/4 — (ge tae) - Sg et eas?) (m = 0,1, 2,3) 
So, we have four roots: 
zo = 1 /4e'™/8 ~ 0.6939 + 10.2874 
zy = wm V4eiln/8—2/2) _ q-1/4e-i3n/8 ~ 09874 — 10.6939 
zg = wm V4etln/B-m) — 7 V4e-t7n/8 ~ _ 0.6939 — 10.2874 
zg = 4 ett /8—3/2) _ p—1/4e- ln /8 _ g—1/4et5n/8 ~ _ 0.9874 + 10.6939 
) 1/5 
(ce iy = (ese) / — 91/10 ,i(—m/4+2mm)/5 (m = 0,1,2,3,4) 
So, we have five roots: 
zg = 21/10¢-%m/20 ~ 1.0586 — 10.1677 
zy = Qh ei(—m/442n)/5 _ 91/10, %77/20 ~ 0.4866 + 40.9550 


79] The point in this sort of manipulation is to split the complex number to a product of a real positive number a times 
a complex number 6 and hence the (real positive) root of a becomes a scaling factor for the complex root of b (and 
accordingly we can exploit our previous results about b). So, in our example (the real positive number) V5 isa scaling 
factor to (the complex number) 12/2. 
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Zq = 2M ei(—2/4440)/5 _ 91/10 6137/4 ~ _ 0.7579 + 10.7579 
s 21/10 i(—1/4+6)/5 _ 91/10 1281/20 _ 91/10 ,- 4177/20 ~ _ 0 9550 — 10.4866 
z= g1/10 .t(—1/4+8)/5 a 91/10, 431%/20 pan 91/10 ,— 19/20 ~ 0.1677 — 11.0586 
(g) és 
(3 — 13)71/3 = (isi2 aaa): ie = 1971/6 pi(a/4—2mn)/3 (m = 0,1,2) 
So, we have three roots: 
zo = 18 '/%e!7/12 ~ 0.5967 + 10.1599 
zy = 187 1/8e%r/4-27)/3 _ 4g-1/6 17" /12 ~ _9 1599 — 10.5967 
za = 18-MSei(t/4-47)/3 _ 1Q-1/6 etn /4 _ 1g-1/6¢i37/4 ~ _ 0 4368 + 10.4368 
(h) If a < 0 then we have: 
qi/n = Jalt/” ei(mt2mn)/n = Jal/” eit (1+2m)/n (m =0,1,---,n— 1) 
If a > 0 then we have: 
qi/” = Ja/” ei(O+2mm)/n = Jalt/” ei(2mn/n) (m = Orlane te 1) 


where we use |a| here to distinguish the positive real from the complex (as noted earlier in part a). 
2. Find the following “roots”: 


(a) 7/(t+i) (b) (ig) /@), (c) (Gear). (d) (e+ im / Cerin), 
Answer: We treat these as complex powers rather than roots in the usual sense (which is associated 


with integers > 1 as explained earlier). We should also note that in the following we use the principal 
value of the argument of the base (as noted earlier). 


(a) 


TCH) pA /2 = fz 7-4/2 — J 7h? (eloee 7) 4/7? — 71/2 e-illog. 7)/2 
l | 
i7yt/2 (cos bet isin “se1) ~ 1.4892 — 12.1869 
(b) 1/(i3) : —1/3 1 -i/3 i(1 
(i9) = (se'"/?) = 9-4/3 e7/6 — (ere) 7/6 — et /6e—illog, 9)/3 
1 1 
_ or/6 (cos obe8 sti “2. ~ 1.2552 — 11.1288 
(c) 
(6 + a15)'/0-#v) " VIBiet 1908) AN” 


(2/3) 


I 


2GIett1909) (v26re"199)" 
2 Lee ee (26 aie 22) 


I 


( 6 
( 2614/ee eee /2) cera 2) 
(26a eneva/=) feseer Salas: am) 


261 /Set1o08b/2/9)) ern” log. =) 


~ 1.4424 (cos 1.7083 + isin 1.7083) ~ —0.1978 + 71.4288 
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(e a in) Cer) 4,1544¢%0-8575) (e—im) /17.2587 BS (Aisase eee SORE 


4.1544¢29-8575 4.1544¢20-8575 


( 
0.1575 
( eae 
~ (4c toda Piri tees) (baa errr eee) 
( 
( 
1 


Mee 


l2 


4.1544°-1575 0.1561) (err nee: eres log. are 


l2 


aeday Perr) (eters) ~ 1.4629¢7 20-1242 


.4629 (cos 0.1242 — isin 0.1242) ~ 1.4516 — 10.1812 


3. Analyze Eq. 70. 
Answer: We can conclude from this equation the following points: 
e The condition m = 0,1,-.- ,n — 1 means that any complex number (# 0) has exactly n n*” roots. 
Since real numbers are a subset of complex numbers, this also applies to real numbers. 
e Geometrically, the n“” roots of a complex number z can be seen as vectors of length |z| that 
are evenly distributed around the origin of the complex plane. In other words, they are “radii” of an 
origin-centered circle of radius |2|t/ " where each one of these radii is obtained from its neighbor by 
a rotation of 2a/n (or —27/n) around the origin. They may also be considered as the vertices of an 
origin-centered regular n-polygon. 
e The root corresponding to m = 0 (which we may call the principal root) has an argument (or phase 
angle) of 6/n (and hence it is uniquely determined in magnitude and argument). Therefore, the other 
roots are also determined uniquely by the aforementioned rotation (as explained in the previous point). 
4. Investigate the effects of the following operations on the given curves and lines: 
(a) The effect of taking the square root on the upper half of the origin-centered circles. 
(b) The effect of taking the cubic root on the semi-line Im z = —Rez (Rez < 0). 
(c) The effect of “taking the i” root” (i.e. exponentiation by 1/7) on the origin-centered unit circle. 
Answer: As noted earlier, we restrict the question and answer to the “principal parameterization”. 


(a) The upper half of an origin-centered circle of radius r is given by z = re’ (r > 0 and 0 <0< 7). 
On taking the square root we get (see Eq. 70): 


1/n 


1/2 _ pl /2 pt(0+2m)/2 _ 91/2 64(0/2+mm) (0<@0<7 and m=0,1) 


So, we have two mappings: one corresponds to m = 0 and one corresponds to m = 1. The first 
mapping is given by:!8° 


wie — pi/2 10/2 (0<0<7) 


which is an origin-centered quarter-circle of radius r!/? in the first quadrant. The second mapping is 
given by: 

zi? = pi/2 i(9/2+7) (0 <O@< TT) 
which is an origin-centered quarter-circle of radius r!/? in the third quadrant. As we see, the radius 
of the quarter-circles is r!/? which means that the origin-centered semi-circles with 0 < r < 1 expand 
in radius (but remain inside the origin-centered unit circle) and the origin-centered semi-circles with 
r > 1 shrink in radius (but remain outside the origin-centered unit circle) while the origin-centered 
unit circle keeps its radius. 
(b) This semi-line is given by re’*/4 (r > 0). On taking the cubic root we get: 


21/3 — 71/3 ei(84/4+2mm)/3 _ 7.1/3 ¢i(n/4+2mm/3) (r3/3 > 0 and m = 0,1,2) 
So, we have three mappings corresponding to m = 0,1, 2. The first mapping is given by: 


xl? — pl/3ein/4 (r3/3 > 0) 


[80] Symbols like ste should be interpreted as ()2 rather than (zo)!/?. 
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which is the semi-line Imz = Rez (Rez > 0), ie. the part of the line y = x in the first quadrant (or 
similarly the line Arg z = 7/4).'8!! The second mapping is given by: 


za — pl/3 ei(m/4+2n/3) _ 71/3 pillm/12 (r/3 S 0) 


which is the semi-line Im z ~ —0.2679Rez (Rez < 0), ie. the part of the line y ~ —0.2679 in the 
second quadrant (or similarly the line Arg z = 117/12). The third mapping is given by: 


ni — pl/3ei(m/4t+4n/3) _ 71/8 ,i190/12 _ 4.1/3,-15/12 (ri ~ 0) 


which is the semi-line Im z ~ —3.7321 Rez (Rez > 0), ie. the part of the line y ~ —3.7321 a in the 
fourth quadrant (or similarly the line Arg z = —57/12). 

Noting that a point with modulus r is mapped (in all three mappings) onto a point with modulus ri/3, 
we can see that the points with 0 < r < 1 will expand in modulus (but remain < 1) and the points 
with r > 1 will shrink in modulus (but remain > 1) while the point with r = 1 will keep its modulus. 
(c) This circle is given by e’? (— < @ < 7) and hence on exponentiating this by 1/i we get (e’”) MP = 68 
(-—1 <0< 7). So, the effect of exponentiation by 1/7 is to map this circle on the real axis. Accordingly, 
the origin-centered unit circle will be mapped onto the line segment on the positive real axis that is 
defined by the real interval e~™ < x < e”. 

5. Show that z!/” (z #0 with n being integer > 1) has exactly n distinct (complex) roots using the fact 
(which will be established in Problem 1 of § 7.1) that an n” degree polynomial function has exactly 
n zeros (or roots). 

Answer: If w = z then w” = z. Hence, for a fixed z the equation w” — z = 0 is an n*” degree 
polynomial equation in w and therefore (by the given fact) it should have exactly n zeros (or roots), i.e. 
w = z'/" has exactly n values (no more and no less). So, what we need to do to complete the proof is 
to show that these n values (or roots) are distinct from each other (i.e. they are not repetitive). Now, 
from Eq. 70 (noting that the condition m = 0,1,---,n— 1 is an acceptable realization of “exactly n 
zeros”) the n zeros should be distinct from each other (i.e. they are not repetitive). Also, see Problem 
4 of § 2.2. 

Note: “distinct” may be interpreted to mean simultaneously: any presumed extra roots (i.e. beyond 
the n roots) are not different from the n roots, and the n roots are different from each other. 

6. What is the relation between exponentiation (i.e. raising to power) and rooting (i.e. taking root)? 
Answer: Raising to power n and taking the n‘” root (where n is an integer greater than 1) can be 
seen as inverse operations (or functions) because: 


(2vn)" = (zr)i/r — gn/n = zi — aA 


1/n 


In fact, this should be obvious from the definition of the n*” root of a complex number (as given in 
the first sentence of the present subsection). 

7. Identify the branch cut and the branch point of f(z) = J/5— z. 
Answer: Let Z =5-— z. The branch cut of VZ is obviously Z € Rand Z < 0. So, the branch cut of 
fis (5-—z) € Rand (5— z) <0,ie. z€ Rand z > 5. In more simple terms, it is the semi-line x > 5 
on the real axis. 
From the definition(s) of branch point (see § 1.5 and Problem 21 of § 1.5 in particular), the branch 
point of f(z) = /5-—zis z=5. 

8. Show that the n n‘” roots of any (non-zero) complex number can be obtained from the n n“” roots of 
1 by multiplying the roots of 1 by a modulus factor r!/” and an argument factor e’9/”, 
Answer: The n n*” roots of 1 are: 


yi/n — pi2mn/n (m=0,1,---,n—-1) 


[811 In Problems like this where we have mapping (which is usually from the z plane to the w plane) it is more appropriate 
to use the w plane and its variables (i.e. u and v) for representing the images of the mapping (and hence we say for 
example Im w = Rew and v = wu). However, for simplicity and to avoid distraction (especially at this stage in the book 
where detailed investigation of complex functions as mappings is still waiting) we use the z plane and its variables (i.e. 
xz and y) instead. 
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th 


while the n n roots of a (non-zero) complex number are: 


yl/n = p/n et(O+2mr)/n = p/n eid/n ewer] = pi/neid/n ja¥/*] (m =O) 1jysn 1) 
which establishes the claim. 


1.8.12 Complex Numbers as a Group 


The set of complex numbers forms an infinite Abelian group under addition since it meets the conditions 
of closure, associativity, identity (which is 0) and inverse (which is the negative) as well as commutativity. 
The set of complex numbers (excluding 0) also forms an infinite Abelian group under multiplication (where 
the identity is 1 and the inverse is the reciprocal).|*?! 


Problems 


1. Show that the set of complex numbers is closed under addition and multiplication. 
Answer: This can be easily seen from Eq. 20 for addition and Eq. 21 (or Eq. 22) for multiplication. 
2. Give some examples of subsets of complex numbers that form groups under certain operations. 
Answer: For example: 
e The set of real numbers under addition (infinite Abelian group with 0 identity and negative inverse). 
e The set of real numbers (excluding 0) under multiplication (infinite Abelian group with 1 identity 
and reciprocal inverse). 
e The set of imaginary numbers under addition (infinite Abelian group with 0 identity and negative 
inverse). 
e The set {1, —1,4, —i} under multiplication (finite Abelian group with 1 identity, —1 as its own inverse 
and i, —7 as inverses of each other). 
3. Show that the reciprocal z~! of a complex number z ¥ 0 is its multiplicative inverse, i.e. 227! = 
2 ea 
Answer:!®3! We use the polar form of z, that is: 


ae 1 _ pe (re’”) = rer 1, 0 _ 41 1,18 10 0.0 1xl 1 


where we used the established rules of exponents (as well as the established rules of real numbers such 
as 1 x 1=1). We can similarly obtain z~!z = 1. 

Note: we may also use the generic form of z (which includes both the Cartesian and polar forms), 
that is: 

2 


ay 


Zz = z2xX-=2zx = = | B 

|z| 
where in the last step we used the fact that |z| is real. However, this demonstration seems more 
problematic because the multiplication of the numerator and denominator by z* may depend on the 
claim that the reciprocal is the multiplicative inverse (as well as other potential circularities). 


1.9 Limits of Complex Variables 


In this section we present a general investigation of the concept and techniques of limits in complex 
analysis. We also investigate certain aspects and issues related to limits such as continuity, analyticity 
and boundedness of complex functions which are strongly linked to the paradigm of limit. However, we 


[82] It, is straightforward to show the closure of complex numbers under addition and multiplication (see Problem 1). The 
other conditions of Abelian group have already been demonstrated (see Eqs. 25-34 and Problem 3 of § 1.8.5). We should 
also note that the set of complex numbers (with the above operations) also forms a field (in the technical sense of “field” 
as an algebraic structure according to its formal definition in abstract algebra). 

[83] We note that this is a demonstration (or “show” according to the question) rather than a proof (and hence the purpose 
is to demonstrate consistency) because some of the steps in this demonstration can be circular. 
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should remark that due to restrictions on the space, scope and objectives of this book we do not discuss the 
issue of limits and the related issues extensively although we provide a sufficient background about these 
subjects that includes basic definitions, rules and theorems as well as solved Problems and examples.|*4! 

In brief, we can say that the paradigm and techniques of limits are at the heart of complex analysis as they 
are central to real analysis. We can also say that the rules of limits in the complex domain are generally 
similar to the rules in the real domain. For example, if ZL; = lim,_,,, f;(z) and Lz = lim,_,,, fo(z) (where 
zo is a given point in the z plane, LZ, and Lz are given points in the w plane, and f; and fz are complex 
functions) then: 


lim a=a (a is complex constant) (71) 

jim z= % (72) 

lim lbfi(z)] = 6 lim fi(z) = bly (b is complex constant) (73) 

Jim [fi(z) + fe(z)] = jim fi(z) = Jim fa(z) = Li = Le (74) 

tine [fi(z) x fo(z)] = lim f(z) x pm: f(z) = 11 x Le (75) 
z _ lim,_, 2 Ai) = Dy 

an _ (i 3} - lim,-, 2, fo(z) i. Iz (Le 7 Y) Oo) 

Jim [fA] = | im fl] = al (77) 

cae [fi(fe(z))] = fi (zim fa(2)) = fi(Le) (fi has a limit at L2) (78) 


We should now draw the attention to the following important remarks: 
e If a complex function has a limit at a given point in the complex plane then it should converge to 
the same value regardless of the direction from which this point is approached (i.e. the limit should be 
unique).!85| For example, if a function converges to the value 1 when it approaches the point z = 0 
horizontally while it converges to the value —1 when it approaches this point vertically then this function 
has no limit at z = 0. Some examples of functions with no limits at certain points or regions (due to the 
dependence of the value of the limit on the direction of approach) will be given in the Problems of the 
present section and later in the book.|8° 
e The value of the limit (if it exists) at a given point zo can be different from the value of the function 
at zp (assuming it is defined at zo). In fact, the limit may exist even if the function is not defined at zp. 
Yes, when the two values exist and they are the same then the function is continuous at that point (see 
Problem 8 of § 1.5). 
e The limit of a multi-valued function at a given point may depend on the particular branch and hence 
the value of the limit on two branches can be different (noting that multi-valued functions are not strictly 
“functions”). Yes, the value on each individual branch should be unique (as indicated above) if the limit 
should exist (i.e. the “unique existence”) for that branch. 


Problems 


84] In addition to what is provided in this section about the aforementioned background, these subjects are also partly 


investigated earlier in the book (see for example § 1.5) as well as in the coming parts of the book. In fact, these subjects 
are at the center of complex analysis and hence they are present and discussed (explicitly or implicitly) in many parts of 
this book. 

So, when we say “a function f(z) has a limit at a given point zo” or “the limit of f(z) at zo does exist” it means the 
limit of f exists and it has one (and only one) value at zo, i.e. this is a statement of existence and uniqueness of limit 
although it is usually expressed as an existence statement (with an implicit understanding of the uniqueness condition). 
In fact, there are other reasons for the failure of having limit (and hence examples will be given for several types of 
functions without limits at certain points or regions which could be the entire complex plane). In brief, failure of having 
limit could be due to failure of existence or to failure of uniqueness. 


85 


86 
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1. Compare the concept of limit in real analysis and in complex analysis. 
Answer: We may say: 
e In real analysis the point at which the limit is taken can be approached only from two directions 
(since the domain in real analysis is the 1D real line), while in complex analysis the point at which the 
limit is taken can be approached from infinitely-many directions (since the domain in complex analysis 
is the 2D complex plane). 
e In real analysis we evaluate the limit of a single function, while in complex analysis we actually 
evaluate the limit of two (real) functions (i.e. the real and imaginary parts of the complex function) 
and hence we may write: 
lim w= lim Re(w) +7 lim Im(w) 
Z—>Zo Z—>Zo Z—+ ZO 
where w = f(z) is a complex function of z. 
2. Describe the concept of limit using the concept of neighborhood. 
Answer: If L is the limit of a complex function f(z) at a given point zo, i.e. lim,_,,, f(z) = L, then we 
can say: for every neighborhood of L in the w plane (notated as Nz) there is a deleted neighborhood 
of zo in the z plane (notated as N,,) such that f is in Nz whenever z is in N,,. 
3. Give a sensible interpretation to the following limits that involve infinity: 
lim f(z) =L lim f(z) =o lim f(z) = co 


ZOO Z—>Zo ZOO 


Answer: These limits can be interpreted respectively as (or seen as equivalent to): 


tim (2) =z fig ieee 0G 
z 


z—0 


4. Verify the following rules of limits (where a is a complex constant and P is a complex polynomial): 
(a) lim,_,z, 2” = 2g. (b) lim,_,., (az”) = az. (c) lim,_,, P(z) = P(zo). 


(d) lim,-,,, e* = e7°. (e) lim,-_,,, (cos z) = cos Zo. (f) lim,_,,, (sin z) = sin zo. 
Answer: We use the rules of limits which we stated in Eqs. 71-78. 
(a) This is just an extension of the product rule of limits (i.e. Eq. 75) with the use of the rule of Eq. 
72, that is: 

lim z” = lim (z x goo") = lim zx lim 2” + =z x lim z”7} 

ZZ ZZ Z—>Zo Z—>Zo Z—> Zo 
The same will apply to lim,_,., 2"~1 (as well as to the lower powers until reaching lim,_,., z) and 
hence we get lim,_,,, 2” = % X 2 X ++: X 2 = 2H. 
We may also use the composition rule of limits (i.e. Eq. 78) with the use of the rule of Eq. 72, that is: 


lim z” = ( lim 2) = 2 
Z>Zo Z Zo 
(b) This is a combination of the product rule of limits (i.e. Eq. 75) with the use of Eq. 71 and the 
result of part (a), that is: 

Pas (az") = dma x Bue Z-=ax 2 = ax 
We may also consider this as a combination of the scaling rule of limits (i.e. Eq. 73) and the result of 
part (a) of this Problem (noting that Eq. 73 is actually an application of Eq. 75 with the use of Eq. 
71). 
(c) This is just a combination of the sum rule of limits (i.e. Eq. 74 where it can be easily extended, if 


required, by iteration to more than two terms) and the result of part (b) noting that a polynomial is 
an algebraic sum of terms of the form az”. 
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(d) From Eq. 6 and the sum rule of limits (as represented by Eq. 74)!87! plus the result of part (b) 


we have: 
[oe) Co [oe) 
dct Sy : Ze : z” 2 , 
lim e* = lim y —|= lim {—}]= ) — =e? 
Z—>Zo Z—>Zo n! Z—>Zo n! n! 


n=0 n=0 n=0 
We may also use the composition rule of limits (i.e. Eq. 78) in association with Eq. 72, that is:'8*! 


lim e7 = e!'™2>707 = e70 
Z>ZoO 
(e) From the power series of cos z (see § 1.4) and the sum rule of limits plus the result of part (b) we 


have: 


n=0 


foes a hee eee Oy ee cs 
Ra ae (>. “Gir ee ea ys ee 
We may also use the composition rule of limits (i.e. Eq. 78) in association with Eq. 72, that is: 
lim (cos z) = cos ( lim :) = COS 2 
Z—> Zo ZZ 


(f) From the power series of sin z (see § 1.4) and the sum rule of limits plus the result of part (b) we 
have: 


co =I n Lon4+1 co 1 n 2n+1 co —] n .2n4+1 
lim sinz = lim S- iia le = lim (Sar) = S- (O20 = sin 2 
2420 z29 \4—~4 (2n + 1)! <a27% \ (2n+ 1)! Grp 1)! 


We may also use the composition rule of limits (i.e. Eq. 78) in association with Eq. 72, that is: 


lim (sin z) = sin ( lim :) = sin 2 

Z—>Zo 2+ ZO 
Note: we should remark that n in part (a) and in part (b) of this Problem (and even in part c 
although implicitly) can be a non-negative integer (despite the seeming suggestion that n is an integer 
greater than 1) although we should introduce slight modifications to the above arguments in the case 
of n = 0,1 (with the exclusion of the origin in some cases). Accordingly, the rules of Eqs. 71 and 72 
can be instances of the rules of parts (b) and (a) of this Problem (and in fact even Eq. 72 can be an 
instance of the rule of part b, noting that part a is an instance of part b corresponding to a = 1). 

5. Find the following limits: 


(a) lim, ,; (324 — z + 6). (b) lim. a» (458). (c) lim, +i (234). 
(d) lim. (24) (BE). (c) lim. oo (25544). (f) lim, 00 (758). 
(g) lim. +0 (4%). (h) lim, (14in/4) (*)- (1) Tim, (gin) (€***). 
(3) lim,_4(5—im/s) (Cos 2). (k) lim,+:3 (cos 22). (1) lim, 9 (sine ), 


Answer:!®°! We use the rules of limits which were given earlier in this section (see Eqs. 71-78 and 
Problem 4) as well as mathematical results and identities that have already been established (e.g. in 


[87] In fact, we need to extend Eq. 74 from two aspects: first to more than two terms (which can be trivially achieved by 
iteration) and second to infinite sums (which may require a somewhat intricate argument). 

[88] Although the use of the composition rule looks more tidy and elegant, it may require more effort to establish that e* has 
a limit at zo (although this should be fairly obvious). 

[89] We should remark that infinity (i.e. 00) in the complex domain is not as simple as in the real domain (noting that it 
is not simple even in the real domain) and hence we may need to consider more than one type of infinity depending on 
the circumstances and contexts. So, to avoid many complications and distractions (as well as lengthy explanations and 
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lim (32° —z+6) = lim (32°) + lim (—z) + lim (6) = 3 lim (z*) — lim (z) + lim (6) 


Zt Zt Zt Zt Zt Zt Zt 


= 3(i)®-(i)+6=-i3-i1+6=6-%4 


This result can also be obtained more directly from the result of part (c) of Problem 4. 


(b) 


a (= _ *) 2 lit -g7a-4) (ze _ i3) 2 lim,_,(1-%) (2) + lim, ,¢—1 (-73) 
z—(1-1) z+2 lim,_, (1-4) (z + 2) lim,_, (1-4) (z) + lim, (1-4) (2) 
(1—i)?-i3 -i2-143 -15(3+i) 1-143 
“ “S06. ae or, 
(c) 

. 2-4 : (He ay ; 2 —iz—1 lim,,—; (z? — iz — 1) 
iim, (S++) = lim Sa = im, ( — )- - 7a 
zo-i\ 2241 zi (z +14) (2-2) zi z—7t lim,_,—-; (z — 2) 

(=)? 46-1 i=i=1. 3 3 
. ii a) ae en 


lim (= ) _ limze+) Rez _ Re(lim.e+)2) _ ReQ+ti) _Re@+i)_ 2 _, 
2(24+i) \Imz*/) — lim,_,(a4 Imz* Im (lim (244) 2*) ~ Im(2+i)*  Im(2-i)  -1 
(e) 
lim (22 +271 5+4-4 lim, 400 (5+2—- gz) 5+0-0 : 
im = = = = 
zoo —23 + 18 zoe \ -14+i8 lim, (-1+i3) 1+20 


7 42° lim,_.0 (iz°) 10° 0 5 
1m = — — = 
230 \ 2249 lim,-49(z7+9) 0749 9 
(h) 
lim — (e?) = elimesatin/a% = eltin/4 _ 6 (cos * + ésin ) a OE BEE 19991 4410991 
z-(1-4in/4) ) 4 4 J2 V2 


This result can also be obtained more directly from the result of part (d) of Problem 4. 
(i) 
lim ort) = climz(3—in) (2+#) = e-in)+i = esti(l—7) = estie-it 
z—(3-ir) 


= —e + — —¢%(cos1 +isin1) ~ —10.8523 — 716.9014 


discussions) we simply restrict our attention (in the questions of the present Problem and in similar questions) to the 
first quadrant (i.e. when z goes to infinity from within the first quadrant) although this restriction may not be needed in 
most cases. It is noteworthy that infinity may be defined (seemingly unambiguously and uniquely) by limz-40 1 although 
this does not seem very relevant to our purpose and in our context. In fact, representing the infinity by a single point 
(as done for instance in stereographic projection and as indicated in § 1.5) is useful but it cannot solve every problem. 
Anyway, representing the infinity by a single point is commonly used in complex analysis and this could make the above 
comment redundant (or at least simplistic). 


1.9 Limits of Complex Variables 75 


This result can also be obtained more directly from the result of part (d) of Problem 4 (in association 
with Eq. 73 noting that e*t* = e’e”). 
(i) 
ei(5—im/3) 4 e-i(5—in/3) 
2 


li = li = Bee BV — 
gel GE z) cos (im, :) cos(5 — im/3) 
et /B4i5 4 9-0 /3-15 


— 5 ~ 0.4539 — 71.1980 


where we used Eq. 11 to evaluate cos(5 — iz /3). This result can also be obtained more directly from 

the result of part (e) of Problem 4. 

(k) 
lim (cos z”) = cos ( lim 2) = cos(i?3”) = cos(—9) = cos(9) ~ —0.9111 
z03 z13 

(1) A 4 s 4 

lim_(sine*") = sin ( lim_e* ) = sin (el™--12 (9) = sin (c4) ~ —0.9288 


ziV/2 ziVJ2 
6. Determine if the following limits do exist or not: 
(a) lim. +0 (=). (b) lime-+o (p=): (6) lim, 40 (8°). 
(4) lim. 0 (44). (limp sea); (£) limzsoo (4). 
Answer: 


(a) : ig” : xr—iy 
lim | — } = lim 
z>0\ 2 zjy>0 \a+1y 


Now, if we approach z = 0 horizontally along the real axis (and hence y = 0) then: 


lim (=) = lim (=) = lim (1) =1 
z—0 Zz az>0\ax «2-0 


On the other hand, if we approach z = 0 vertically along the imaginary axis (and hence x = 0) then: 


Because a limit does exist only if the function converges to the same value regardless of the direction 
of approach, we conclude that this limit does not exist. 


(b) ; z ; x+iy . Yy 
lim ( ) = lim {| ——]= lm (1 + iZ) 
z—0 Re Zz. x,y0 x x,y—0 6 i 


Now, if we approach z = 0 along the line y = x then: 


, z EN are 
lim (5) = lim (1472) = Jim (1+ i) =1 +3 


z—0 x—0 


On the other hand, if we approach z = 0 along the line y = —z then: 


: z Ser _—e\ = tN aa a 
tin, (Rez) = ay (1+1G*) = Baga = 1-1 


Because the value of the limit depends on the direction of approach, this limit does not exist. 


(c) a Im z* 4 —y 
lim = lim : 
20 z xy0 \ x+y 
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Now, if we approach z = 0 horizontally along the real axis (and hence y = 0) then: 
I * 
lim ( ae ) = lim (2) = lim (0) =0 
z—0 z r0 \ a x20 
On the other hand, if we approach z = 0 vertically along the imaginary axis (and hence x = 0) then: 


Im z* - 
lim ( av ) = lim (=) = lim (t) =i 
z—0 Z y0 ay yO 


Because the value of the limit depends on the direction of approach, this limit does not exist. 


(d) 
: +4 ; 2 4 . : 4 ; 4 . 4 
in ( 3 ) =m (5 + 5) = lin, (2) + tim, (5) =0+ tim () = tim (5) 


Now, lim,_,o (4/z*) does not exist (because the denominator vanishes at z = 0) and hence there is no 


limit. In fact, we may also write: 
. +4 . 4 
lim = lim {|—+]=c 
z—0 3 230 \ 23 
However, we should note that oo is not a limit in the technical sense. 


(e) 
lim (=~) = lim (=+*) = lim (1+#2) 
z>(2+i) \Rez x—>2,y—1 x r—>2,y—1 x 


Now, if we approach z = 2+7 from any direction within the z plane we get the same value, i.e. 
limy_,2,y—1 (1 + iX) =1 +ik. Because this value is independent of the direction of approach this limit 
does exist. We note that this result may also be obtained more simply by using the quotient rule of 
limits (i.e. Eq. 76), that is: 


im ( z ) = tim. (244) 2 2 Otis gal 
23(2+i) \Rez lim,_,(24i) Re z 2 2 
(f) 
: z ; z : 1 
lim (=) = lim > 5 z = lm | 5 s 5 
zoo \e* zoo \ 14 ea Sr Ea } oe. Z—00 a we! } ach al f a foes 
= 1 
limesoo(St1l+ H+ H+ H+") 
= 1 one Sere! | zi 
~ Himz-yoo (4) + limy 0 (14 F+ G+ Ht---) O+00 °c © 


So, this limit does exist. °° 
7. Verify the following statements about complex functions f(z):!9!) 
(a) If f is analytic then it is continuous. 
(b) If f is continuous then it is bounded. 
(c) If f is analytic then it is bounded. 
(d) If f is not bounded then it is not continuous. 


199] In fact, this result can be obtained more simply by using L’Hospital’s rule (which is not within the scope of this book 
although it should be known from calculus). 

191] We are assuming proper domains over which these statements apply. We also note that the purpose of the present 
Problem (and its alike) is to provide a general factual statements about limit-related attributes without the distraction 
of going through the intricate technical details of these statements. We also refer the reader to § 1.5 for the technical 
meaning of the terms involved in these statements. 
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(e) If f is not bounded then it is not analytic. 

Answer: 

(a) If f is analytic at a given point zo then f(zo) exists (see Problem 9 of § 1.5). So, all we need to do 
to establish that f is continuous is to show that lim,_,., f(z) — f(zo) = 0 (see Eq. 15), that is: 


dim. f(2) ~ F(eo) = lim f(2) — lim f(2o) [f(zo) is fixed; see Eq. 71] 

= Tim [f(e) — f(eo)] see Eq. 74) 
z ZO 

= lim P(@) = Heo) x (z — Z0) z— 29 #0 according to definition of limit) 
ZZ Zz — 20 

= lim f(z) = flzo) x lim (z- 2) (see Eq. 75) 
ZZ Qo 20 Z>Zzo 

= f'(zo) x lim (z—- 2) f is analytic; also see Eq. 17) 

Z>Zo0 
= f’(z) x0 see Eqs. 74, 72 and 71) 
=0 


We would like to remark that z— zp # 0 (in line 3 above) and lim,_,,, (z — 29) = 0 (according to line 
6 above) are consistent because the latter is about the value of the limit (see Problem 2). 

(b) If f is continuous over a region R then for every point zo in R the limit lim,_,,, f(z) does exist 
(which means it is finite) and we have (see Eq. 15 and the surrounding text): 


f(zo) = Jim f(2) 


which means f(z) is finite.!°2] Accordingly, |f(zo)| is finite and hence according to the definition of 
“bounded” (noting that zo represents the entire R) f is bounded over R. 

(c) If f is analytic then it is continuous (according to part a) and hence it is bounded (according to 
part b). 

(d) This is the contrapositive of the statement of part (b) and hence its truthfulness follows from the 
truthfulness of the statement of part (b) which we already established. 

(e) This is the contrapositive of the statement of part (c) and hence its truthfulness follows from the 
truthfulness of the statement of part (c) which we already established. 

. Give an example of a complex function that is analytic nowhere in the complex plane. 

Answer: The obvious example of such a function is f(z) = z*. This is because for any point zo in the 
complex plane we have (see Eq. 16): 


Uf 2 as. of ah Ae) fo) ace Ga ey 25 a ep Ae 25 
oo wee Az “A - hes Aro Ae 
Az* : Aa — iAy 


penn, Az = Kenya Aa + iAy 

Now, if we approach zp horizontally (where Ay = 0) then: 
af = lim ed 
dz Aa>0 Ar Az>0 

while if we approach zo vertically (where Ax = 0) then: 


df <5 ty ; 
—= lim - = lim -1=-1 
dz Ayo>o+iAy Ayo 


Because this limit fails to exist (since its value depends on the direction of approach), 7 does not exist 
at any point in the complex plane and hence the function f(z) = z* is analytic nowhere. The reader 
is also referred to part (d) of Problem 7 of § 3.1 about the non-analyticity of z* (also see Problem 19 


of § 3.1 for a more general result about z*). 


[92] Being finite means both its real and imaginary parts are finite. 
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1.10 The Calculus of Complex Variables 


We mean by this title the operations of differentiation and integration of complex functions of complex 
variables. In general, the calculus of complex variables follows similar rules to those of the calculus of real 
variables (with some exceptions that will be clarified later). We will discuss these issues in more details 
in the Problems of this section as well as in the upcoming parts of the book. However, before that we 
should remark that the calculus in the complex domain (like the calculus in the real domain) is based 
on the concept and techniques of limits (which we investigated rather briefly but sufficiently in § 1.9). 
We should also remark that there are two main approaches (or forms) in the formulations of the calculus 
of complex variables.!%%! One approach is based on dealing with the complex functions as functions of a 
single variable (i.e. the complex variable z) while the other approach is based on dealing with the complex 
functions as functions of multiple variables (i.e. the real and imaginary variables x,y in the Cartesian 
form, and the modulus and argument variables r,@ in the polar form). 94] The first approach formulates 
the given problem using one complex independent variable (i.e. z) and one complex dependent variable 
(ie. w) where each one of these variables combines the real and imaginary parts!) in a single package 
and hence we essentially deal with problems of the type w = f(z). The second approach formulates 
the given problem using two scalar!®°l independent variables (i.e. the real variable x and the imaginary 
variable y) and two scalar dependent variables (i.e. the real variable u and the imaginary variable v) and 
hence we essentially deal with problems of the type u+iv = f(a + iy) which can be split into two scalar 
functions representing two parts: real part u = fi(x,y) and imaginary part v = fo(z,y). For example, in 
the differential calculus of complex variables we may deal with the problem of differentiating the function 


w = f(z) = 27 as a complex problem and hence we formulate it as we = 2z. We may also deal with it as 
a scalar problem where z? = u+ iv = (a? — y”) + i2xy and hence we formulate it as (see § Problem 1 of 
§3,1)-24 

e) 0 0 ) 

- ! iS = Qn + i2y and =t5 = Qu + i2y (79) 
Similarly, in the integral calculus of complex variables we may deal with the problem of integrating the 
function z* as a complex problem and hence we formulate it as [ wdz = 2 +C (with C being a complex 


constant). We may also deal with it as a scalar problem where w = u + iv = (a? — y?) + i2xy and hence 
we formulate it as: 


[dem fw iv) (ae tidy) = [ (ude —vay) +i f (wdy + 0de) (80) 


which may be separated into two scalar integrals: a real part integral 


3 
[tude vdy) = fe? Pax f 2eyay =F - ay? +0, 


and an imaginary part integral 


3 
[(udy+vde) = fe? Pay + f 2xyae =-% + 27y+ Co 


In fact, these two approaches are not restricted to the calculus of complex variables but they permeate almost all aspects 
and topics of complex analysis, as we saw earlier and will see more later on (refer for example to § 1.11). 

The reader should note that in this book we deal only with single complex variable problems (see § 1.1) and hence the 
above remark should be understood within this context. 

In the rest of this remark we restrict our attention to the Cartesian form and its variables (to avoid complicating the 
text) noting that we also have polar form (as indicated above) with different types of variables (i.e. r and @) although 
even in the polar form we still have real and imaginary parts (which may not be separated explicitly as can be seen for 
example in re’? = rcos@ + irsin@ where they are separated explicitly on the right but not on the left). 


96] Refer to 1.1 for the meaning of scalar. 

97] We may also formulate it as four separate equations, that is: 
) 0 0 0 
QU 54 Bo Dy Ee = Oy oe Diy 
Ox Oy Ox Oy 
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where C; and C2 are real constants (with C = C, + iC). 

We should now draw the attention to the following useful remarks: 
e Higher order derivatives of a complex function are calculated by repeated application of the differenti- 
ation operation (subject to the stated rules of differentiation) since the higher order derivatives are just 
derivatives of the lower order derivatives (which are just complex functions). 
e An important difference between differentiable real functions and differentiable (or analytic) complex 
functions is that the latter are infinitely differentiable (i.e. they have derivatives of all orders) while the 
former are not necessarily so (i.e. we have some differentiable real functions which have derivatives only 
to a certain finite order; see Problem 6 of § 1.5). Also, see Problem 6 of § 4.3. 
e As in real analysis, we have complex definite and indefinite integrals as well as complex line (or curve 
or path or contour) integrals where all these integrals are defined and formulated similarly to their real 
counterparts. Also, the relation between differentiation and integration (as reverse operations) is reflected 
in complex analysis as in real analysis (subject, of course, to certain conditions and restrictions). 
e An important remark (reflecting the correspondence and similarity between the calculus in the real 
domain and in the complex domain) is the issue of line (or path or contour) integral which is intimately 
linked to the concept of definite integral. In brief, if we assume the function w(z) to be single-valued and 
continuous in a given region R in the complex plane then we can define a line integral over a given curve C' 
inside R,ie. [ow dz.)°81 This integral can be path-dependent or path-independent and this should lead 


us to the concept of definite integral, i.e. a w dz where a and 0 are given complex numbers representing 
the start and end points of the path C. As we will see (refer for instance to § 4.1 and Problem 4 of § 3.2), 
the existence of such an integral requires w to have an analytic antiderivative and this requires w to be 
analytic (ie. over a simply-connected region in which the integral is supposed to be path-independent). 
e The vital importance and usefulness of complex integration (and contour integration in particular) is 
not restricted to the evaluation and calculation of specific integrals, but it is an effective tool for obtaining 
numerous properties of complex functions and deriving many theoretical results, and hence it is met 
throughout the entire subject of complex analysis. As we will see (refer to § 4.2), Cauchy’s theorem 
(which is the main pillar of complex analysis and enters directly and indirectly in the derivation of many 
theorems and theoretical results) is an integral theorem. This also applies to many other theorems of 
complex analysis. 

Problems 


1. It is stated in the text that “the calculus of complex variables follows similar rules to those of the 
calculus of real variables”. Provide more clarification about this issue with regard to the differentiation 
of functions of complex variables. 

Answer: We can say briefly: if f(z) is a function of a complex variable z then its derivative has 
similar definition and formulation to those of the derivative of its real counterpart f(x) (where x is a 


real variable), that is: 
af(2) _ , e+ A2)-s@) 


dz Az30 Az 


(81) 


assuming this limit does exist.l°°! Accordingly, the rules of differentiating complex polynomial or 
exponential functions for instance are essentially identical to the rules of differentiating their real 
counterparts, e.g. -_ = 2z and den =e*. 

2. Show that the following rules of differentiation apply to complex variables as to real variables (assum- 
ing that the basic definition of derivative as a limit and the usual rules of limits apply; see for example 
Eq. 16 as well as Eqs. 71-78 and Problem 4 of § 1.9): 

(a) Product rule. (b) Quotient rule. (c) Chain rule. (d) Sum rule. 


(e) Constant rule. (f) Multiple constant rule. (g) Power rule. 


198] Tt should be understood that C in all line integrals (like this one) should be smooth (at least piecewise). Moreover, the 
integrand (i.e. w) is assumed to be continuous over C. 

[99] As hinted earlier and will be elaborated further later on, this assumption is more restrictive in the case of functions of 
complex variables than functions of real variables, and this in fact is the origin of many differences between the calculus 
of real functions and the calculus of complex functions. 
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Answer:!!° Let f(z), fi(z), fo(z),--- , fn(z) be complex functions of the complex variable z = x +iy 
and let the prime mean total derivative with respect to z, ie. d/dz. 
(a) If f = fife then from the definition of derivative (see Eq. 16) we have: 


df 
dz Az>0 Az 

filz + Az) folz + Az) — filz) folz) 

Az>0 Az 

file + Az) fo(z + Az) — file + Az) fa(z) + f(z + Az) fo(z) — file) fa(z) 
Az>0 Az 

: fo(z + Az) — folz) . file + Az) — fil) 
Az Az 


fa(z) 
= fa Fay 2=fifot fife 


which is the familiar product rule of differentiation. This can be easily generalized (by iteration and 
induction) to products of more than two functions (i.e. f = fy x fo X-+- x fn). 
(b) If f = fi/fo (fo 40) then from the definition of derivative we have: 


fi(ztAz fi(2) 
af fa(etAz) ~ fale) 
dz Az30 Az 
fi(zt+Az)fo(z) _ fale) fa(z+Az) 
fo(z+Az)fo(z) fal) fa(z+Az) 


— li 
ea, Az 
fi(zt+Az) fo(z) filz)fo(z)_ fil) fo(2) fiz) fo(z+Az) 
— jim BEtADR@  hletAz)hlz) ' fo(ztAz)fo(z) — falz)fo(@+Az) 
Az—+0 Az 
fi(zt+Az) fo() fi(z) fo(z) fi(z) fo(z+Az) fi(z) fo(z) 
Sy ie fo(z+Az)fe(z) —— fe(z+Az) fo(z) fo(z)fa(ztAz) —_ fo(z+Az) fa(z) 
Az30 Az Az 
fi(zt+Az)—filz fo(z+Az)-— fale 
paren Arh) fh) F(z) fi(z) BEtSa- fh) 
Az30| fo(z + Az) fo(z) fa(z) folz + Az) 
2. eh AG Fh Ah 
fs f3 ff 


which is the familiar quotient rule of differentiation. 
(c) If f is an analytic function of g which is an analytic function of z, i.e. f = f(g(z)), then from the 
definition of derivative we have:!!9!] 


df _  y Flg(e + Az) ~ f(g) 
dz Az—0 Az 
— tm [FG tAM-fO) . 9 + Az) — of) 
Az+0 | g(z + Az) — g(z) Az 
~ ym SG +tAD-FO) Lj ge + Ax) — of) 


Az—->0 Ag Az>0 Az 


[100] We should note that although the following proofs are identical to the proofs in real analysis (with the replacement 
of x by z), we are using the rules of manipulating complex variables (as demonstrated earlier) and hence these proofs 
are showing the applicability of the same proofs (and hence the rules of differentiation) to complex functions as to real 
functions. 

1101] We should note that in this proof we avoid going through some technicalities and hence the proof is just an outline. 
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Now, if we note that g is a continuous!!! function of z (and hence Ag > 0 as Az — 0) then we have: 


df _ g(z + Az) ~ g(z) _ df. dg 
dz  Ag-0 Ag Az0 Az dg dz 


which is the familiar chain rule of differentiation. 
(d) If f = fi + fe then from the definition of derivative we have: 


an f(z + Az) — f(z) 
dz Az>0 Az 
ot [fi(z + Az) + fo(z + Az)] — [filz) + fo(z)] 
> Az>0 Az 
8. ses [fi(z + Az) — fi(z)] + [fo(z + Az) — fa(z)] 
Az>0 Az 
mp, Ties file + Az) — filz) . fee fa(z + Az) — falz) 
Az>0 Az ~~ Az-30 Az 
df, dfs 


GQ | G2 gs ’ 
dz arse! dz fix fo 


which is the familiar sum rule of differentiation. This can be ean) generalized (by iteration and 
induction) to sums of more than two functions (i.e. f = fi £ fot---+ fn). 
(e) If f =C (with C being a complex constant) then from the deiition of derivative we have: 

df _ im f(z + Az) -— f(z) i C-C 2 0 


im = lim — =0 
dz Az—>0 Az Az30 Az Az30 Az 


which is the familiar constant rule of differentiation. 
(f) If f = Cf then by the product and constant rules (which we proved in parts a and e) the derivative 


of f is: 
a ohh n df, 


=. / 
=Ag arr =0O+ Oa =C— a =Cf; 
which is the familiar sai constant ak of Peer con 
(g) If f = z then from the definition of derivative we have: 
GF a jp PEPSI) oo ge (PA) E ey Bes 


dz Az-30 Az Az30 Az Az30 Az 
Similarly, if f = 2? then by the product rule (plus the result of f = z) the derivative of f is: 


d d d 
WF = © (22) = = | GF alxataxlastents 


Thus, for some n (i.e. n = 1,2) we have dz"/dz = nz"~!. Now, we show that if this rule applies to n 
then it should also apply to n+ 1 and hence by induction the power rule is valid. It is obvious that if 
f =2"*' then by the product rule (plus dz/dz = 1 and dz" /dz = nz"~') we have: 


af date ae ti, a 9 rn dz” ES Lf 
dz dz dz ae de "le Be ve 


= 2" 4+ nz" =(n4+1)z2” 


As we see, if f = z"*! then df/dz = (n+ 1)z” (assuming the validity of dz”/dz = nz"~' for some 
integers) and hence by induction the power rule is valid. 


[102] Since g is analytic it is continuous (see part a of Problem 7 of § 1.9). 
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3. Find the derivatives (with respect to z) of the following complex functions (assuming that the known 
rules of differentiation, as established in real analysis, apply to complex functions as to real func- 


tions):193] 
(a) f =(—-22 +3- in)‘. (b) f =cos?(3z2 — i2z +e). (c) f = 282? -2-22, 
(d) f =sinh(—z) cosh(iz®). (e) fj sinh? (es), Qf See See, 
Answer:!!04] 
df 3 -_\3 2 2/_,3 3 2/3 -)3 
(a) ap A? + 3 — im)?(—32°) = —122°(—2° +3 — im)? = 1227(2" — 34+ in) 
(b) ao = 2cos(32z* — i2z + e) [—sin(3z” — i2z + e)] (6z — 72) 
z 
= (i4 — 12z) cos(3z? — i2z + e) sin(3z” — i2z + e) 
(c) a = bzte82 2-82 2332-2226, -1)= (626 ey ee 524) ese 2-22 
(d) a = —cosh(—z) cosh(iz®) + i52* sinh(—z) sinh(iz®) 
af 


(ec) S = 3sinh?(e°*)) cosh(erm()) (el) {73 sin(i3z)}) 


= 249 660s (#3z) sinh2 (ene) cosh(e%8(32) ) sin(i3z) 


df 


ie eon? + xe®2 cog x — Dee +4272 * = (1+ zcosz)e%"* + (az — 2z)e"” 
Zz 


4, Evaluate the following complex definite integrals (assuming that the known rules of integration, as 


established in the real analysis, apply to complex integrals):[1| 
(a) fo (2— én) dz. (b) [ty (2-4) dz. (c) fr’? et dz. (d) f" sin(i2z) dz. 
(e) [2 2/3 de. (f) foot 2 ae. (g) fi(z/e*’) dz. (h) f° cosh(iz) dz. 


Answer: 


3 3 
(a) i (2—in) dz = | (2—in) 2], =3(2-in) -0 =6 - 180 


47] tt 


(z —i) ces) aes i) eee ae 
(b) a ae 4 4 4 4° 4 
(c) [vote ev a — et 6 ~~ cos3mt+isin3’t e° -1 1 1 i 
0 ee ee i6 6 i 6 i 8 
eae —cos(i2z)]” cos(—2r) cos(—2) 1 + cos(2) 
d 2 = = = 
id) | sini) | 22 I i2 22 i2 


[103] In fact, we have two types of rules of differentiation: general rules (i.e. not function-specific) such as the product and 
sum rules, and specific (or function-specific) rules such as the rules of differentiating exponential and cosine functions. 
The general rules (or at least what we need of these rules) have already been investigated in Problem 2 (noting that 
some of the rules in Problem 2 are not completely general) where we found that these rules apply to complex functions 
as to real functions. Regarding the specific rules, we will show later in the book (see for example chapter 2) that these 
rules apply to complex functions as to real functions (at least for the functions that we use here). So, the present 
Problem is just a warming up exercise. In fact, some of these rules can be gathered from what have been established 
already (e.g. the differentiation rule of polynomials which is based on the sum, multiple constant and power rules which 
we established in Problem 2). 

[104] The results in some parts of this answer are kept in almost their basic form because although more simplification 
is possible it requires pending investigations. Moreover, the purpose of this Problem is to introduce the subject of 
differentiation of complex functions and its real-like style and hence no benefit is gained from further simplification. 

[105] Again, this is a warming up exercise. 
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_ il — cos(2) 
2 


19 19 
(e) | 23 dz = Fae = ; Goyer, ; (i2)47 = ; (9% = 2) i4/3 ~ 12.1507 14/8 
4 42 


in /2 eo i2n/3 Qn 2 
— 12.1507 (c ) = 12.1507 67/9 = 12.1507 (cos + isin = 


~ 10.7081 


3 


1 
= reas ( 9 + 4 ~ —6.07534 + 710.5228 


2 
cei 3)-6+i = (-64i)3 (—2—15)3 | -198 + il 142 +i 
(f) i oii EB = (—6 +7) ( 15) _ —198 + 1107 + 165 
9-45 3 J —2-i5 3 3 3 3 
A 
— < +i14 
i i 2714 1 -1 -1 1 
Zz = 32 _ fae Nes Se GEE os de ho 
(g) ; en = [ ze dz = | 5 l= 5 = 5 = sinh(—1) ~ —1.1752 
09 19 
(h) | cosh(iz) dz = | — isinh(iz)| = ~isinh(—9) + isinh(—3) = i(sinh 9 — sinh 3) ~ 14041.5240 
i3 12 


5. Give some general properties of complex integrals and compare these properties to the corresponding 
properties of real integrals. 
Answer: Some of the general properties of complex integrals are: 
e Linearity which means that the integral of a linear combination of functions f,,(z) is the linear 
combination of their integrals, i.e. 


/ (= On J ; dz = d, an ( / fuiz) (a, are constants) 


e Reversibility which means that the path integral of a function f(z) over a given curve C in a given 
direction | is the negative of that path integral over that curve in the opposite direction f, i.e. 


[ fen-[ te 


e Additivity which means that the path integral of a function f(z) over a given curve C that is made 
of a union of n curves (i.e. C = Cy UC) U---UC;,) is the sum of the integrals of that function over 
these individual n curves, i.e. 


[tam ff tas Pfdetot | fae 


e Boundedness which means that if the modulus (or magnitude) of a given function f(z) over a given 
curve C' of length | does not exceed a given number M (i.e. |f| < M) then the modulus of the path 
integral of f over C' is bounded and is restricted by the relation: 


[te 


All these properties of complex integrals are similar to these properties in real integrals. 


< MI 
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As indicated earlier (see § 1.5), complex function can be defined generically by the following relation: 


w(z) = f(z) = ul, y) + tv(@, y) (82) 
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where w (= u+iv) and z (= x + iy) are complex variables while u,v,2z,y are real variables (with each 
of u and v being a function of x and y in general as indicated in the above equation). Accordingly, 
complex function can be seen as a mapping (or transformation) from the z plane to the w plane, as 
depicted graphically in Figure 11. In chapter 2 we will investigate some of the complex functions that are 
commonly encountered in complex analysis. However, we should note that almost all commonly-known 
real functions have complex counterparts and hence what is in chapter 2 is just a sample. Moreover, the 
investigation of complex functions (either explicitly or implicitly) is everywhere in complex analysis (as 
well as in this book) and hence we do not need to go through detailed investigations here although we 
will give some illuminating examples and instances in the Problems of this section. Also, the types of 
transformation achieved by complex functions and relations will be investigated more thoroughly in the 
future (see for instance chapter 6). 


z plane w plane 


Figure 11: A complex function f depicted as a mapping (or transformation) from its domain Dy in the z 
plane to its range Ry in the w plane. See § 1.11. 


We should now draw the attention to the following points about complex functions: 

e It is important to remind the reader here of our earlier remark (see § 1.10) about the two main approaches 
in the formulations of complex analysis where in one approach a single complex dependent variable w is 
considered as an image (or map) of a single function of another single independent complex variable z 
and hence we write w = f(z) which expresses a “lump” relation between the complex variable w and 
the complex variable z represented by a single complex function f, while in another approach a complex 
dependent variable is considered as a composite made of two real variables u,v that depend on other two 
real independent variables x,y and hence we write u(x, y) + iu(x,y) = f(a + iy) where each of u and v 
is a function of x and y and hence we may write u = fi(x,y) and v = fo(x,y) to express “individual” 
relations between the real u,v and the real x,y by two real functions fi, fo. In fact, we already met 
many examples of both of these two approaches in the past and will meet many more in the future. The 
distinction between these two approaches may be specially obvious with regard to the calculus of complex 
variables as we saw earlier and will see more later (refer for example to § 1.10, § 3.1 and § 3.2). 

e Although graphic representation of complex functions (i.e. functions that map complex variables from 
the z plane onto complex variables in the w plane) requires two 2D plots (as demonstrated in Figure 11) 
because it is impossible to have more than three variables on an ordinary graph, it is still possible to 
use 3D plots to graphically represent and illustrate complex functions where two (independent) variables 
(i.e. a and y) are used to represent the z plane while a third (dependent) variable is used to represent 
a complex variable w or an attribute of a complex variable. For example, if w is real (i.e. it has no 


1.11 Complex Functions as Mappings 85 


imaginary part) or imaginary (i.e. it has no real part) then we can use a 3D plot to graphically represent 
a complex function. Similarly, if w is strictly complex (i.e. it has both real and imaginary parts) then 
we can use the third variable to represent an attribute of w such as its modulus or argument or real part 
or imaginary part. Some of these 3D graphic plots and illustrations will be given in the future (see for 
example Figures 16, 17 and 31). In fact, the use of 3D plots to represent complex variables provides a 
handy and effective method for visualizing and appreciating complex functions (which the above method 
of using two 2D plots, as demonstrated in Figure 11, fails to do) although we generally need two 3D plots 
to fully represent the function (i.e. one plot for the real part or modulus and one plot for the imaginary 
part or argument). 

e In complex analysis we have two types of functions: single-valued functions and multi-valued func- 
tions.!!°6]_ For example, polynomials are single-valued functions because for each given value of the 
independent variable z we have a single value of the function (e.g. if z = 1+7 then the linear polynomial 
2z—i5 evaluates to the single value 2—73), while the n“” root functions have n distinct values (see § 1.8.11). 
In fact, the multiple values can be infinite (especially when considering non-distinct values) and hence we 
may classify multi-valued complex functions as finitely multi-valued functions and infinitely multi-valued 
functions (where “finitely” and “infinitely” refer to the number of values) beside the classification of com- 
plex functions in general as single-valued and multi-valued. As we saw earlier (refer to § 1.8.7), arg(z) 
is an example of a function of z with infinite number of values. However, it is important to notice that 
“finitely multi-valued” and “infinitely multi-valued” are used in the literature of complex analysis in two 
meanings: distinct values and non-distinct values. For example, both the n‘” root function and the arg(z) 
function are infinitely multi-valued when we look to their values in general (i.e. regardless of being distinct 
or not) but the n“” root function is finitely multi-valued and the arg(z) function is infinitely multi-valued 
when we look to their distinct values since the former has only n distinct values (because the other values 
are repetitive) while the latter has infinitely-many values. 

e Based on the previous point, each value (or cycle or member) of a multi-valued function is commonly 
labeled as a branch of the function.!4°7! Moreover, one of these values (or branches) is chosen convention- 
ally as the principal or main value (or branch) where it is commonly used to represent the function.!1°%) 
The principal branch (or value) is commonly distinguished by an uppercase initial, e.g. Arg(z) and Ln(z) 
are the principal branches of arg(z) and In(z).!4°9! The purpose of representing the function by a (single) 
principal branch is to achieve continuity and uniqueness (i.e. being single-valued) as well as maintaining 
consistency and avoiding vagueness.!!10l 

e A complex function w = f(z) has an inverse function z = f~'(w) if f is one-to-one (where the domain 
and range are exchanged by this inversion). The mathematical form of the inverse function f~! is usually 
obtained by algebraic manipulation (if possible) of the expression of the original function f through 
solving for z to obtain an expression for z in terms of w (as done in real analysis with real functions). For 
example, if w = f(z) = 4, then z = f~'(w) = ++1. There are some standard functions with standard 
inverses like the exponential and natural logarithm functions (see § 2.2) or the trigonometric and inverse 
trigonometric functions (see § 2.3 and 2.4). 


[106] We remind the reader of our previous remark (see footnote [37] on page 18) about the eligibility of multi-valued relations 
to be titled “functions”. 

[107] Ty fact, this statement is rather loose because more restrictions are required for the technical definition of branch (as 
we saw and will see). However, this is not the main objective of our discussion here and hence we tolerate this laxity. 

[108] More clearly and precisely, a branch of a complex function is the function as represented continuously by a single cycle 
over its domain, i.e. each branch (or cycle) of the function represents the entire function uniquely and continuously 
as a single-valued function over its domain. Accordingly, the principal branch of a complex function is the function 
as represented by the cycle of its principal value over its (modified) domain. Also, see § 1.5 about the terminology of 
branches of multi-valued complex functions. 

[109] T+ should be noted that uppercase initialization (as in Argz and Lnz) may be used rather loosely to indicate the 
principal value without considering the strict technical definition of branch. It should also be noted that there are other 
conventions about the use of uppercase initialization. 

[110] We should note that the intended “continuity” in the above discussion may have two different meanings (or rather 
instantiations) since it partly belongs to the relation between the different branches and partly belongs to the continuity 
of the principal branch itself (and indeed any branch) which is achieved by modifying the domain of the function, i.e. 
by excluding the branch cut (see § 1.5). For example, to make a continuous principal branch of \/z the negative real 
axis (which is the branch cut of \/z) should be removed from the domain of \/z (see Problem 10). 


1.11 Complex Functions as Mappings 86 


e Noting that a complex function f(z) can be seen as a mapping (or transformation), an inverse mapping 
(or transformation) can be defined by the inverse of f (i.e. f~') when f is invertible (as explained in the 
previous point). 

e The behavior of a complex function f(z) at infinity (i.e. when z — oo) can be determined from the 
behavior of the function f(1/z) at 0 (ie. when z — 0). For example, the limit of f(z) = (2/z) +1 as 
z —> co can be obtained from taking the limit of f(1/z) = 2z+1 at z=0, ie. lim,_,. [(2/z)+1] = 
lim,_,9 [2z + 1] = 1 (see for example Problem 3 of § 1.9). 

e As indicated earlier (see Problem 1 of § 1.2), a correct general complex formulation should yield its 
real version when the complex variable is replaced by a real variable and hence if a general complex 
formulation failed to produce its real counterpart when the complex variable is replaced by a real variable 
then this formulation should be rejected without further ado. For example, if our mathematical derivation 
led us to the equation cos? z + sin*z = 2 then this result should be discarded immediately because 
cos? x+sin? « = 14 2. Accordingly, all the complex functions which are defined on a domain that includes 
real variables should produce their real counterparts correctly (with all their characteristic behavior and 
consequences). Any complex function that fails to meet this criterion and pass this test should be rejected. 
In fact, this correspondence between the real and complex formulations may also be used (with certain 
conditions and restrictions) to obtain one of these formulations if the other is known. 


Problems 


1. What is the difference in the graphic representation of real functions!!!"]_ and complex functions? 
Answer: While the representation of real functions requires a single 2D plot (e.g. y versus x in the 
Cartesian form), the representation of complex functions requires two 2D plots (i.e. one represents 
the z plane and the other represents the w plane). In fact, this similarly applies to the 3D graphic 
representation where we generally need two 3D plots to fully represent the function, i.e. one plot for 
the real part or modulus and one plot for the imaginary part or argument. 

Note 1: although in principle graphic representation of complex functions requires two 2D or 3D 
plots, in practice a single 2D or 3D plot can be sufficient by using multiple labeling for the axes (e.g. 
x,u label for the independent-variable axis and y,v label for the dependent-variable axis in the case 
of 2D, and x label for one axis and y label for a second axis as well as Rez,Imz for the third axis 
in the case of 3D). However, this technique of multiple labeling does not work in all cases due to 
practical reasons such as large difference in the range of the variables and obstruction of the view (due 
to overlapping) when the independent and dependent variables represent regions and surfaces rather 
than curves (although different coloring and transparency or different perspective point can be used 
in some cases to overcome some of these difficulties). In Figure 12 the technique of multiple labeling 
is demonstrated for the case of 2D plots. 

Note 2: the advantage of the technique of multiple labeling (when it is viable) is that it is compact 
(i.e. it demands less space) since it requires only one plot. Moreover, it illustrates the relationship 
between the pre-image (or inverse image or source) and the image more clearly and precisely since 
they are both on the same plot and hence their relative size and position are visualized and realized 
more realistically and proportionately than in the case of using two plots. 

2. Mention one limitation of complex functions. 

Answer: They are basically restricted to 2D correlations and mappings (where both the independent 
and dependent variables are made of real and imaginary parts) although generalizations and extensions 
may be made. 

3. Find u and v of the following complex functions (of z = x + iy). 


(a) w =3z—in+2. (b) w = 22-1. (c) w= (z*) (d) w = (2?)*. 
(e) w = 223 +527? - 2-7. (f) w=(z-34i)71. (g) w=e*. (h) w = dz3/dz 
(i) w = cos (Re 2”). (j) w = |2| z. (k) w = e~*4re2 

Answer: 

(a) w = 3(a@ + ty) — im + 2 = (38a + 2) + i(3y — 7). Hence, u = 3a + 2 and v = 3y— 7. 


[111] Real functions here (and in similar contexts) means single-variable scalar functions, i.e. with one independent variable 
and one dependent variable. 
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C5 Y,U 


Ch 


z,w plane 


Figure 12: Graphic illustration of the technique of multiple labeling of axes where the curve C; in the z 
plane is mapped by the function f onto the curve C2 in the w plane, and hence the z,y labeling of the 
axes belongs to C; while the u,v labeling of the axes belongs to Cg. See Problem 1 of § 1.11. 


(b) w = (x + iy)? —1 = 2? + i2ry — y? —1 = (a? — y? — 1) + i(2ary). Hence, u = x? — y? — 1 and 
v= 2xy 
c) w = (a — iy)” = (a? — y”) — i2xy. Hence, u = x? — y? and v = —2zy. 


w = Aae+iy)? +5(a 4+ iy)? —(e#+iy)—7 
= (a2? + i827y — 3ay? — iy?) + 5(x? + dey — y?) — (x4 + iy) —7 
= 22° + i6x?y — Gay? — i2y? + 5a? + il0zy — 5y? — x —iy—7 
= (2a° —6xry? + 5x? — 5y? — x —7) +7 (627y — 2y? + 10ry — y) 


Hence, u = 2x3 — 6ry? + 5a? — 5y? —x—7 and v = 6x7y — 2y? + 10zy — y. 


(f) 
ae 1 7 1 _ (#-3)-i(yt+)) 
—  @tiy-34+i (@—3)+iyt1) @-3)P?+(y+1P 
xr—3 : yt 
a a 
@=37 G1? e374 @+1P 
_ 2-3 = Wl) 
Hence, u = (e=3)? yt? and v = morc sya 


(g) 
w= e@tin? — o(e?-u?)+i2ey — o(2?—9”) [ cos(2ry) + isin(2ry)] = ef —¥) cos(Qay) + ie ~¥”) sin(2xy) 


Hence, u = e(*’-¥”) cos(2xy) and v = elev") sin(2xy). 

(h) w = dz? /dz = 322 = 3(x + iy)” =3 (a? + i2xy — y?) = 3a? + i6xy — 3y? = (32? — 3y”) + ibzy. 
Hence, u = 3x? — 3y? and v = 6zy. 

(i) We have z? = (x?—y*)+i2ay and hence Re z? = x?—y?. Therefore, w = cos (Re 2”) = cos(x?—y?) = 
cos(x? — y*) + 10. Hence, u = cos(x? — y?) and v = 0. 
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(Gj) w = |zlz = Va2?+y2(a + iy) = (ax? + y?) + (yor? + y?). Hence, u = xx? + y? and 
v=yvVr? 4+ y?. 
(k) Noting that Arg z is real (since — < Arg z < 7), we have w = e~’4"8* = cos(Arg z) —isin(Arg z). 
Hence, u = cos(Arg z) and v = — sin(Arg z). 

4. What are the images (in the w plane) of the following complex numbers (in the z plane) under the 
given complex functions (or mappings): 
(a) z = 1—i under the function f(z) = 52? — 2z + 17. 
(b) z =2+%5 under the function f(z) = e?*. 
(c) z= a+ 2 under the function f(z) = 1/2z?. 
Answer: 
(a) w = f(l—#) =5 (1-4)? —2(1 — 4) 4:17 = 5 (1 — 12-1) -2 (1-1) 417 = 2-7. 
(b) w = f(2+15) = e224) — e410 — ¢4 (cos 10 + isin 10) ~ —45.8118 — 129.7025. 
(c) w= f(w +22) = chop = ete = oe © 0.03051 — 10.06533. 

5. What are the images (in the w plane) of the following sets of complex numbers (in the z plane) under 
the given complex functions (or mappings): 
(a) The straight line that connects the points z} = —2—i and z2 = 2+ i3 under the function 
f(z) =-z2+7+323. 
(b) The straight line Re(z) = 2 under the function f(z) = 27. 


(c) The square with vertices z} = —1—1, zg = 1-1, 23 =1+iéand z, = —1+7 under the function 
f(z) = 122. 

Also, demonstrate these mappings (or transformations) graphically. 

Answer: 


(a) The equation of a straight line in the z plane is y = ax + b (with a and b being real constants) and 
hence the straight line in the z plane can be represented by the complex equation z = x + i(ax + b). 
On applying this equation to z; and 22 (since they are on the straight line) respectively we get: 


-l=y = av+b=a(-2)+b=-2a 
3=y = ar+b=a(4+2)+b=+42a+b 


On solving these equations simultaneously we get a = b= 1. So, the straight line in the z plane that 
connects 21 and z2 is represented by the complex equation z = « +7(a +1). 

Now, to obtain the shape of the image we map a general point on the line in the z plane onto the w 
plane, that is: 


w= f(z) =f@ +4 [e41)) = =(e@ 4494 I) 47 8 = 7 — 2) 412-2) Sata 


Accordingly, u = 7 — x (and hence 7 = 7 — u) and v = 2 — 2 (and hence x = 2 — v). Since, x = x we 
should have 7 — u = 2—v and hence v = u—5 (which is an equation of a straight line in the w plane). 
Therefore, the straight line in the z plane that connects z; and zg is mapped under this function onto 
the straight line w = u+i(u—5) in the w plane. This mapping is demonstrated graphically in Figure 
13. 
(b) We have: 

w= f(z) = 22 =(e@+ iy) = 27 4 day +t (iy)? = (a? — y?) + i2ey 


and hence u = x? — y? and v = 2ay. Now, x = Re(z) = 2 (as given in the question) leads (by 
substitution) to u=4— y? and v = 4y. Accordingly, y = v/4 which we substitute into u = 4 — y? to 
get: 


16 


This is the required image in the w plane (since it is a relation between u and v). As we see, the image 
is a parabola whose axis of symmetry is along the wu axis of the w plane with vertex at (u,v) = (4,0) 
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Figure 13: Graphic representation of the mapping of part (a) of Problem 5 of § 1.11 where the straight 
line that connects the points z1 = —2 —i% and zg = 2+ 73 in the z plane (left frame) is mapped under 
the function f(z) = —z +7 +73 onto the straight line that connects the points w; = f(z1) = 9+ 74 and 
wa = f(z2) = 5+ 0 in the w plane (right frame). The direction of progression is indicated by the arrow 
heads, i.e. as z moves from z, towards z2 along the line 7729 in the z plane, w moves from w, towards w»2 
along the line WywW3 in the w plane. 


and it opens to the left. This mapping is demonstrated graphically in Figure 14.!!2I 

(c) If we follow a similar approach to that of part (a) we will find that this type of mapping (i.e. linear) 
transforms straight lines to straight lines. Therefore, all we need to do is to find the images of the 
vertices of the square and connect them by straight line segments (corresponding to the sides of the 
transformed square). Now: 


w, = f(a) =12(-1-1) =42-i2 
we = f(z) =12(41-1) =424 12 
w3 = f(z3) =712(41+2) =-24 12 
wa f(z4) = 12(-14+ 7) = -2-12 


Accordingly, the square with vertices 21, z2, 23, 24 in the z plane is mapped onto the square with vertices 
W 1, W2, W3, W4 in the w plane. This mapping is demonstrated graphically in Figure 15. 

6. Make 3D plots of the following (and comment on the plots): 
(a) The modulus of e* over the region —2 <x <2 and —2<y<2. 
(b) The real part of e~ over the region —27 < x < 27 and -1<y <2. 
Answer: To avoid any potential confusion we should clarify a (rather obvious) point that is: when 
we talk in this Problem (and its alike) about real and imaginary or modulus and argument (or any 
similar attribute) it should be obvious that they belong to the image of the function in the w plane 
and hence the real and imaginary are u and v respectively, and the modulus and argument are |w| and 
arctan(v/u). 
(a) The modulus |e*| of the function e* is given by: 

el *|/cos? y + sin? y = |e”| = e” 


le lente = |ere"#| = |e" | |e” | = |e”| |cosy + isin y| = le 


[112] Ty Figure 14 we selected a line segment connecting three specific points (i.e. 21, 22,23) to demonstrate some of the 
features of this mapping (noting that the mapping in the question is not restricted to this line segment). This also 
applies to Figure 13 of part (a) where the segment connecting z1 and z2 is highlighted for the same purpose (although 
the subject of mapping in the question is the entire line). 
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Figure 14: Graphic representation of the mapping of part (b) of Problem 5 of § 1.11 where the straight 


line Re(z) = 2 in the z plane (left frame) is mapped under the function f(z) = 2? onto the parabola 


u=4— v in the w plane (right frame). As we see, the points z; = 2 — 72, 2. =2+i0 and z3 = 2+ 72 
are mapped (respectively) onto the points w; = 0 — 78, w. = 4+70 and ws = 0+4 78. As z progresses in 
the direction z1 4 z2 > 23 along the line 272923 in the z plane, w progresses in the sense w, > wa > w3 


(i.e. anticlockwise) along the parabola in the w plane. 


This is plotted over the region —2 < x < 2 and —2 < y < 2 in Figure 16. 
Comment: |e*| = e? is an exponential function of x alone with no dependency on y and hence what 
we have in Figure 16 is an exponential rise in the positive x direction which forms an “exponential 
cylinder”. Accordingly, as we move along lines of constant x in the y direction we see straight lines 
parallel to the y axis and the xy plane, while as we move along lines of constant y in the positive x 
direction we see ascending exponential curves where all these exponential curves are identical. 
(b) The function e~’* is given by: 

e7? = eMety) — EY — e¥ (cos x — isinx) = eY cosax — ie” sinx 
Hence, its real part is Re(e~**) = e¥cosx. This is plotted over the region —27 < x < 27 and 
—1l<y< 2 in Figure 17. 
Comment: Re(e~‘*) = e¥ cos is a superposition of a “wavy” cosine function in the x direction and 
an exponential function in the y direction and hence the cosine waves in the x direction are moderated 
by an exponential function in the y direction where the positive peaks and the negative troughs of 
the waves determine whether the exponential ascends or descends (i.e. rises up or drops down in the 
positive y direction). Accordingly, as we move along lines of constant x in the positive y direction we 
see (ascending or descending) exponential curves but they become straight lines when cosa = 0, i.e. 
when x = (n + 3) am, while as we move along lines of constant y in the «x direction we see ordinary 
cosine waves whose magnitudes are scaled by the constant e”. 

7. Given that f(z) = u(x, y) + tu(a, y) is a complex function (with u and v being real functions of x and 
y), show that f has a limit DL at a given point zp iff both u and v have limits L, and L, at zo, that is: 
lim f(z) =L iff limu=L, and limv=L, 

Z—>Zo Z—>Zo Z—>Zzo 
where L = Ly, + iLy. 
Answer: If lim,_,., f(z) = L then we have: 
L, +ily =L= lim f(z) = lim [u+iv] = lim u+i lim v 


Z>ZoO Z—>Zo Z>Zo0 Z>ZoO 
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Figure 15: Graphic representation of the mapping of part (c) of Problem 5 of § 1.11 where the square 


with vertices 23 = —1—1%, 22 =1-—i%, 2g =1+iand z, = —1+7 in the z plane (left frame) is mapped 
under the function f(z) = 72z onto the square with vertices w, = 2 — 12, wo = 2+ 72, wz = —24+ 72 and 
wa = —2— 2 in the w plane (right frame). As z progresses in the sense 21 > 22 + z3 > 24 > 21 (ie. 


anticlockwise) along the square in the z plane, w progresses in the sense w; > w2 > w3 > w4 > Wy (ie. 
anticlockwise) along the square in the w plane. 


where the sum and multiple constant rules of limits (see Eqs. 74 and 73) are used in the last equality. 
On comparing the left side and the right side we get lim,_,,, u= Ly, and lim,_,,, v = Ly. 
On the other hand, if lim,_,,, u= L, and lim,_,,, v = L, then we have: 


L, +iLy = lim u+i lim v= lim [u+iv] = lim f(z) =L 


Z—>Zo Z—>Zo Z—>ZO Z—>Zo 
8. Show that the statement of Problem 7 also applies to continuity, that is: 
f(z) is continuous at zo iff u is continuous at z and v is continuous at zo 


Answer: This is because if f(z) is continuous at zo then lim,_,., f(z) = f(zo) and hence (noting that 
Zo = Xo + tyo): 


u(xo; ¥o) + iv(0,¥0) = f(zo) = Jim f(z) = Jim [u-+iv] = Jim u+é Jim v = lim u+é jim v 
y+ Yo Y¥>YVo 


On comparing the left side and the right side we get: 


lim u= u(x and lim v= v(x 
Paes (x0, Yo) ae ee (£0, Yo) 
yyo y— Yo 


i.e. both u and v are continuous at zp = ro + 2Yyo. 
Similarly, if both u and v are continuous at zo then limg_,25 yy) U= U(Xo, Yo) and limy 29 y+y9 V = 
v(xo, yo) and hence: 

f (Zo) = u(2o, yo) + tv(20, yo) = Jim, u +i lim v= lim w+? lim v= lim [u+iv] = lim f(z) 


1 
xL-+XO Z—>Zo 2 Zo Z—>Zo Z—>Zo 
yo yo 


where the equality f(zo) = lim,_,., f(z) means that f(z) is continuous at Zo. 
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Figure 16: Graphic illustration of the modulus |e*| = e* of the complex exponential function e* over the 
square region in the z plane defined by —2 < x < 2 and —2 < y < 2. See part (a) of Problem 6 of § 1.11. 


9. 


10. 


Given that f(z) = u(a, y) + tv(a, y) is a complex function (with u and v being real functions of # and 
y) that is continuous on a bounded and closed region R, show that f is bounded on R, that is: 


|f(z)| <M (for all z in R) 


where M is a positive real constant. 

Answer: Because f is continuous on R then u and v are continuous on R (see Problem 8) and hence 
f| = Vu? + v? is continuous on R (since Vu? + v? is a composition of a continuous function with the 
sum of squares of continuous functions; also see Problem 13 of § 1.5). Accordingly, |f| is bounded on 
R (ie. | f| <M) and hence by definition f is bounded on R (see § 1.5). 

Note: the statement in this Problem is essentially the same as the statement in part (b) of Problem 
7 of § 1.9. However, the two statements differ in certain attributes as well as in the method of proving 
(which follows the difference in the style of phrasing and formulation where in Problem 7 of § 1.9 we 
follow the “lump” or z approach while here we follow the “split” or u-v approach). We also note that 
an important difference between the essence of the two proofs (which is based on the difference in 
formulation) is that in the present proof we employ a fact from real analysis (i.e. if |f| is continuous 
then |f| is bounded) as the fundamental argument in the proof rather than using the complex argument 
(in association with the boundedness of |f| and the definition of “bounded”) as in Problem 7 of § 1.9. 
Hence, the proof in the present Problem is essentially based on real analysis (which we take for granted). 
Determine the points of discontinuity of the complex square root function, i.e. \/z. Hence, determine 
the principal branch and the branch cut of this function. 

Answer: The discontinuity of \/z is on the negative real axis (noting that we restrict our attention 
here to the discontinuity of the principal branch of \/z). So, let r be a positive real number and hence 
the negative real axis is represented by —r. Now, let r represent the radius of an origin-centered circle 
C and let approach the point —r (which is on the negative real axis) along C' once from above in the 
second quadrant and once from below in the third quadrant. Accordingly, if we use the polar form to 
represent \/z (ie. Vre’® with @ representing 0,) and find the limit as the point —r is approached from 
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Re(e"”) 


Figure 17: Graphic illustration of the real part Re(e~**) = e” cosx of the complex exponential function 
e~** over the rectangular region in the z plane defined by —27 < x < 27 and —1 < y < 2. See part (b) 
of Problem 6 of § 1.11. 


above and from below then we get: 


lim Jz = lim Vre® = lim Vre®/? = Vret'*/? = +iV/r 


zr 0347 7 0>4+7 


lim Jz = lim Vre®= lim Vre®?/? = Jre-/? = — ir 
z>—rt 05-1 0-1 


As we see, we have two different limits and hence the point —r (i.e. any point on the negative real 
axis which is represented by —r) is a point of discontinuity for ,/z. Hence, \/z is discontinuous on the 
entire negative real line. The reader is also referred to the lower frame of Figure 21 which gives an 
idea about this type of discontinuity (although the Figure belongs to a different function). We should 
finally note that this sort of discontinuity is not caused by our convention —mt < 6, < 7m about the 
range of 6, (with @, being the principal argument) because even if we adopt the other convention (i.e. 
0 < 6, < 27) we get this sort of discontinuity but this time on the positive real axis, that is: 


lim /z = lim Vre® = lim Vre?/? = Vre® = +r 
6-0 6-0 


zor 
lim /z = lim Vre?® = lim Jreo/? = Jre™ =—- /r 
z—rt 027 0-20 


where the arrow | belongs to the first quadrant while the arrow ft belongs to the fourth quadrant. We 
should also note that from the above discussion and results we conclude that the range of the argument 
arg(z) of the principal branch of \/z is —7 < arg(z) < 7 inline with the removal of the branch cut 
which is the negative real axis (or rather the non-positive real axis to include the branch point at the 
origin which is equivalent to imposing the additional condition |z| 4 0). 

Note: although it is generally recognized in the literature that the branch cut can be chosen freely as 
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11. 


12. 


long as it achieves its objective of making the function single-valued (by providing a cut that prevents 
the encircling of the branch point by a complete circle), in the above explanation we assumed that the 
branch cut is a specific curve (or at least it is more natural than others) to make the concept more 
comprehensible and to be inline with our convention about the range of the principal argument (which 
identifies the principal branch and hence the other branches). 

Referring to the discussion and results of Problem 10, identify two other branches of /z. Also, 
investigate the relation between the different branches of a multi-valued function (as exemplified by 
the function \/2). 

Answer: For example, one branch corresponds to —3a < 6 < —7 and a second branch corresponds 
to 7 < 6 < 3m (noting that |z| > 0 and 6 = argz). These branches have the same branch cut as the 
principal branch (which is investigated in Problem 10). 

Regarding the relation between the different branches of a multi-valued function, we should note that 
they are not repetitive in general, i.e. the values of two branches corresponding to a given point in the 
domain are not necessarily the same (as indicated earlier in Problem 4 of § 1.8.2). For example, the 
value of the principal branch li-e. the branch with -7 <0 < | of ./z at point zo = 7 is: 


; . 1 1 
Vi = 4/ lil et/2 = /fije’*/4 = e'*/4 = cos" +isin® = + 4 
vil Hl bea Ue aan, 


while the value of the next branch li-e. the branch with 7 < 6 < 37] of /z at point zo = 7 is: 


el iB /2 — . Je] oidm/4 _ pi5a/4 OM. ee ON! ot a 

Vi = 4/|il e"/2 = v/Jile =e = tos [isi = ae WG 
We should also note that with regard to \/z (and its alike) the range of the argument of each branch 
is simply obtained from the range of the argument of the previous branch by adding 27. For example, 
the range of the argument of the principal branch is —7 < 6 < 7 and hence the range of the argument 
of the next branch is (—7 + 27) < 0 < (m# + 2m), ie. m < 0 < 3a (as seen above for the second 
branch). In fact, this should indicate (with regard to \/z) that each branch is the negative of its 
neighboring branch (on either sides) because since the difference in the range of the argument (which 
represents z) between two neighboring branches is 27, then the difference between the values of the 
two branches (which represent \/Z) is a multiplicative factor of e“(?7)/? = e'” = —1 where the division 
by 2 comes from the action of the square root function on the argument of z (as seen above). We 
should therefore have a repetitive cycle of ---+-—+—--- over the consecutive branches. This +— cycle 
over the consecutive branches may be seen as representing (in the complex analysis) the phenomenon 
of “positive” and “negative” square roots which we are familiar with in real analysis (where the domain 
of the square root function is restricted to non-negative or positive real numbers). 
We should finally note that since a non-zero complex number has n distinct n“” roots (see § 1.8.11), 
then the n*” root function should have n distinct branches where these n branches are repeated in a 
cycle of order n. We should also note that in accord with this, branch points may be assigned orders 
corresponding to the number of branches in each cycle, i.e. a branch point is of order n if it requires 
exactly n (i.e. no less than n) circuits around the point to return to the original valuel!!®! of the 
multi-valued function. For example, the branch point of z!/? is of order 2, the branch point of z!/° is 
of order 3, and so on. Similarly, the branch points of arg z and In z are of infinite order because these 
functions never return to their previous values. 
Discuss the concept of “Riemann surface” to make a multi-valued function single-valued (and continuous 
as well). 
Answer: If we represent each value (or branch) of a multi-valued function by a sheet corresponding 
to the entire complex plane (where these sheets are on the top of each other) and then we made a cut 
along a line or a curve of all these sheets and connected one side of the cut of each sheet to the opposite 
side of the cut of the next sheet then we will get a continuous surface (like spiral). This construction 
is supposed to make a multi-valued function single-valued because each one of the multiple values will 


[113] 


“Original value” here means the value of the first branch in the n-order cycle. 
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belong to only one sheet (i.e. the function is single-valued on each sheet). This construction will also 
maintain continuity since (through connecting the sheets along the cut) no jump will be required from 
one branch to the next or from one side of the cut to the next. 
Note 1: if the multi-valued function has only finitely many (distinct) values (say n) then only n 
consecutive sheets (representing the n distinct values) are required to construct the Riemann surface 
of the function. In this case the unconnected edges of the bottom and top sheets (in the above 
description) are also connected to each other (in a rather mysterious way) to make a totally connected 
multi-layer surface. In fact, this should apply even to the infinitely multi-valued functions where their 
“bottom” and “top” sheets (at infinity) are also connected (noting that in this case we have infinitely- 
many sheets). 
Note 2: the construction of Riemann surface (as described above) is supposed to be an alternative 
approach to the branch cut approach for making a multi-valued function single-valued although there 
is an obvious difference between the two, i.e. the branch cut approach makes the function single-valued 
on the individual values or branches while the Riemann surface approach makes the function single- 
valued on the entire (distinct) values or “branches”. The supposed advantage of the Riemann surface 
approach (over the branch cut approach) is that it recovers all the (distinct) values of the multi-valued 
function in one go and in a continuous manner (with no removal of any part). 

13. How many sheets the Riemann surface has for the functions f1(z) = z!/? and fo(z) = 21/° and why? 
What about f3(z) = 21/2 + 21/3? 
Answer: The Riemann surface of f; has two sheets and the Riemann surface of fg has three sheets. 
This is because f; has two distinct branches while f2 has three distinct branches (see § 1.8.11). Re- 
garding f3, its Riemann surface has six sheets because z!/? has a cycle of two distinct branches and 
z'/3 has a cycle of three distinct branches and hence when they are added their sum will have a cycle 
of six distinct branches (i.e. all the other branches are repetitive of these six distinct branches).!!"41 


1.12 Useful Identities and Formulae 


To finalize this preliminary chapter, we provide in the following list some basic identities and formulae 
about complex numbers and variables. Many of these identities and formulae are either self evident (from 
the basic definitions and rules of mathematics in general and complex analysis in particular) or can be 
proved easily by using the rules and formalism of manipulating complex numbers that we discussed and 
developed earlier. However, we will provide in the Problems proofs or verifications to these identities and 
formulae (mainly for the purpose of practice and demonstration). 

We should remark that some of these identities and formulae are repetitive (i.e. they are essentially 
the same but in different forms) and hence the justification for listing them is that they occur frequently 
(in their different forms) and hence it is useful to be familiar with these different forms. We should also 
remark that in the case of dealing (directly or indirectly) with the polar form, the principal argument 
is generally employed (when we have the choice to do so considering the intended objective) to avoid 
distractive complications. 


=A (83) 

¢ S4sV7-1 (84) 

? ixi=vV-1x V-1=-1 (85) 
3 Pxis—i (86) 

it ? x? =(-1)x (-l)=1 (87) 
eel (88) 
ot =G (89) 
(90) 


[114] The number “six” is obtained by taking the least common multiple of 2 and 3 noting that they are relatively prime. 
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ei(O+2nz) 


(cos#+isin@)" = 


COS Z 


sin z 


Re(iz) = 
Im(iz) = 


Problems 


1 a a . 

= a 
a ww —l 
i tx} =(-i) x (-) =? =-1 
i} x47? = (-i) x (-1) =4 
i? x 4-7 = (-1) x (-1) = 1 
—(nmod 4) 


= cosz+isinz 


cos z — isin z 


= 1 
= e t/2 


= cos(nIn z) + isin(n In z) 


(=2) _ (=) 
cos isin 
n n 


cos né + isin né 


e’* + ea4 


(@ is real) 
(2=0+iy) 


96 


1. Discuss (and verify if necessary) the identities and formulae of the list that we provided in this section. 


Answer: We discuss this list in the following points: 


[115] 


[115] We note that the following proofs and verifications generally indicate the main and specific justifications and hence 
general justifications, like the use of the rules of indices, are generally taken for granted (and hence they are ignored). 
We also note that for multi-valued functions we may use the principal value only (to avoid complications that will be 


investigated later on). 
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e Regarding Eqs. 83-87, these formulae (of integer powers of 7) are obvious (or justified on the spot) 
and they are mainly based on the basic definition of 7 (i.e. i = /—1). 
e Regarding Eqs. 88-91, we have (where we use Eqs. 84-87): 


jan = (i*) = 1” = i jantl = yar ii =i, jant2 = jan 72 = i; gant = yan Pe = _j 


e Regarding Eq. 92, we have (noting that n and m are non-negative integers and we use Eq. 87): 


im __ jam+(n mod 4) 


F jam jim mod 4) = Gyre jl mod 4) _ ym jr mod 4) = gr mod 4) 


u 


e Regarding Eq. 93, we use Eq. 7 (with y = 7/2), that is: 


eit/2 = cos (=) + isin (7) ire eee 


e Regarding Eq. 94, it is shown in the previous point. 
e Regarding Eq. 95, we use Eqs. 93 and 7, that is: 


i (e"/?) = e(n"/2) — cog (+) +isin (>) 


e Regarding Eqs. 96-100, they are obvious (or rather justified on the spot). 
e Regarding Eq. 101, we use Eq. 92, that is: 


r= (Cio ie = (aieeee) _ j7 (mmod 4) 


e Regarding Eq. 102, we use Eqs. 93 and 70, that is: 
Vi = ji/2 = (iene as ie el(t/2+2mm) /2 Se ei(m/4+mr) (m =0, 1) 


So, for m = 0 we have Vi = e(*/4) = cos(/4) + isin(x/4) = 4 and for m = 1 we have 


1 
Vi = ei(t/4+7) = ei(5/4) a -F _ iz. 
e Regarding Eqs. 103 and 104, they have been verified earlier (see Eq. 8 and part d of Problem 1 of § 
1.4). 
e Regarding Eq. 105, we have: 
e Regarding Eq. 106, we have (see Eq. 93): 

i! = (i)! _ (e'"/?)t = eo t/2 
e Regarding Eq. 107, it is based on Eq. 103, that is:!!!6 
gS (ene) = ez) — ¢os(n In z) + isin(nInz) 


e Regarding Eq. 108, it is based on Eq. 104, that is: 


A : F —i/n «(In z i it 
Wz yin) — ,-t/n (en?) / = ei) = cos ( n=) isin ( n=) 


e Regarding Eq. 109 (which may be more familiar in the form e’” = —1), it is justified by Eq. 103, 
that is: 
e’™ +1=(cos7+isin7) +1=-1+704+1=0 


[116] The relation z = e!™* will be fully investigated in § 2.2. However, it should be recognized from a general background in 
analysis (knowing that the exponential and logarithm functions are inverses). Also, see Problem 6 of § 1.8.10. 
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e Regarding Eq. 110, it is based on Eq. 103 (as well as an obvious trigonometric identity), that is: 


|e"”| = |cos@ + isin 6| = V cos? 6 + sin” 0 = V1=1 


e Regarding Eq. 111, we have: 
|e*| = |e” **| = |e”| [e”| = |e”| 1/ cos? y + sin? y = |e”| = e” 


It is worth noting that |e*| = e? means that the modulus of the complex exponential function is the 

same as the value of its real counterpart. 

e Regarding Eq. 112, we have: 
ez tient = zplann = e*( 


e€ cos 2nm + isin 2n7) = e*(1 +720) = e” 


where we used Eq. 103 and the periodicity of the (real) cosine and sine functions. 
e Regarding Eq. 113, it is similar to Eq. 112, that is: 


el(Otann) _ 8 et2nm _ 619 (cos Ina + isin2nm) = e*9(1 +10) = e” 


e Regarding Eq. 114, it is De Moivre’s formula which we verified in Problem 3 of § 1.8.10. 
e Regarding Eq. 115, it was verified in part (g) of Problem 1 of § 1.4. 
e Regarding Eq. 116, it was verified in part (h) of Problem 1 of § 1.4. 
e Regarding Eq. 117, we have z = x + ty and hence: 
Re(iz) = Re(ife + iy]) = Re(ia — y) = Re(—y + ix) = —y = —Im(z) 
e Regarding Eq. 118, we have z = x + ty and hence: 


Im(iz) = Im(i[ax + ty]) = Im(ta — y) = Im(—y + ix) = & = Re(z) 


2. Check that the square roots of the imaginary unit 7 are as given by Eq. 102 and obtained in Problem 
1. 
Answer: As seen in Problem 1, 7 has two square roots which are + 


. This result can be easily 
checked by squaring these roots, that is: 


ee i 1+2i+2 1421-1 2% 
ip i) mS (41)? ee a a a, 
V2 y) 2 2 
(l+4)]?7 _ cpr lbte? 142-1 _ di _, 
_ = — — =1 
V2 2 2 2 


Note: the method of check of the present Problem is general, and is not restricted to the square roots, 
i.e. we can check that the obtained n“” roots are correct by raising these roots to the power n to obtain 
the radicand (see for example Problem 3). 

3. Give and verify the cube roots of the imaginary unit 7. 
Answer: i has three distinct cube roots which are —1, va+i and —Vat4 This can be easily checked 
by cubing these roots, that is: 


(-)° = (-l*(@)°=-# = —-(-i) =3 
(4H (v3)° +3(v3)"i+3V37+0 _ 3V3+9i-3V3-i _ Bi 


3 
#) = 8 8 = eS 
: 


(I (-V3)° +3 (-v3)"i43(-v3)2 +0  -3V349143V3-i _ 8 
2 


— = — =1 


8 8 8 
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4. What is wrong in the following reasoning and results: 


(a= a 1=4/(-1) x (-I) =vi=1 


1 i 
f= pre 


Answer: The imaginary unit i stands for V/—1 as it is and hence it does not follow the rules of square 
root, i.e. its argument —1 cannot be treated as an independent number. In other words, the product 
of the square roots in the first equation is not the same as the square root of the product (as it is the 
case in the ordinary square root function). Similarly, the quotient of the square roots in the second 
equation is not the same as the square root of the quotient. 


Chapter 2 
Common Functions 


We dedicate this chapter to the investigation and discussion of certain types of functions that are commonly 
used in complex analysis. To be more specific, the focus of investigation in this chapter is the so-called 
“elementary functions” (and hence we are investigating commonly used elementary functions). In fact, 
being commonly used is an indication to their special importance and widespread occurrence in the theory 
and application of this branch of mathematics. Generally, these functions are no more than extensions 
and generalizations of similar well known real-valued functions that are widely used in real analysis. 


2.1 Polynomial Functions 


A complex function f(z) is a polynomial function P,,(z) of degree n if it has the following form: 


f(z) = Piz) Saaz” +aneiz™ | +++ + ag2? +012 + a9 = S- ape” (119) 
k=0 


where the subscripted a’s are complex constants (with a, 4 0) and n is a non-negative integer.!1!7] 


Polynomial functions are analytic over the entire complex plane and hence they are entire functions. Due 
to their favorable characteristics (especially entirety) and ease of mathematical manipulation (e.g. by 
algebraic operations and differentiation and integration), they are widely used in complex analysis (as 
elsewhere). 


Problems 


1. Show that the differentiation rules of polynomial functions apply to complex polynomials as to real 
polynomials, that is: 


n 
oe = none”) + (nm —1)agiiz”? ++ > + 2aaz +a) = S- kapz*—t 
k=1 


Answer: Referring to Problem 2 of § 1.10, the rules of differentiating polynomial functions are no 
more than a combination of the sum, multiple constant and power rules of differentiation (and hence 
no additional proof is required). 

2. Find the roots (i.e. the zeros or solutions) of the following polynomial functions: 


(a) 327 + i5z-6 +34. (b) 22° - 3-4. (c) 24 + 16e'7/2, (d) 25 — 42. 
Answer: The roots of a polynomial function f(z) are the solutions of the equation f(z) = 0, ie. those 
values of z that make f zero. Hence, all we need to do is to solve the equation f(z) = 0. It should 
be obvious that the obtained roots can be easily checked by substitution in the equation f(z) = 0 to 
produce an identity, i.e. 0 = 0. 

(a) We use the quadratic formula with a = 3, b = i5 and c = —6 +i, that is: 


—i5 + \/—25 4+ (72-712) 9 -i5 + 47 — 712 


a = 


6 6 
Now, from Eq. 70 (using the polar form of 47 — 112) we have: 
V47— 712 ~ V48.5077e%(—9-2500+2mm)/2 _ /48 507 7e(—9-1250+mr) (m = 0,1) 
[117] This is to include constant (non-zero) functions such as f(z) = 3 as polynomials; otherwise n should be a positive 


integer. 
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= VA48.5077e7 0 0 e'™™ — 4+y/48.5077e7 10-1259 ~ +(6.9104 — 10.8683) 


Therefore, we get (considering all the four sign combinations which reduce to only two distinct com- 
binations):l118) 


me —i5 [ (6.9104 — 10.8683) | _ —15 + (6.9104 — 10.8683) — +6.9104 + 7 (—5 + 0.8683) 


6 6 


i.e. we have two distinct roots (corresponding to the two opposite sign combinations): 


6.9104 — 15.8683 —6.9104 — 14.1317 
ae oo ~ 1.1517 — i0.9780 and to & ; ~ —1.1517 — 10.6886 


(b) We have z? = 3+ 74 ~ 5e’°-9273 (where we use the principal polar form of 3+ 74). Hence, from Eq. 
70 (with z° here corresponding to z there) we get: 


zw Y5ei(0.9273+2m7)/3 _ 3/Fei(0.3091+2mm/3) (m = 0, 1,2) 


i.e. we have three distinct roots (corresponding to m = 0, 1,2): 21 ~ 1.6289 + 10.5202, z2 ~ —1.2650+ 
71.1506 and z3 ~ —0.3640 — 71.6708. 

(c) We have z+ = —16e'/? = 16e'*/2e-"" = 16e~*7/? = 24e-'/? (where we use the principal polar 
form of —16e’*/*). Hence, from Eq. 70 (with z+ here corresponding to z there) we get: 


z= Qeil—7/2+2mm)/4 = Qei(—7/8+mn/2) (m = 0, 1, 2, 3) 


i.e. we have four distinct roots (corresponding to m = 0,1,2,3): 2, ~ 1.8478 — 10.7654, zo ~ 0.7654 + 
11.8478, z3 ~ —1.8478 + 10.7654 and z4 ~ —0.7654 — 11.8478. 

(d) We have z° = 4\/2 = 2°/?¢° (where we use the principal polar form of 4\/2). Hence, from Eq. 70 
(with z° here corresponding to z there) we get: 


z= 91/2 -i(0+2mm)/5 = J 2ei(2mn/5) (m _ 0, 1, 2. 3, 4) 


ie. we have five roots (corresponding to m = 0,1,2,3,4): 21 = V2 ~ 1.4142, z2 ~ 0.4370 + 11.3450, 
zg ~ —1.1441 + 70.8313, z4 ~ —1.1441 — 70.8313 and zs ~ 0.4370 — 71.3450. 
3. Verify the following: 


) (2)* = (z*)” where n is an integer. 


) (az")* = a(z*)" where a is real and n is an integer. 


) P,(z*) = 0 iff P,(z) = 0 where P,, is as in part (c)./1"! 


) The complex conjugate root theorem which states that if P, is a polynomial with real coefficients 
[120] 


(a 
(b 
(COmEANE: yy = P,,(z*) where P,, is an n” order polynomial with real coefficients. 
(d 
(e 


and zo is a given root of P,, then its conjugate z} is also a root of Py. 


Answer: We are considering in this answer the case where n is a positive integer because that is what 
we need for the objective of this Problem. 
(a) We have: 

(o")" S( OX RS Hw Me eK ie) 


[118] Considering both roots of /47— 712 by using Eq. 70 (as done above) is redundant (and hence we did this for the 
purpose of demonstration). This is because a polynomial of order n has exactly n roots (as will be shown later in 
Problem 1 of § 7.1) and hence it is sufficient to consider one root of /47 — 712 with the sign combination of z. 

[119] Considering the anonymity of z and z*, “if” should be sufficient. However, we used iff for clarity and demonstration. 
We should also note that z here represents the roots of Pn in general (as will be stated explicitly in part e). 

[120] This may be expressed more compactly by saying: the roots of polynomials with real coefficients occur in conjugate 
pairs. It should be noted that in this theorem we implicitly assume zo to have a distinct conjugate (i.e. zo is complex 
or imaginary and not real although real can also be included if repetition is not implied). 
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where we used the fact that the conjugate of a product is the product of conjugates (see § 1.8.8). 
(b) We have: 
(az")" = a* (2")" =a(z")" =a(2*)” 
where in step 1 we used the rule of conjugate of product (see § 1.8.8), in step 2 we used the fact that 
a is real and hence its conjugate is itself, and in step 3 we used the result of part (a). 


(c) This is no more than a combination of the rule of conjugate of sum (see § 1.8.8) and the result of 
part (b), that is: 


n n 


* nm 
as = (axz")” = Qk (z*)* = P,,(z*) 
0 k=0 k=0 


(P.(2))* = p 


(d) If P,(z) = 0 then on taking the conjugate of both sides we get: 


[Pn(z)] ” 0* 
P,(z*) = 0 


I 


where in line 2 we used the result of part (c) and the fact that 0 is real. Similarly, if P,(z*) = 0 then 
from the result of part (c) we have [P,(z)] “ = 0 and hence on taking the conjugate of both sides we 
get P,,(z) = 0 (where we use the fact that the conjugate of the conjugate of a number is the number 
itself as well as the fact that 0 is real). 

(e) This theorem is essentially the same as the result of part (d), ie. Pn(z5) = 0 iff Pn(zo) =0. This 
means that zg is a root of P, whenever zo is a root of P,, as required by the complex conjugate root 
theorem. We should finally note that the presentation of this theorem in two parts (i.e. d and e) rather 
than in one part is for the purpose of clarity. 


4. Evaluate the following complex polynomial integrals: 
(a) [25 (i8z + 15) de. (b) fo*', (82? — i22 +m) dz. (c) fry [@ — 425)z4 + (22 - 118)] dz. 
Answer: 
(a) 
i (82 +45) dz = lia? + ibe] = [i484 + 155] = [i36 = iis] = i518 
—3 Sa: 


i (327 —i2z+m) dz = [2a tmz] — [0s + i)? —4(3 +i)? + 7(34 i) 


—i2 


5-18 


i 


5-18 
i [( — 425)z4 + (22 — i13)| dz = [a — i5)z° + (22 — i13)2| 
7 


= [(1-15)(5 — 8)? + (22 - i13)(5 -8)| 


[a i5)(7 — 6)5 + (22 — 113)(7 i) = 420718 + 121055 


5. Make 3D plots of the following: 
(a) The imaginary part of the linear polynomial P; = (2—7i)z+1+ 73 over the region —2 < x < 2 and 
—2<y<2. 
(b) The (principal) argument of the quadratic polynomial Py = z* + i2z +1 over the region —0.4 < 
z<0.4 and -0.4<y< 0.4. 
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Answer: Before going through the solution of this Problem, we would like to remind the reader of 
the remark that we made earlier in Problem 6 of § 1.11, that is: attributes like real and imaginary or 
modulus and argument belong to the image of the function in the w plane. 

(a) The linear polynomial P, is given by: 


Pi = (2—i)(e@+iy) +1423 =2e+y-ix+ i2y +1413 = (2e+y41) +238 -—2+4 2y) 


Hence, its imaginary part is Im(P,) = 3— 2+ 2y. This is plotted over the region —2 < x < 2 and 
—2<y <2 in Figure 18. As we see, Im(P,) = 3 — x + 2y is linear in both x and y and hence what 
we have is a plane surface descending (with slope —1) in the x direction and ascending (with slope 2) 
in the y direction. Accordingly, as we move along lines of constant y in the positive x direction we see 
descending straight lines, while as we move along lines of constant x in the positive y direction we see 
ascending straight lines. 


10 


8 


im(P,,) 


Figure 18: Graphic illustration of the imaginary part Im(P,) = 3—2+2y of the complex linear polynomial 
P, = (2—i)z+1-+ 73 over the square region in the z plane defined by —2 < « < 2 and —2< y < 2. See 
part (a) of Problem 5 of § 2.1. 


(b) The quadratic polynomial P» is given by: 
Py = 27 +ie2+1 S27 —y + ay + ie —2y +15 (2? —y? — 2y +1) + i(2ey + 22) 


Hence, its (principal) argument is Arg(P2) = arctan (SS 
-—0.4<a<0.4 and —0.4 < y < 0.4 in Figure 19. 

6. What is the equation whose solutions are represented by the vertices of an origin-centered regular 
7-polygon (or heptagon) where one of these vertices is located at z = i2? 
Answer: Referring to Problem 3 of § 1.8.11, the solutions are the roots of an equation of the form 


z’ +b=0. Now, one of these roots is i2 and hence it should satisfy this equation, that is: 


) This is plotted over the region 


(i2)’ +b=0 + —1128+b=0 > b = 1128 


Hence, the equation is 2” + 1128 = 0. 
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Figure 19: Graphic illustration of the (principal) argument Arg(P2) = arctan (; 


7. What “rational function” means? 


104 


2ryt2x 
2—y2—2Qy+1 


quadratic polynomial P, = z? + i2z +1 over the square region in the z plane defined by —0.4 < x < 0.4 
and —0.4 < y < 0.4. See part (b) of Problem 5 of § 2.1. 


) of the complex 


Answer: Rational function is a ratio of two polynomials where the denominator is of degree 1 or 
higher (i.e. the denominator is not a constant polynomial). For example, the following functions are 
rational: 


1 22-83 
zti z — 2z? + 712z 


22 
iz —9 


324 + iz? —2 
z+1—-—52 


Rational functions are analytic over the entire complex plane except at the zeros of their denominator 
where they have isolated singularities. 

. Find a quadratic polynomial whose roots z; and zg have a product of —6 +79 and a sum of 3 + 15. 
Also, find z; and zg. 

Answer: We have 2122 = —6+79 and z; + z2 = 3+75. On substituting from the second into the first 
we get: 


21(3 +75 — 21) = -64+79 
(3+75)z;-2?2 = -6+79 
i5)z; -6+19 = 0 


(34 


2 
cal 


So, the quadratic polynomial is 27 — (3 + i5)z —6+79 = 0. On solving this equation by the quadratic 
formula we get z; = 73 and z2 =3+ 72. 
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2.2 Exponential and Natural Logarithm Functions 
The exponential of a complex number z = x + iy is defined as follows (see Eq. 9):!!?4J 


z erty er e 


€ ¥ = e* (cosy +isin y) (120) 


The exponential of complex numbers is an analytic function over the entire complex plane and hence it is 
an entire function. Most of the rules and properties of the real-valued exponential similarly apply to the 
complex exponential. For example, we have (see parts e and f of Problem 1 of § 1.4): 


CE ere and —=er (121) 
e*2 
As it is the case in real analysis, there is a strong link between the exponential function and the natural 
logarithm function in complex analysis (as will be seen in the following).|"??! 
The natural logarithm of a complex number z (z 4 0) is defined as follows: 


If z =e” then w is the natural logarithm of z, ie. w = Inz (122) 


It is obvious that the exponential and natural logarithm functions are inverses of each other and hence 
we have: 


en? —Ine* 2 (123) 


Using the polar form of complex numbers (i.e. z = re’? = |z\e’’) plus the rules of logarithms and 
exponents we have: 


In(z) = In (|z| e*?) = In|z| + ne” = In|z| + 10 = In|z| + i(6, + 2nz) = Inr + i(O, + 2n7) (124) 


where n is an integer and —7 < 4, < 7 is the principal argument which is commonly symbolized as Arg z 
(see Problem 2) and where In |z| is the real logarithm function (as defined in calculus).!!?3!_ The principal 
value of the natural logarithm (which corresponds to the principal argument) is distinguished by using 
Ln (instead of In) and hence:!'?41 

Ln(z) = In|z| + ¢Arg(z) (125) 


So, for z # 0, Ln(z) is unique (or single-valued) because Arg(z) is unique. As a matter of terminology, 
each value of In z (corresponding to a specific value of n) is called a branch and thus Ln(z) is called the 
principal branch. Accordingly, In(z) has an infinite number of branches.!!?5! It is obvious that the above 
equations can be easily manipulated to get the commonly used equation: 


In(z) = Ln(z) + i2n7 (126) 


121) Tm fact, this definition is largely based on our mathematical foundations which we investigated in § 1.4, and hence it 
is not a definition in the strict sense. We also note that e* in this equation and its alike stands for the exponential 
function [which may be symbolized as exp(z)] rather than the number e (~ 2.718281828) raised to the power z 
although the two are equivalent (noting the extension to irrational and complex powers). We should also note that “the 
exponential function” is specific to this function lice. the function e* or exp(z)| and hence any “exponential function” 
or exponentiation to bases other than e should be referred to with other labels (such as “exponential” without “the”). 
In fact, this strong link is between any exponential function and logarithm function to a common base since they are 
inverses of each other (see Problem 6 of § 1.8.10). 

As noted earlier, there is another convention about the principal argument Arg(z), i.e. 0 < Arg(z) < 27. We should 
also note that Eq. 124 indicates that In(z) is infinitely multi-valued (since n takes infinite number of values and hence 
In z has infinitely-many distinct values). We also note that the use of In (rather than log,) in In|z| and Inr will be 
revised later. 

It should be noted that some authors use Ln as a symbol for the complex logarithm function and hence Eq. 124 becomes 
Ln(z) = Inr + i(6p + 2n7). Moreover, they use In(z) to represent the principal value of Ln(z). 

However, we should note that an extra condition is usually needed to obtain a “branch” in the strict technical sense that 
is the removal of the branch cut (as well as the branch point which is already excluded) to achieve continuity (since 
“branch” is distinguished by being single-valued and continuous over its reduced domain). 


122 


123 
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Most of the rules and properties of real-valued logarithms apply to complex logarithms. For example, 
we have: 


In(z122) = In(z1) + In(z2) and In (+) = In(z1) — In(z2) (127) 


Because In(0) is not defined (see Problem 21), In(z) is not analytic at z = 0 and hence the natural 
logarithm is not an entire function. Furthermore, In(z) is discontinuous at all points of the negative part 
of the real axis in the complex plane.!!?6! Therefore, the non-positive part of the real axis is commonly 
known as a branch cut for the complex logarithm function (see § 1.5). However, the principal branch of 
In(z) is analytic (considering the removal of the branch cut from the domain as explained earlier in § 1.5 
and § 1.11).!!?71 This also applies to the other branches of In(z). 

It should be noted that the natural logarithm of real positive numbers as a subset of complex numbers 
is different from their natural logarithm as real numbers by the presence and absence of the imaginary 
part.!4?81 For example, if we use the equation In z = nr +7(0, + 2n7) then the natural logarithm of 5 as 
a complex number (i.e. 5+ 0) is n5 = In5+%2nm where the In5 on the left side represents the natural 
logarithm of 5 as a complex number while the In5 on the right side represents the natural logarithm of 
5 as a real number (i.e. In5 on the left is the complex In while In5 on the right is the real In). In fact, 
this may cause confusion where some may attempt to cancel In5 from both sides to conclude 0 = i2na 
which is wrong in general. In brief, the natural logarithm of 5 as a complex number is In5 + i2na while 
the natural logarithm of 5 as a real number is In 5 (where In 5 in this sentence means its ordinary meaning 
as used in real analysis, i.e. the real natural logarithm). In other words, the natural logarithm of 5 as a 
complex number is a complex number (i.e. In5 +%2na which consists of a real part In 5 and an imaginary 
part 2n7) while the natural logarithm of 5 as a real number is a purely real number (i.e. In 5). 

Accordingly, a distinction between In as a complex function and In as a real function (in the case of 
natural logarithm of real positive numbers) may be made by reserving In for the complex and using Ln for 
the real and hence we may write In5 = Ln(5) + i2n7.!!?9l In fact, this equation yields the trivial identity 
Ln(5) = Ln(5) in the case of the principal branch. A distinction may also be made by writing the real In 
as log, and hence In5 = log,5 + 72nz. The latter distinction is more definite, clear, general and reliable 
and hence in this book we use this form of distinction (i.e. log,). Therefore, the above equations (e.g. 
Eq. 124) should be modified accordingly (as we will do in the future; see for example Problem 2). 

Finally, it should be obvious that the aforementioned confusion and the need for distinction do not 
apply to numbers other than the real positive numbers because if a number z is not real positive (whether 
z is real negative or it is not real) then Inz and Inr (= In|z|) in the equation Inz = Inr + i(@, + 2nz7) 
are obviously different although the interpretation of Inr as real still depends on its context and position. 
However, for more clarity (as well as coherence) the aforementioned form of distinction (i.e. log.) will 
also be used in these (supposedly non-confusing) cases. So in brief, we will use log, for the real natural 
logarithm function and In for the complex natural logarithm function in all cases. 


Problems 


1. What are the domain and range of e* and In z? 
Answer: The domain of e” is all z € C and its range is all z € C excluding zero. The domain of In z 


[126] We are considering here the individual branches and taking into account our convention about the principal argument. 

[127] The reader is referred to Problems 22 and 24 of the present section and Problem 5 of § 3.1 for further details and 
discussions. We also refer to Problem 11 of § 1.8.7 noting that the continuity and uniqueness of Ln(z) are based on the 
continuity and uniqueness of Arg(z). 

[128] Tt is claimed that in this case In means the real natural logarithm, i.e. it has no imaginary part. However, the literature 
is not consistent in this regard (as usually in other regards). 

[129] The stated condition “in the case of natural logarithm of real positive numbers” is essential in this statement because 
otherwise this distinction will not be consistent with Eq. 125. Yes, to avoid these complications we may say: “the 
distinction between Ln and In (i.e. as principal and non-principal) may be used since Ln of a real positive number is a 
purely real number and hence we may write In5 = Ln(5) + 7i2nn” although other complications arise from this phrasing 
(e.g. this does not make a distinction between the complex and real specifically). Anyway, this is a trivial matter 
(noting the clarity of the distinction and its objective); moreover we have another form of distinction (which will be 
discussed next) that is free of these complications (and hence we use it in this book). 
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is all z € C excluding zero and its range is all z € C.!°°l This is inline with the fact that e? and In z 
are inverses. 

2. Investigate Eq. 124. 
Answer: Referring to Problem 10 of § 1.8.7, we can say: if z is given in polar form then 6 is unique 
(since it is determined explicitly and specifically) and hence: 


In(z) = In (|z| e*”) = log, |z| + Ine” = log, |z| + 10 = log. r + 10 (128) 


where we use here log, (instead of In which we used in Eq. 124) for the real natural logarithm function. 
But if z is given in Cartesian form then @ is not unique and hence: 


In(z) = In (|z| e'”) = log, |z|+Ine”” = log, |z|+i0 = log, |z|+i(0,+2nm) = log. r+i(O,+2nm) (129) 


Accordingly, Eq. 124 tries to consider both possibilities (i.e. polar and Cartesian) in one go. However, 
with regard to the polar form the last two steps of Eq. 124 should be seen as explanatory steps with 
no added content (since 0 is already fixed according to the polar form and hence n is fixed). 
Note: from the above investigation we can say that the natural logarithm of a complex number in 
polar form is unique (i.e. single-valued) while the natural logarithm of a complex number in Cartesian 
form is not unique (i.e. infinitely multi-valued). 
3. Show that: 

(a) 28 = eft (z,8 €C and z£ 0). (b) (e7)" =e? . 
Answer: 
(a) We can use the basic rules of manipulating logarithms and indices in real numbers (which are 
established in algebra) as well as some elementary results that we already obtained about complex 
numbers. However, it is easier to use the results about exponents and logarithms that we established 
in § 1.8.10, that is: 

28 = (z)P = (el™*)P = FB (130) 


where in step 2 we use the fact that exponentiation and taking logarithm are inverses (see Problem 6 
of § 1.8.10) while in step 3 we use one of the rules of indices (see the note of Problem 5 of § 1.8.10). 
(b) We use the basic rules of manipulating indices as well as some elementary results that we already 
obtained about complex numbers (see for instance § 1.4 and § 1.8.8), that is: 


(e*)" = (ert) = (erel)* = (e*)" (c')* =e (cosy + isiny)” =e" (cosy — isiny) 
= (cos {—y} + ésin {—y}) = ee = oY = 


4. Show that a non-zero complex number has exactly n distinct n“” roots. 
Answer: We have (see Eqs. 130 and 129): 


yin — ot out eeeptamn) ots r (cos 6, + 2m7 wee Oy + = 
n n 
Now, for m = 0,1,--- ,(n—1) we have n distinct values (i.e. roots) while for all the other values of m 
we have the same values as those for m = 0,1,--- ,(m— 1) due to the periodicity of the trigonometric 


cosine and sine functions!!?4] which just repeats those m distinct roots. Also, see Problem 5 of § 1.8.11. 
5. Write down the results of Problem 7 of § 1.8.10 (which are in terms of general logarithm log) in terms 

of the natural logarithm In. 

Answer: Noting that In means log, (considering that log, here is not for the purpose of specifying 

the real function) we can easily obtain the following results as instances of the results in Problem 7 of 


1130] We note that C here represents the finite complex plane. 

[131] What we need here is only the periodicity of the real trigonometric cosine and sine functions (with a period of 27) 
although we will show later (see Problem 15 of § 2.3) that this periodicity also applies to the complex trigonometric 
cosine and sine functions. 
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§ 1.8.10: 
In(aB) =Ina+Mmn6 in ($) =Ina—Ing Ina’ = Blna 
In( ¢/a) = B-'Ina Inl= Ine=1 
logga = BS (and na = we) In(+) =—Ina Ina = Gs 


6. As a consistency check, verify the first two results of Problem 5 [ie In(a@8) = Ina +In8 and 
In (a/8) = Ina —In 8] by using a = 2 = rie! and B = z = r2e"” plus Eq. 128 (as well as the basic 
rules of manipulating complex numbers and known facts from real analysis). 


Answer: 

In(z122) = In (rirzeX@+e) | see Eq. 22) 
= log, (rir2) + i(@1 + 02) see Eq. 128) 
= log. ri + log, ro + 101 + 162 from real analysis) 
—= (log, my + i0;) + (log, T+ i102) 
= In(z1) + In(z2) see Eq. 128) 

In (2) = In (ereg er? ) see Eq. 24) 

7) 

= log, (rirz') + 4(0; — 02) see Eq. 128) 
= log. r1 — log. re + 101 — i62 from real analysis) 
= (log. r, +701) — (log, ro + 102) 
= In(z1) — In(z2) see Eq. 128) 


Note: the above answer should indicate that for the relations In(z1z2) = In(z1) +|n(z2) and In (2) = 
In(z) — In(z2) to hold correctly, unambiguously and unconditionally, z; and zg (ie. in 2122 and 2) 
should be identified separately in their unique polar form (see Problem 2). 

7. Investigate the complex exponentiation function f(z,a@) = 2° (where z is complex and a is real) as 
single- or multi-valued function. 
Answer: We have: 


a 
e ; : : : 
flz, a) = 7% = (em*) oe (clots ees) = e@ log. r+i(aOp+2nta) _ e& log, r+iady ei2nne 


Now, if we note that e%!0%-"+*% is single-valued then we have three cases: 

e If a is integer then e’?""* = 1 and hence f is single-valued. 

e If a is rational then e’?”"° is finitely multi-valued and hence f is finitely multi-valued. 

e If q is irrational then e’?""° is infinitely multi-valued and hence f is infinitely multi-valued. 

Note 1: if a is (strictly) complex or imaginary then f is infinitely multi-valued. 

Note 2: “single”, “finitely multi” and “infinitely multi” in this Problem refers to the distinct values 
(see the bullet points in the text of § 1.11). Also see Problem 1 of § 1.8.10. 


8. Find the exponentials of the following numbers: 
(a) z=i. (b) z=-1-i. (c) z=1+iV3. (d) z=7+ ie. 
(e) z =e". (f) z= ne'7/4, (g) z= e8-*7/8, (h) z = e%6+7/2, 
Answer: We use e* = et” = e”(cosy + isiny) = e* cosy + ie” siny (see Eq. 9). 
(a) e' = et"! = e® cos1 + ie® sin 1 = cos1 +isin1 ~ 0.5403 + 10.8415 
(b) e~!~* = e~! cos(—1) + ie7! sin(—1) = e7! cos(1) — ie~! sin(1) ~ 0.1988 — 10.3096 
(c) el tV3 = e! cos V3 + ie! sin V3 ~ —0.4364 + 12.6830 
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(d) e"t** = e” cose + ie” sine ~ —21.0982 + 19.5058 


(e) e =e° + = e* cos0 + ie® sind = e* x 14+ 10 ~ 11216958622.4676 


2 2 
f zame/4 =n? (cost +isint) = Ea 
- gg) a 
2 2 
2 om? /VJ/2 in? /J/2 _ on? /V2 a fe 1 ) ‘ 
e =e e =e cos —= +7isin —= } ~ 824.1909 + 7688.1404 
( V2 V2 
; 1 3 3 3 3 
(g) z= 7/3 = 3 (cos F — isin 2) = e8 (3 “) =5 ee 


: 3 3 
OF = 8 [2g V3/2 — ee? /2 ( : _ isin — 4) ~ 2656.7587 + 122834.9063 


(h) z = e°6t7/2 — 7/26 — e7/? (cos6 + isin6) = e7/? cos6 + ie”/? sin6 
ef = 08" 086 (cos jer 2 sin 6| fipains le"! 2 sin 6) ~ 22.7840 — 198.7868 


9. Find the natural logarithms of the following numbers (which are given in Cartesian form): 
(a) z=1. (b) z =2. (c) z=-1. (d) z =—-2. 


(e) z =i. (f) z=-1-i. (g) z=1+iVv3. (h) z= Jn — 77. 
Answer: We use Inz = log, r + i(4) + 2nm) = log, \/2? + y? + i (arctan | 4] + 2nz). 

(a) z=1=1+20=2+ iy. Hence: 

0 ; 
In(1) = log, V1? + 0? +2 [| arctan i +2nn ) = log, 1+i(0+ 2n7) = 0+ i2n7 = i2n0 
(b) z=2=2+10=2+ iy. Hence: 
0 ; ' 
In(2) = log, V2? + 0? +2 | arctan ries 2nm } = log, 2+1(0+ 2nm) = log, 2+ i2nz 


(c) z=-1=-1+10=2+ iy. Hence: 


In(—1) = log, \/(—1)? +02 +3 (arctan =| + 2nm) = log, 1+ i(m + 2nr) 
= 0+%(74+2nr) =i(2n+1)r 


(d) z=-2=-2+i0=2+4%y. Hence: 


In(—2) = log, y/(—2)? + 02 +i (arctan IS + 2) = log, 2+ i(a + 2nm) = log, 2+ i(2n + 1)r 


(e) z=i=0+i1l=2+ iy. Hence: 


1 4 1 
In(i) = log, V0? + 12 +2 (arctan 5 + 2nm) = log, 1+i (5 + 2nm) =i ( “ ) 
(f) z=—-l-i=ax-+iy. Hence: 
: 2 2 r —l i 37 
In(-1-i) = log.y(-l)4+(-1) +i (arctan Ee + 2n =log, V2+i (-2 + 2nz) 


I 


log, V2 +i (==) z 
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(g) z=1+iV3=2+4 iy. Hence: 


In(l+iV3) = log, 4/12+ (v3), +4 [stn Ee 


+ ann) =log,2+% (= sti 2nm) 


I 


1 
loge 2+ ( )r 


(h) z= /7 —i7=2+ iy. Hence: 


In(/m — i7) = log, 7 + (-7)? +4 (arctan =| + 2nz) ~ log, Vm + 49 + i (—1.3228 + 2n7) 


10. Verify the results of Problem 9. 
Answer: We simply take the exponentials of the logarithms that we obtained in Problem 9 to reverse 
the process of taking natural logarithm (noting that the exponential and natural logarithm functions 
are inverses of each other) and hence obtain the z’s that are given in Problem 9. 


(a) 


e'2"™ — cos(2Qn7) + isin(Qnr) =14+10=1=2 
elBe 2Hiant _ lobe? [eos(Qnm) + isin(2Qnm)] = ee 2(1 + 10) = ele? =Q2=z 


elm t2nn) — cos(r + 2nm) + isin(m + 2nz) =-1+i0=-1=2 
elBe Ain +2n7) — close 2 [eos (q + In) + isin(a + 2nm)] = eS ?(—1 + 10) = —elBe? = -2=z 


el(m/2+2nm) _ cos (7 + 2n) + isin (F + 2nr) =O0+711=i1=z 


“(36 3 3 —l-i 
cloee V2+i(—2F +2n7) log, V3 cos (-= +2nz] ee (-= a 2un) my | ‘ 


—-l-i=z 


I 


(g) 
J3 


ds 
— + 4— 


979 +iV8 =z 


ele 24i(F+2nm) _ elOBe 2 [cos . + 2nm) +isin (5 + ann) | wy) 


(h) 
ele VEFASHH(—1.3228+2nn) _ /q + 49| cos(—1.3228 + 2nm) + isin(—1.3228 + 2nz)] = /m -i7 =z 


11. What are the principal values of the logarithms in Problem 9? 
Answer: The principal values correspond to n = 0. 


(a) Ln(1) =0. 

(b) Ln(2) = log, 2 

(c) Ln(—1) = in 

(d) Ln(—2) = log, 2 4+ iz. 

(e) Ln(i) = if. 

(f) Ln(—1 — 2) = log, V2 — 12. 

(g) Ln(1 +iV3) = log, 2+ i%. 

(h) Ln(/7 — i7) ~ log, Vr + 49 — 11.3228. 
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12. 


13. 


14. 


15. 


Find the relation between log; 7 and log, where z is a positive real number. 
Answer: We use the relation between logarithms to different bases (i.e. logs a = log, a/ log, 8; see 
part g of Problem 7 of § 1.8.10) plus the result of part (e) of Problem 9, that: is:!'3?] 

log,x _ log. « log. x . log. x . 2log, x 


] A = = — = = 
nour log, i Ini i(% + 2nz) ea + 2nt “T+ 4nn 


Note: this relation is commonly given as log, 7 = 2ine (considering the principal value which corre- 
sponds to n = 0 and noting that we use log, x for Inz since it is real according to our consideration 
which is indicated in the footnote). 

Given that z=a+iy and w =u-+iv = Inz, obtain the following: 

(a) x and y as functions of u and v. (b) u and v as functions of x and y. 

Answer: 

(a) Because w = In z we have: 


z=e” = ett = eMe” = ce” (cosu + isinv) =e” cosu + ie’ sinu = x + ty 


Hence, x = e“cosv and y =e" sinv. 
(b) Using the result of part (a) we have x? + y? = e?” cos? v + e?" sin? v = e?“(cos? v + sin? v) = e?4 


and hence: 
2u = log, (a? + y”) that is u= log, V2? + y? 


Also, y/x = tanv and hence v = arctan(y/2). 

Note: to generalize the result of part (b) arctan should be generalized; otherwise the question should 
be restricted to Ln z. 

Solve the following equations (for z € C): 

(a) e* =3-13. (b) ec? =m +1. (c) nz = /7 — ie. (d) In(3z) = 6+ ia. 
Answer: 

(a) On taking the natural logarithm of both sides we get: 


-3 
z = In(3 — 13) = log, 1/3? + (-3)? +4 (arctan = + 2nz) = log, V18 +2 (-4 + 2nm) 
(b) On taking the natural logarithm of both sides we get: 
1 
z=In(r +1) = log, Vm? +12 +7 (arctan +] + 2) ~ log, Vm? + 1+ % (0.3082 + 2n7) 


(c) On taking the exponential of both sides we get: 


z= e¥™* — eV™ cos(—e) + ieV” sin(—e) ~ —5.3658 — i2.4176 


(d) On taking the exponential of both sides we get: 
3z = e&*"" = e® cos + ie® sina = —e® ~ —403.4288 


Hence, z = —e®/3 ~ —134.4763. 
Solve the following systems of simultaneous complex equations (using only the principal value of 
logarithms if the equations involve logarithm functions): 


(a) e* +iz?+1+ in? =0 and 8e7 + 7243 = in’. 


1132] Tt should be obvious that log; x and log, i are not real even though they look similar to log, x which we use for real 


specifically (noting that the real function log, is restricted to real positive argument and hence log,7 cannot be real 
and therefore there is no ambiguity in our notation). It should also be noted that we consider log, x in the numerator 
above to be the real function (i.e. it is not Ina); otherwise the above result should be modified accordingly. 
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(b) e* +e —6 =O and e* — 5z —2 + iln(32) =0. 

(c) nz+z—-—1+e-in =Oand 7Inz—z-—e-—7-i7r=0. 

Answer: 

(a) The first equation can be written as e? = —iz? — 1 —in?. So, on substituting from this into the 
second equation we get: 


3 ( iz? -1 in”) qwz+3 = in? 
1327 —3—i8n? +az2+3 = in? 
i327 +72—-i477 = 0 


On solving this equation (by the quadratic formula) we get: 


—m + \/n?2 —4x (—i8) x (—i4t?) mw £4902? £7 4TH 
BS = = 


—16 —16 —16 6 


So, z=im or z= —itt. On substituting z = im and z = into the two equations we can easily 


find that only z = im satisfies these equations and hence we accept this solution and reject the other. 
So, the solution of these simultaneous equations is z = i7. 
(b) The first equation is quadratic in e* and hence it can be solved by the quadratic formula, that is: 


s —-1+/1-4~x (-6) —14+/25 —-1+5 
e => = = 


2 2 2 


44a 


So, e* = 2 and hence z = In2, or e* = —3 and hence z = In(—3). We now need to check if these values 
of z satisfy the second equation or not. On substituting z = In 2 into the second equation we get: 


e? — 45 ln2— 2+ 4n(32) = 2—¢1n2° —24+in2° =0 


and hence z = In2 is a solution to both equations. However, on substituting z = In(—3) into the 
second equation we get: 


eln(—3) _ 45 In(—3) — 2 + iIn(32) = —3 — 45 In(—3) — 2 + 4In(32) = —5 + 4[In(32) — 5 In(—3)] 40 


and hence z = In(—3) is not a solution to both equations. Therefore, the solution of these simultaneous 
equations is z = In2. 

(c) On multiplying the first equation by 7 and subtracting the second equation from the product we 
get: 


7(Inz+z—1+e-in)—-(7lnz—z-—e-—7-i7x) = 7(0)-0 
Tinzg+7z-—7+7e-—i?7n—-—Tinz+z2+e4+7+1%7 = 
8z+8e = 0 
z+e = 
Zz = -e 


On substituting this value of z into these equations we get: 


In(—e) + (-e) —-1+e-im =In(-—1) + me—e-1l+e-in=in+1l—e-1l+e-ir=0 
7In(—e) — (-e) —-e —7—t77 = 7In(-1) + 7ne+e—e—7-i7n =i7n +7+e—-—e—-—T7-i7r=0 


and hence z = —e is a solution to both equations. Therefore, the solution of these simultaneous 
equations is z = —e. 
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16. 


17. 


18. 


Find z° for the following pairs of complex numbers: 
(a) z=2and G=1+4%. (b) z=—-l-iand B=n. (c) z=iand 6 = 14. 
(d) z= /n —i7 and B =e —- 13. (e) z=iand B=2. 


Answer: We use 2° = e®!™* (see part a of Problem 3) as well as other previously established results 
(e.g. Eq. 129). 
(a) We have: 


7B git+i glot Qe! In2 _ Qeillog. 2+42n7) _ Jel log, 2-2n7) _ JQe72rF et log, 2 


= 2e~°"" | cos (log, 2) + isin (log, 2) | 


For n = 0 we have 2° = 2{ cos (log, 2) + isin (log, 2) ] ~ 1.5385 + 11.2779. 
(b) We have (see part f of Problem 9): 


Po = 


: 2 2 
= tls. V2¢in(—2F+2nm) _ 97/2 cos (-= + 2nn?) + isin (-+ + ann?) 


(At = i)” = em In(—1-2) = e [oe V2+4i(—32+42n7)] = em log. V2+in(—8242n7) 


For n = 0 we have 2° = 2*/ [cos (— 24") + isin (—25°)] ~ 1.2969 — 12.6726. 
(c) We have (see part e of Problem 9): 


7B = {4 = ci4lni = e‘4llos. 1+i(m/2+2n7)] _ e'4li(r/2+2n7)] oe 4(7/2+2n7) = e 2 +4n)r 


For n = 0 we have 2° = e~?" ~ 0.001867.11351 
(d) We have (see part h of Problem 9): 


l 


#8 (Va 2 i7) C18" ele #3) In(V—A7) e(e—23)[log. Vr+49+i(—1.3228+2n7)| 


= ele log, V7+49+3(—1.3228+2n7)]+2[e(—1.3228+2nr)—3 log, V7 +49] 


For n = 0 we have 28 ~ el@ lose V7+49+3(—1.3228)] +i[e(—1.3228)—3 log. W749] ~ _ 4 05677 + 10.4149. 


(e) We know that by definition i? = —1. However, to check the consistency of our rules and definitions 
let apply z° = e?!*, that is (see part e of Problem 9): 


2B = 4? = e@ Int — ei(n/242nm) — ein t4nm) — cog (x + 4nm) +isin(x + 4nm) = -14+i10 =-1 


Confirm the results of parts (b) and (c) of Problem 16 (for n = 0) using the polar form of z. 
Answer: 7 : ; ‘ 
GB) Clay = (Waele): = orien terse) one (cos ae” _ isin a) ~ 1.2969 — 12.6726. 


(c) 2 = it = (ci*/2)" — ¢-2 ~ 0.001867. 

As we see, these results are the same as those of Problem 16 (for n = 0). 

Verify that e* is periodic and find its period. 

Answer: If e* is periodic then for a given complex constant C’ we should have: 


e => “€ 


[133] Tf we write 2° = i’4 = (i*)4 and use Eq. 106 we get 2% = (e~*/?)4 = e~?™ (which is the same result). However, if we 


write 2° = i#4 = (i4)* = 1% and use Eq. 105 we get z® = 1 (which is different). So, the readers should be aware of 
possible restrictions and conditions on such expressions (as well as potential twists). What we can say is that if we treat 
i4 as a single (imaginary) number then we should get z° = e~27. Accordingly, 2° = 1 is correct only if we mean raising 
the number i* (which is 1) to the power i (rather than raising the number i to the power i4). Therefore, z? = e~?7 if 
28 = (i) = (i*)* and z® = 1 if z® = (é*)*. In fact, these considerations are not restricted to this example but they 
also apply to other similar examples and occurrences throughout the subject of complex analysis. Therefore, extra care 
is required in interpreting and manipulating such expressions and formulations (especially when dealing with these in 
physical contexts where each expression and formulation can have a specific physical significance). Also, see part (c) of 
Problem 17. 
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eo Se (+e”) 


C = Inl=log,1+i2n7m = i2nn 


As we see, C does exist and hence e* is periodic. Now, the period of a function corresponds to the 
interval between two consecutive cycles and hence the period of e* is 12(n + 1)m — i2nm = 727. 

Note 1: referring to Figure 20 (in the upcoming Problem 23), we can see that the real and imaginary 
parts of e” are periodic in the y direction with a period of 27 (in agreement with the period i27 which 
we found in the present Problem). Also, see Problem 3 of § 7.1. We note that the periodicity of e* (with 
a period of 727) means that e* takes all its possible values within the horizontal strip —1 < y < 7 
and hence e* is made of identical copies of this strip (where each strip is displaced from the strip 
—nt <y <7 by 2nz in the y direction) and hence the strip —a < y < 7 is commonly described as a 
fundamental region of e*. We also note that the periodicity of the complex exponential function e” is 
one of the main differences between e* and e® (i.e. the real exponential function) because e” is not 
periodic. 

Note 2: if e* has a period of 127 then e~* should also have a period of i127. This can be demonstrated 
by repeating the above argument, that is: 


-(@-C) _ 72 yy e =1 a C =I|nl =i2n7r 


e€ 
Hence, the period of e~* is i2(n + 1)m — i2nn = i2n. 
Also, if e* has a period of i2m then e* should have a period of 27. This can be demonstrated by 
repeating the above argument, that is: 

el(2+C) — eiz > &=1 > iC =|In1=i2na > C = 2nr 


Hence, the period of e’* is 2(n + 1)m — 2n7 = 27. Similarly, e~* should also have a period of 27 as 


can be demonstrated by repeating the above argument, that is: 


—i(z—C) iz 


e =e > b=] > iC =In1 =i2n7 > C = 2nr 


Hence, the period of e~** is 2(n + 1)m — 2nz = 27. 
19. Verify that the following rules of differentiation apply to complex variables (as to real variables): 


(a) de" — e, (b) “e2=1 (240). (c) (zInz—z)=Inz (240). 
Answer:!!*4] 


(a) From the definition of e* (see Eq. 6) plus the sum, multiple constant and power rules of differen- 
tiation (see Problem 2 of § 1.10) we have: 


de* die ee fe" ea = peek 2” “ 
(b) We have: 
eae (see Eq. 123) 
In z 
ae = ue (taking derivative of both sides) 
dz dz 
d In z l 
. oy = (chain and power rules; see Problem 2 of § 1.10) 
dinz dz 
nz, = = (result of part a) 
Fa = = (see Eq. 123) 


[134] The reader should also refer to Problem 14 of § 3.1 for a different proof for parts (a) and (b). 
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20. 


21. 


dlnz a 1 


dz z 

We note that this equation (as well as the equation of part c) should apply for individual (continuous) 
branches of In z with the removal of the branch cut (including the origin which is the branch point of 
In z). We should also note that this rule of differentiation is an example of the fact that the domain of 
the derivative (i.e. where it is analytic) can be larger than the domain of the original function (since 
1/z excludes the origin only while In z excludes the branch cut). However, the opposite does not occur. 
(c) Using the sum, product and power rules of differentiation (see Problem 2 of § 1.10) plus the result 
of part (b) we have: 


dz dinz dz 
Zz 


d d 
(zlnz — z) = — (zlnz) 7 =Ing 4 =Inz+z 1l=Inz+1—-1l=Inz 
z 


dz dz dz dz dz dz 
Note: it is obvious that the integration rules that correspond to the above differentiation rules are: 
ferdz=e?+C ftdz=nz+C finzdz=zmnz-—z+C 
Evaluate the following complex exponential and logarithmic integrals: 
(a) frit’ i248 de. (b) fee Ln(2?) de. (©) [rig ef dz. (d) 2 Ln(imz) dz. 
Answer: 


11474 iz+g ziti i(114+44)+8 i(—i7)+8 i11+4 15 
fa izt8 q, — | © € € e€ —e 
e€ z= : 
-i7 _i7 a a a 


=i(el — e411!) ~ —54.5976 + 13269017.1308 


be 2{(1 + 43) (1.1513 + i1.2490) — (1+ i3)| 
~ 4.2090 — 16.7063 
n/3 iz 7/3 in/3 in/4 
(c) / edz= S| = e = e€ a3 jet" a efn/s 
- t dasa i i 
=i (cos ™ + isin * Gs acs Naa Ls ws 
=1 at eae es ee =14 5) ras v 


D 5 
_ V3-v3 VvE-1 
> 2 2 


~ 0.1589 + 20.2071 


3 
(d) i Ln(imz) dz = [z Ln(inz) — zi = [3 Ln(im3) — 3] — [Ln(ia) — 1] = 3 Ln(ér3) — Ln(im) — 2 
~ 3 (2.2433 + ic) — (1.1447 + 12) — 2 ~ 3.5853 + in 


Why is the natural logarithm function not defined at the origin? 
Answer: If we use the definition of the natural logarithm function then we have: 


In(0 + 20) = log, V0? + 0? + 7 [Arg(0) + 2nz] = log, (0) + 7 [Arg(0) + 2n7] 


As we see, neither log.(0) nor Arg(0) are defined and hence the logarithm function is not defined at 
the origin. 
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22: 


23. 


Note: considering the fact that the exponential and logarithm functions are inverses (as well as the 
fact that the range of the exponential function is all z € C excluding zero; see Problem 1) we can see 
that the logarithm function should not be defined at the origin. 

Show that the points of discontinuity of the complex logarithm function are on the negative real axis 
and hence determine the branch cut of this function. 

Answer: If we follow a similar reasoning to that of Problem 10 of § 1.11 then we have (considering 
the individual branches): 


a [dmg], = ie [Inr +i(0, + 2nm)] =Inr +i(+m + 2nr) = Inr + i(2n 4 1)r 
lim [Inz] = lim [Inr+i(6,+2nm)] =Inr +i(—a + 2nm) =Inr + i(2n—-1)r 
z>—rt Op--—T 


So, the branch cut is the non-positive real axis (where the branch point z = 0 is included because In z 
is not defined at the origin as seen in Problem 21). 
Make 3D plots of the following (and comment on the plots): 


(a) The real and imaginary parts of the exponential function e* over the region —0.5 < a < 1 and 
—2r <y < Qn. 
(b) The real and imaginary parts of the principal value of the natural logarithm function Ln(z) over 
the region —2 < # < 2 and —2 < y < 2 (excluding the origin). 
Answer: 
(a) The function e* is given by (see Eq. 9): 

e? = e*t¥ — e* (cosy + isiny) = e” cosy + ie” siny 
Hence, its real part is Re(e*) = e* cosy and its imaginary part is Im(e*) = e*siny. These parts are 
plotted over the region —0.5 < x <1 and —27 < y < 27 in Figure 20. 
Comment: regarding Re(e*) = e* cosy, it is a superposition of a “wavy” cosine function in the y 
direction and an exponential function in the x direction and hence the cosine waves in the y direction 
are moderated by an exponential function in the x direction where the positive peaks and the negative 
troughs of the waves determine whether the exponential ascends or descends (i.e. rises up or drops 
down in the positive x direction). Accordingly, as we move along lines of constant x in the y direction 
we see ordinary cosine waves whose magnitudes are scaled by the constant e*, while as we move along 
lines of constant y in the positive x direction we see (ascending or descending) exponential curves but 
they become straight lines when cos y = 0, i.e. when y = (n + 5) 7. Regarding Im(e*) = e” siny, it is 
identical to Re(e*) but with a phase lag (i.e. along the y direction) of 7/2 due to the relation between 
the sine and cosine functions, i.e. sin (y + 3) = cos(y). 
(b) The function Ln(z) is given by: 


Ln(z) = log, |z| + iArg(z) = log, Vx? + y? +tarctan (2) 
av 


Hence, its real part is Re(Ln z) = log, \/u? + y? and its imaginary part is Im(Lnz) = arctan(y/z). 
These parts are plotted over the region —2 < a < 2 and —2 < y < 2 in Figure 21 (noting that the plot 
of the imaginary part has some unavoidable distortions at and around the cut). 

Comment: as we see, Re(Ln z) has circular symmetry around the origin due to the circular symmetry 
of /x? + y?. It should be noted that the plot of Im(Lnz) is based on our convention —t < 0, < 7 
(where 6, is the principal value of the argument of complex number) which we adopted earlier (see for 
instance § 1.8.2). As we see, Im(Ln z) looks like a helical cylinder or helicoid where at each fixed 6, 
a straight line emanates perpendicularly from the Im(Ln z) axis!!85! and it is parallel to the ry plane 


[135] The Im(Ln z) axis is the “z axis” noting that this z corresponds to x and y and does not mean complex number. We 


should also note that the Im(Ln z) axis that we are talking about here is the line that is perpendicular to the xy plane 
at the origin of the xy plane [unlike what appears in the plot where it is displaced to the (x,y) = (—2,2) point for 
graphical reason] : 
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24. 


25. 


(as well as being at |6,| below or above the xy plane). Accordingly, as we rotate around the Im(Ln z) 
axis starting from 0, = —a (but excluding —7 itself) and ending at 0, = 7 we ascend on a helical stair 
rising from level —7 to level 7. 

Referring to the lower frame of Figure 21, try to find a characteristic property that distinguishes the 
branch point (which is the origin) from any other point in the complex plane. 

Answer:!'361 We note that the branch point is the endpoint of the branch cut and hence it is sur- 
rounded by points that belong to the (reduced) domain of the branch from all directions except the 
left direction (i.e. the direction of the negative real axis). So, any circle enclosing the branch point is 
in the domain of the branch with the exclusion of a single point on the circle (which is the point on the 
negative real axis). In other words, the branch point cannot be enclosed by a circle that is entirely in 
the domain of the branch or by a circle that is in the domain of the branch with the exclusion of more 
than one point. This is unlike any point Pq in the domain of the branch since Py can be enclosed by 
a (potentially infinitesimal) circle that is entirely in the domain of the branch with no exclusion. This 
is also unlike any (other) point P. on the branch cut because if P. is enclosed by a sufficiently small 
infinitesimal circle then the circle will be in the domain of the branch but with the unavoidable exclu- 
sion of more than one point. Accordingly, if we traverse!!?7l any circle enclosing the branch point the 
branch becomes discontinuous at one (and only one) point. On the other hand, a point in the domain 
of the branch can be enclosed by a circle which can be traversed with no discontinuity in the branch 
while a point on the branch cut (other than the branch point) cannot be enclosed by an arbitrarily 
small infinitesimal circle that can be traversed with less than two discontinuities in the branch. 

Note 1: from the above explanation (considering a branch cut that extends to infinity as it is the case 
in our question), we can see that a circle (of arbitrary size) centered on the branch point must have 
one (and only one) discontinuity point, a circle centered on a point in the domain may have zero or one 
or two discontinuity points, and a circle centered on a point on the branch cut (other than the branch 
point) can have one or two discontinuity points. So, to ease the characterization we use arbitrarily 
small (infinitesimal) circles centered on these points. Accordingly, we can say: the branch point is the 
point that all the circles centered on it have a single discontinuity point, a domain point is a point that 
arbitrarily small infinitesimal circles centered on it have no discontinuity point, and a point on the 
branch cut (other than the branch point) is a point that arbitrarily small infinitesimal circles centered 
on it have two discontinuity points. We may also phrase the above characterization as follows: domain 
point can be enclosed by circles that are entirely in the domain, branch cut point cannot be enclosed 
by circles that are entirely in the domain but can be enclosed by circles that are in the domain with 
the exclusion of more than one point, and branch point cannot be enclosed by circles that are entirely 
in the domain and cannot be enclosed by circles that are in the domain with the exclusion of more 
than one point (and hence it can be enclosed only by circles that are in the domain with the exclusion 
of one and only one point). 

Note 2: in the above answer, we adopt a view that considers branch cut in a more natural (rather 
than conventional) way where a certain line or curve should specifically be a branch cut and this is 
determined by our definitions and conventions with regard to the function and its principal branch. In 
fact, this is not inline with the (seemingly common) view in the literature that makes the determination 
of the branch cut a rather arbitrary choice whose main purpose is to prevent crossing from one branch 
to another branch and hence restricting the function to a single value (or branch) so that it becomes 
single-valued. 

Identify the branch cut(s) and branch point(s) of f(z) = Ve? + 2. 


[136] In this answer (whose purpose is to give a rather primitive and simple idea of branch point rather than giving a rigorous 


definition), we assume that the branch cuts for all the branches are represented by a single curve (as seen in Figure 
21 which the question is based on) rather than by multiple curves and that is why we talk about “branch cut” rather 
than “branch cuts” (noting that plurality may refer to the plurality of branches or the plurality of the cut, i.e. we have 
multiple branch cuts represented by different curves as in Problem 25). Also, see Problem 21 of § 1.5 for the definition 
of branch point. We should also note that although Figure 21 belongs to the principal branch (or rather value) of In z, 
the question and the answer apply to every branch of In z (as well as to similar functions like \/z). 


[1371 Tt should be obvious that “traverse” here and in the following means performing a single 27 revolution starting and 


ending at the same point. 
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26. 


Answer: Let Z = e7+2. The branch cut of VZ is obviously Z € R and Z < 0. So, the branch cuts of f 
occur where (e*+2) € R and (e7+2) < 0, i.e. e* € Rand e* < —2. Now, e* = e*t = e*(cosy+isin y) 
and hence we have e* € R only when siny = 0 (ie. when y = mm); moreover we have e* < —2 only 
when cosy = —1 (considering the condition y = m7), i.e. when y = (2n + 1)z. On combining these 
conditions (noting that the latter satisfies the former since it is more restrictive) we get y = (2n+1)z. 
On inserting this into the relation e* < —2 we obtain: 


ettiQntl)r < Lg 
-e* < -2 
e > 2 
x > log.2 


Hence, the branch cuts are the horizontal semi-lines represented by z = x +iy = x+i(2n+1)a where 
x > log, 2 and n =0,+1,+2,:--. 

From the definition of branch point (see § 1.5 and Problem 21 of that section in particular), the branch 
points of f(z) = Ve* + 2 are z = log, 2+ i(2n + 1)a. 

What is the number of sheets of the Riemann surface of In z and why? 

Answer: It is infinite because In z has infinite number of distinct branches. 
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Re(e’) 


Figure 20: Graphic illustration of the real and imaginary parts of the complex function e* over the 
rectangular region in the z plane defined by —0.5 < x < 1 and —27 < y < 2m. See part (a) of Problem 23 


of § 2.2. 


2.2 Exponential and Natural Logarithm Functions 120 


Figure 21: Graphic illustration of the real and imaginary parts of the complex function Ln(z) over the 
rectangular region in the z plane defined by —2 < x < 2 and —2 < y < 2 (excluding the origin). As we 
see, Im(Ln z) is discontinuous along the negative real line and hence Ln z itself is discontinuous along this 
line (refer to Problem 8 of § 1.11). See part (b) of Problem 23 of § 2.2. 
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2.3 Trigonometric and Hyperbolic Functions 
The trigonometric functions of a complex number z = x + iy are defined as follows:!!*5 


e* +e e* —e sin z 


= —— i SS t = 1 1 
COS Z 5 sin z rr anz= (131) 
1 1 1 
sec z = csc z = = cot z = (132) 
COS Z sin z tan z 


Because e’* and e~** are entire functions, cos z and sin z are entire functions (see Problem 3 of § 1.5 and 
Problem 4 of § 3.1). However, this does not apply to the rest of the trigonometric functions since they 
have singularities (as can be seen from their definitions where the denominator can vanish for some values 


of z). Now, cos z is zero for the real numbers z = Gntin (see part a of Problem 14) and hence from the 
above definitions we can see that z = Gnt in are singularities for tan z and sec z, i.e. tanz and sec z are 
(2n+1)7r 


analytic for all z except for z = >. Similarly, sin z is zero for the real numbers z = nz (see part b of 
Problem 14) and hence from the above definitions we can see that z = na are singularities for csc z and 
cot Z, i.e. csc z and cot z are analytic for all z except for z = nz. 

In the same way, the hyperbolic functions of a complex number z are defined as follows: 


e* +e?” e*—e * sinh z 
hz = ——— inh z = ————_ tanh z = 1 
cosh z 5 sinh z 5 LL aaane es (133) 
h : h : th : (134) 
ch z= 3 = co = 
Seat cosh z paecis sinh z 73 tanh z 


Because e* and e * are entire functions, cosh z and sinh z are entire functions (see Problem 3 of § 1.5 and 
Problem 4 of § 3.1). However, this does not apply to the rest of the hyperbolic functions since they have 
singularities (as can be seen from their definitions where the denominator can vanish for some values of 


z). Now, cosh z is zero for the imaginary numbers z = jQntbn (see part c of Problem 14) and hence 
z= j@nte are singularities for tanh z and sech z, i.e. tanh z and sech z are analytic for all z except for 
= j@ntr Similarly, sinh z is zero for the imaginary numbers z = in (see part d of Problem 14) and 


hence z = in7 are singularities for csch z and coth z, i.e. csch z and cothz are analytic for all z except for 
z= nwt. 

There is a strong relationship between the trigonometric functions and the hyperbolic functions (as the 
above relations suggest where z in the definitions of cosh z and sinh z corresponds to 7z in the definitions 
of cosz and sinz with an added i in the denominator of sinz). This relationship will be investigated 
further in the upcoming Problems (see Problem 5 in particular). 


Problems 


1. What are the domain and range of cos z, sin z, cosh z and sinh z? 
Answer: The domain and range of these functions are all z € C. 
2. Verify that the following identities apply to complex variables (as to real variables): 


a) cos? z+sin?z=1. (b) 1+ tan? z = sec? z. 
c) cot? z+ 1= csc? z. d) cos(—z) = cos(z). 
e) sin(—z) = —sin(z). f) cos(z1 + z2) = cos 21 Cos zg — sin 2 sin 22. 


cos(z1 — 22) = Cos 21 Cos 22 + sin 21 sin 29. 21 + 22) = sin 21 cos 22 + cos 21 sin 22. 


i) sin(z1 — 22) = sin 21 cos z2 — cos 21 sin 22. cos(2z) = cos? z — sin? z. 


( 
( 
( 
( 
( 
( 


k) sin(2z) = 2cosz sin z. ( ) = fanzitianz 


= T—tan Z1 tan z2° 


[138] As seen earlier (refer to parts g and h of Problem 1 of § 1.4), the definitions of cos z and sinz (and consequently the 
other functions which are based on these functions) are in fact based on our mathematical foundations (as represented 
here by Eqs. 8 and 10) and hence they are not really definitions in the strict sense. 
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Answer: 
(a) We have: 
, ad ei 4 et 2 eit — ez 2 e224 946-122  pidz_ 94 ide 
cos” z+ sin z = - = al 
2 12 4 —4 


(b) We divide cos? z + sin? z = 1 (which we verified in part a) by cos? z (4 0) to obtain this identity. 
(c) We divide cos? z + sin? z = 1 (which we verified in part a) by sin? z (4 0) to obtain this identity. 
(d) We have:!139I 


i(—z) i(—z) iz iz 4z iz 
cos(—z) = E “4 = - = 7 = cos(z) (135) 


(e) We have: 


etl ZB) € i(—z) e7% — el? e'? — e-# 
sin Z)= " = 5 = : = sin z 
A 42 12 42 


(f) We start from the right hand side to obtain the left hand side,!!4°l that is: 


’ ‘ e'71 + e771 e'72 + e772 e'71 — et e'72 Ea e772 
COS 21] COS Z2 — SIN Zz, Sinz. = - : 
2 2 42 42 


e771 e'*2 + e'71 e '72 a e 71 e?*2 + ew e. '%2 


4 
e’71 e'?2 _ e'71 e7 2 _ e712 4 ee 2 
—4 
Qei71 e'?2 4 Qe-*1 e7t2 ei(41t22) is e7t(41 +22) 
= r = ; = cos(z1 + 22) 
(g) We obtain this identity from the identity of part (f) by replacing z2 by —z2 noting that cos(—z) = 
cos(z) and sin(—z) = —sin(z), as shown in parts (d) and (e). 
(h) We start from the right hand side to obtain the left hand side, that is: 
e'71 _ e771 e'72 ae e772 e'71 he eo e'72 _ e772 
sin Zz] COS Z2 + cos z, sinzg = + 
e'71 e'72 + e71 e7 #2 _ eo e'72 s- e771 e772 
= 
i4 
e'71 e'72 a et e772 ae e771 e!22 — e 1e7 2 
14 
2ei7A e'?2 _ Qe-*1 e7t2 ei(41t+22) = e741 +22) 
= i = rm = sin(z1 + 22) 


(i) We obtain this identity from the identity of part (h) by replacing z2 by —z2 noting that cos(—z) = 
cos(z) and sin(—z) = —sin(z), as shown in parts (d) and (e). 
(j) We use the identity of part (f) with z1 = zo = z, that is: 

cos(2z) = cos(z + z) = cos z cos z — sinz sin z = cos? z — sin? z 


(k) We use the identity of part (h) with z, = z2 = z, that is: 


sin(2z) = sin(z + z) = sinz cosz+cosz sinz = 2cosz sin z 


1139] This identity was verified earlier (see part b of Problem 1 of § 1.4) using another method. This also applies to the 
identity of part (e) which was verified in part (c) of Problem 1 of § 1.4. 

[140] Ty fact, this is not necessary but it is for clarity because we can reverse the following steps (and hence we start from 
the left to obtain the right). 
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(1) We start from the right hand side to obtain the left hand side, that is: 


sin 21 sin z2 sin z1 COS 22+Cc0s 21 sin z2 


tanzi+tanz2 — cosa) 1 cosza __ COR ZL COR ES __ Sin 21 COS Z2 + COS 21 Sin Z2 
1 — tan z; tan z2 1 nos a oo a SOBA1 ces Sure COS Z1 COS Z2 — Sin Zj sin zg 
sin(z, + 22) 


= TO ta + 
cos(z1 + z2) n(zi + 22) 


where we used the identities of parts (f) and (h). 
3. Verify the following identities: 


(a) (cos z)" = cos 2*. (b) (sin z)* = sin z*. (2) (tanz)” = tane® 
(d) (sec z)* = sec 2*. (e) (csc z)* = csc 2*. (f) (cot z)* = cot 2*. 
Answer: We use the rules of conjugation that we established in § 1.8.8 and elsewhere (see for example 
part b of Problem 3 of § 2.2) as well as rules that we establish in the present Problem. 


—iz\* tz —iz\* iz\* —iz)* (iz)* (-iz)* 
(a) (cosz)" = (=) ee ee ed 2 a ee a 


2* 2 2 
eve +4 ez ez +4 eis" 
= 5 a 5 = cos 2" 
to) teinayt = (SEE) = ety _ ey = (ot) _ = ot 
S —— —————_ = — = 
re i2 (i2)" 12 12 
ewe ei" e'? — ent 
= ; = = sin 2* 
—12 42 
r sin z (sinz)* sin z* F 
(c) (tanz)" = = y= = tanz 
COs Z (cos z) cos 2* 
Ley 1* 1 
d) (secz)* = = = = sec 2* 
dy (geez) (=) (cos z)" cos 2* ‘ 
a el al 1 
(e) (ee = (FL) = = eee" 
sin z (sin z) sin 2* 
ao ts 1* 1 
(f) (cot z)" = = z= = cole: 
tan z (tan z) tan z* 
4. Verify that the relations e'” = cosz+isinz and e-’* = cosz—isinz are consistent with the relations 
cosz = *+2— and sinz = =o. 


Answer: If we start from the relations e’* = cos z + isin z and e~** = cosz — isin z then we have: 


e* +e" (cosz +isinz)+(cosz—isinz)  2cosz 
= = = cos z 
2 2 2 
e* —e (cosz+isinz)—(cosz—isinz) i2sinz 
——— = - = — = sin z 
12 42 72 
On the other hand, if we start from the relations cos z = ete and sinz = —— then we have: 
fae el’ no e7 el = ee e’2 LL ev ec’ —e% Je re 
cosz+isinzg = + 4 - = a =e 
2 i2 2 2 2 
a. e'% +e ef — e ec +e-# e!% — e-# 2e-% ey 
cosz—isinzg = i - — = =e 
2 i2 2 2 2 


So, these relations are consistent. 
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5. Verify the following relations between the trigonometric and hyperbolic functions: 
(a) cos(iz) = cosh z and cosh(iz) = cos z. 
(b) sin(iz) = ¢sinh z and sinh(tz) = isin z. 
(c) tan(tz) = 7 tanh z and tanh(iz) = itan z. 
(d) sec(iz) = sech z and sech(iz) = sec z. 
(e) esc(iz) = —icsch z and esch(iz) = —icsc z. 
(f) cot(iz) = —icoth z and coth(iz) = —icot z. 
Answer: We just use the definitions of the trigonometric and hyperbolic functions (as given in the 
text by Eqs. 131 and 132 and Eqs. 133 and 134) and results that we establish in the present Problem. 
(a) 
i(iz) —i(iz) —z z 
cos(iz) = E = ae cosh z (136) 
cosh(iz) = ss _ = cos z 
(b) 
(iz) _ ,—i(iz) —zZ _ 42 —z_ 72 Zz z 
sin(iz) = > = 5 ere 5 Sai = isinhz 
sinh(tz) = = =e = = isin z 
(c) 
vay path 
tan(iz) = smn) — (SS = itanhz 
cos(iz) cosh z 
h(i Sass 
tanh(iz) = ae 2) = (SY = itanz 
cosh(iz) —-cosz 
(d) 
(iz) h 
sec(tz) = —M—— = —— =sechz 
cos(iz) cosh z 
1 1 
h(iz) = —~=—= 
scene) cosh(iz)  cosz pee 
(e) 
1 1 1 
) = = = = } h 
Coe lte) sin(iz)  isinhz “sinh z wee The 
1 lt 1 
esch(tz) = ~~ = —— = -i—— =~ icsez 
sinh(iz)  isinz sin z 
(f) 
1 1 1 
t (4 = = i coth 
cone) tan(iz)  itanhz “tanh z ad 
1 1 1 
coth(iz) —~=- = = —icotz 
tanh(iz)  itanz tan 
6. Summarize (in words) the relations given in Problem 5. 


Answer: These relations can be compactly 


stated as follows: 


The trigonometric/hyperbolic function of iz is equal to the corresponding hyperbolic/trigonometric 
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function of z multiplied by: 
e i if the former contains (explicitly or implicitly) sin/sinh in the numerator. 
e —i if the former contains (explicitly or implicitly) sin/sinh in the denominator. 
e 1 otherwise. 
7. Verify the following identities (which are related to the hyperbolic functions and their relation to the 
trigonometric functions) noting that z = «+ iy with x,y € R: 


a) cosh? z — sinh? z = 1. 
b) 1 — tanh? z = sech?z. 
c) coth? z — 1 = csch?z. 
d) cosh(—z) = cosh(z). 
e) sinh(—z) = — sinh(z). 


i) sinh(z, — z2) = sinh 2; cosh z2 — cosh 2, sinh z2. 


f) cosh(z1 + 22) = cosh z1 cosh zg + sinh 2; sinh z2. 
g) cosh(z1 — 22) = cosh z; cosh zg — sinh 2; sinh 2. 


y) sinh(z, + 22) = sinh 21 cosh zg + cosh z, sinh Zo. 


1) cosz = cosx coshy — isin sinh y. 
m) sin z = sinx coshy + icosz sinh y. 
2 2 : 2 
n) |cos z|° = cos* x + sinh” y. 
2 2 : 
0) |cos z|° = cosh? y — sin? x. 


ath ioe ats : 
p) |sin z|° = sin? x + sinh? y. 
r) coshz = coshaz cosy +isinhz sin y. 


t 


) 
s) sinh z = sinha cosy +icoshz siny. 
) cost = cosh 1. 


) sint = ¢sinh1. 


( 
( 
( 
( 
( 
(q) |sin z|? = cosh? y — cos? «. 
( 
( 
( 
(u 
(v 


j) cosh(2z) = cosh? z + sinh? z. 
(k) sinh(2z) = 2cosh z sinh z. ) tanh(z1 + z2) = ee ETE, 


Answer: Due to the relationships between the trigonometric and hyperbolic functions (which were 
established in Problem 5) these identities can be obtained from similar trigonometric identities (see 
for instance Problem 2) as we indicated in the answer of some parts of the present Problem. However, 
for the sake of diversity and independence we generally use different methods (also see Problems 9 and 
10). 

(a) We have: 


z —z\2 z —z\ 2 2z —2z 2z —2z 
+e e* —e e* +2+e e-7 —2+€e 4 
cosh Zz sinh’ z ( 5) A A A 


(b) We just divide cosh? z — sinh? z = 1 (which is verified in part a) by cosh? z (4 0) to obtain this 
identity. 
(c) We just divide cosh? z — sinh? z = 1 (which is verified in part a) by sinh? z (4 0) to obtain this 
identity. 


(d) We have: 
(—z) —(-z) z —zZ 
cosh(—z) = e ace see cosh(z) 
2 2 
(e) We have: 
e(-*) — e-(-2) e* =, e* 
sinh(—z) = 5 = 5 = — sinh(z) 
(f) We start from the right hand side to obtain the left hand side, that is: 
21 TFL 22 22 Z1 _ e771 22 __ e—%2 
cosh 2; cosh zg + sinh z; sinhzg = saa ooo + . = . = 
2 2 2 2 
e21t22 + e717 72 + e771 bZ2 4 e722 


e%1t22 _ 971722 _ e7%1+22 4+ e7 71722 


4 
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Jezit22 4 Pe-71- 72 ezitz2 + e7 @itz2) 
= Fi = 5 = cosh(z, + 22) 


(g) We obtain this identity from the identity of part (f) by replacing z2 by —z2 noting that cosh(—z) = 
cosh(z) and sinh(—z) = — sinh(z), as shown in parts (d) and (e). 
(h) We start from the right hand side to obtain the left hand side, that is: 


e71 = é 7 e772 + e.*2 e71 af e 71 e*2 ==) e*2 
inh sh hzsinhz. = 
sinh z; cosh z2 + cosh Zz; sinh Zz ( 9 )( 5} ) ( 9 Je 5} ) 


C2122 + e71-72 —e 21422 _ e771 22 


4 


e%1t22 _ 971722 + e771+22 _ e741 22 


4 
Qer%1t22 _ Vez -22 ez1t22 — e—(41+22) 


— 1 = 5} = sinh(z1 + 22) 


(i) We obtain this identity from the identity of part (h) by replacing z2 by —z2 noting that cosh(—z) = 
cosh(z) and sinh(—z) = — sinh(z), as shown in parts (d) and (e). 
(j) We use the identity of part (f) with z1 = zg = z, that is: 

cosh(2z) = cosh(z + z) = cosh z cosh z + sinh z sinh z = cosh? z + sinh? z 


(k) We use the identity of part (h) with z, = z2 = z, that is: 


sinh(2z) = sinh(z + z) = sinh z cosh z + cosh z sinh z = 2 cosh z sinh z 


(1) We have: 
ec a et ei(e+iy) +4 e i(a+iy) e'®e-Y A. et ey 
cosz = 5 = 5 = 5 

_ (cosx+isinz)e"4 +(cosx—isinz)e’  e ¥cosz+ieYsing + e¥ cosx — te¥ sing 

7 2 - 2 
e Ycosx+e%cosx .e ¥sing —e¥sinae evyt+te¥ ., e%¥-—e¥ 

= 5} +2 5 = COS Xx 5 2sin x 5 

= cosx coshy —isinaz sinhy (137) 


Note: we may also use the identity cos(z1 + z2) = cos z1 Cos 22 — sin 21 sin z2 (see part f of Problem 2) 
plus the identities cos(¢z) = cosh z and sin(iz) = isinh z (see parts a and b of Problem 5), that is: 


cos z = cos(x + iy) = cos x cos(iy) — sinx sin(iy) = cosx cosh y — ising sinhy 


(m) We have: 
: e'% — e- ei(a+ty) = et(atiy) et e-Y — e-i® ey 
snzg = z = ; = : 
12 42 42 
(cosa +isinx)e~¥ — (cosa —isina)eY  eY¥cosa+ie~¥ sina — e¥ cosa 4+ ieY sina 
12 12 
—te Ycosz +e -¥sinaz + r1e¥ cosx + e¥ sin x TR a eer eu en! 
= = sinx + 2COS X 
2 2 2 
= sinaz coshy +icosz sinhy (138) 


Note: we may also use the identity sin(z; + z2) = sin z1 cos zg + cos 21 sin Z2 (see part h of Problem 2) 
plus the identities cos(¢z) = cosh z and sin(iz) = isinh z (see parts a and b of Problem 5), that is: 


sin z = sin(x + iy) = sin x cos(iy) + cosx sin(iy) = sinx coshy +icosz sinhy 
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(n) We use the identities of part (1) and part (a) and the identity cos? 2 + sin? 2 = 1, that is: 


|cos 2|* = cos? x cosh? y + sin? # sinh? y = cos” x (1+ sinh? y) + sin? x sinh? y 
= cos*x + (cos? x + sin” x) sinh? y = cos” x + sinh” y 
Note: this result indicates that |cos z| can be greater than 1 (unlike its real counterpart |cosz|). In 
fact, |cos z| can take any real non-negative value (inline with the fact that cos z can take any complex 


value). 
(o) We use the identities of part (1) and part (a) and the identity cos? x + sin? 2 = 1, that is: 


2 2 : 12 2 . 2 
|cos 2| cos” x cosh” y + sin? x sinh? y = cos” x cosh? y + sin? x (cosh* y — 1) 


= (cos? x +sin? x) cosh? y — sin? 2 = cosh” y — sin? x (139) 
(p) We use the identities of part (m) and part (a) and the identity cos? x + sin? ¢ = 1, that is: 
jsinz|?> = sin? x cosh? y + cos” x sinh” y = sin? x (1 + sinh? y) + cos? x sinh? y 
= sin?at (sin? x + cos” x) sinh” y = sin? x + sinh? y 
Note: this result indicates that |sin z| can be greater than 1 (unlike its real counterpart |sinz|). In 
fact, |sin z| can take any real non-negative value (inline with the fact that sin z can take any complex 


value). 
(q) We use the identities of part (m) and part (a) and the identity cos? 2 + sin? x = 1, that is: 


|sin z|° = sin? x cosh” y + cos” x sinh? y = sin? x cosh? y + cos? « (cosh? yr 1) 
= (sin? x + cos” 2) cosh? y — cos” 7 = cosh? y — cos? x (140) 
(r) We have: 
: ee +e7* ertiy cI e7 (t+ty) er el¥ A e~te-ty 
coshz = 5 = 5 - 5 
_ e*(cosy+isiny) +e~*(cosy—isiny) _ e* cosy +ie* siny + e~* cosy — ie~* siny 
7 2 - 2 
ete? e* —e* 


= 5 cosy +4 siny = coshz cosy +isinhz siny (141) 


2 


Note: we may also use the identity cosh(z1 + z2) = cosh z; cosh zg + sinh z; sinh z2 (see part f) plus 
the identities cosh(iz) = cos z and sinh(iz) = isin z (see parts a and b of Problem 5), that is: 


cosh z = cosh(# + iy) = cosh x cosh(y) + sinha sinh(iy) = cosh cosy + isinhz siny 


(s) We have: 
be. ez —e-2 ettiy _ e7 (etiy) er el¥ — e-%e-t 
maz = = = 
2 2 2 
_ e*(cosy +isiny) —e~*(cosy—isiny) _ e* cosy tie* siny — e~* cosy + ie~* siny 
a 2 2 
cv —z@ j x + fees 7 . . . . 
= 008 y + iS — siny = sinhx cosy +icosha siny (142) 


Note: we may also use the identity sinh(z; + z2) = sinh 2; cosh zg + cosh 2; sinh z2 (see part h) plus 
the identities cosh(iz) = cos z and sinh(iz) = isin z (see parts a and b of Problem 5), that is: 


sinh z = sinh(« + ty) = sinh cosh(ty) + cosh sinh(iy) = sinha cosy + icoshz sin y 
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(t) This is an instance of the relation cos(tz) = cosh z (with z = 1) which we verified in part (a) of 
Problem 5. 

(u) This is an instance of the relation sin(tz) = isinh z (with z = 1) which we verified in part (b) of 
Problem 5. 

(v) We start from the right hand side to obtain the left hand side, that is: 


sinhz, , sinh z2 sinh z; cosh z2+cosh z, sinh z2 

tanh Zy+ tanh a) a cosh z; | cosh zo i cosh z1 cosh z2 
ay , sinhz; sinhz2 ~~ cosh z; cosh z2+sinh z; sinh z2 

1 20 tanh 41 tanh 2 1 " cosh z1 cosh za cosh z1 cosh z2 


- sinh z1 cosh zg + cosh Zz sind 22 sinh(z; + z2) _ ene eea (143) 
cosh 2; cosh z2 + sinh z; sinh z2_ — cosh(z1 + 22) 


Try to use some of the identities of Problem 7 to justify the relations: 
cos(iz) = cosh z cosh(iz) = cos z sin(iz) = ¢sinh z sinh(iz) = isin z 
Answer: If we inspect the relations: 


cosz = cosx coshy — ising sinhy (144) 
coshz = coshz cosy+isinhz siny (145) 


and compare them we can see that Eq. 145 can be obtained from Eq. 144 by multiplying z in 
Eq. 144 with i (noting the shift of x and y to —y and «x as real and imaginary parts) and hence 
cos(iz) = cosh z, while Eq. 144 can be obtained from Eq. 145 by multiplying z in Eq. 145 with i and 
hence cosh(iz) = cos z. Similarly, if we inspect the relations: 


sinz = sinz coshy+icosz sinhy (146) 


sinhz = sinhz cosy+icoshz siny (147) 


and compare them we can see that Eq. 147 can be obtained from Eq. 146 by multiplying z in Eq. 146 
with 7 (noting the shift of x and y to —y and « as real and imaginary parts) followed by dividing the 
result by ¢ and hence sin(iz) = isinh z, while Eq. 146 can be obtained from Eq. 147 by multiplying z 
in Eq. 147 with i followed by dividing the result by i and hence sinh(iz) = isin z. 

Suggest a method for obtaining hyperbolic identities from trigonometric identities by using the rela- 
tionships between trigonometric and hyperbolic functions (as given in Problem 5). 

Answer: We simply take an established trigonometric identity (as a function of iz)!'4" and replace 
the trigonometric functions in that identity by their corresponding hyperbolic functions (as given in 
Problem 5). 

Note: the above method can be used (in reverse) to obtain trigonometric identities from hyperbolic 
identities. 

Verify some of the identities of Problem 7 using this time the method suggested in Problem 9. 
Answer: For example: 

(a) From the identity cos? z + sin? z = 1 (see part a of Problem 2) plus cos(iz) = cosh z and sin(iz) = 
isinh z (see parts a and b of Problem 5) we get: 


cos?(iz) + sin’(iz) = 1 
cosh? z+7?sinh?z = 1 
cosh? z—sinh?z = 1 


141] The purpose of taking the trigonometric identity as a function of iz is to obtain a hyperbolic identity as a function of z 


(as can be seen from the relations of Problem 5). We should also note that some manipulation (regarding for example 
i) may be required to put the obtained hyperbolic identity in its final (recognized) form. These issues will be clarified 
in the examples of Problem 10. 
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which is the identity of part (a) of Problem 7. 
(b) From the identity 1+ tan? z = sec? z (see part b of Problem 2) plus tan(iz) = itanhz and 
sec(iz) = sechz (see parts c and d of Problem 5) we get: 


1+tan?(iz) = sec?(iz) 
1+ tanh?z = sech?z 
1—tanh?z = sech?z 


which is the identity of part (b) of Problem 7. 


(c) From the identity cot? z+ 1 = csc? z (see part c of Problem 2) plus cot(iz) = —icothz and 
csc(iz) = —icsch z (see parts e and f of Problem 5) we get: 
cot?(iz) +1 = csc? (iz) 
(—i)? coth?z+1 = (—i)?csch?z 
—coth?z+1 = —-csch?z 
coth?z—1 = csch?z 


which is the identity of part (c) of Problem 7. 

Note: the use of this method in reverse can also be exemplified by the above examples (in reverse), 
that is: 

(a) From the identity cosh? z — sinh? z = 1 (see part a of Problem 7) plus cosh(iz) = cosz and 
sinh(tz) = isin z (see parts a and b of Problem 5) we get: 


cosh?(iz) — sinh?(iz) = 1 
cos? z—(i)?sin?z = 1 
cos?z+sin?z = 1 


(b) From the identity 1 — tanh? z = sech?z (see part b of Problem 7) plus tanh(iz) = itanz and 
sech(iz) = sec z (see parts c and d of Problem 5) we get: 


1—tanh?(iz) =  sech?(iz) 
1—(i)*tan?z = sec*z 
1+tan?z = sec?z 
(c) From the identity coth? z — 1 = csch”z (see part c of Problem 7) plus coth(iz) = —icot z and 
csch(iz) = —icscz (see parts e and f of Problem 5) we get: 
coth?(iz) 1 =  esch?(iz) 
(—i)? cot? z-1 = (-#)* esc? z 
—cot?z-1 = —csc?z 
cot?z+1 = csc?z 
11. Verify the following identities: 
(a) (cosh z)* = cosh z*. (b) (sinh z)* = sinh z*. (¢) (tank 2)" = tanh2* 
(d) (sech z)* = sech z*. (e) (csch z)* = esch 2*. (f) (coth z)* = coth 2*. 


Answer: We use the rules of conjugation that we established in § 1.8.8 and elsewhere (see for example 
part b of Problem 3 of § 2.2) as well as rules that we establish in the present Problem. 


€ ve ) he +e) _ (e’) +(e”) _é ve See 


(a) (cosh z)* = mT 5 
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(b) (eink 2)" = (—$ =) Me = 2)* _ (e*)* ala _ a aes iy 
ota = (sth) = be = Ae 
ig: Soest = (<i) - - “cosh 7 cone eee 
fe): epee )"= (siz) = 7. any = Sia zt ne 


1* 1 
f thz)" = = = coth z* 
Keath) (ar Z its (tanhz)" — tanh z* ae 


Note: the above identities can also be obtained from the trigonometric identities of Problem 3 with 
the aid of the relations between the trigonometric and hyperbolic functions which were established in 
Problem 5. For example: 


(cosh z)" = [cos(iz)]* = cos(iz)* = cos(—iz*) = cos(iz*) = cosh z* 


On the other hand, the identities of Problem 3 can be obtained from the identities of the present 
Problem with the aid of the relations between the trigonometric and hyperbolic functions which were 
established in Problem 5. 

12. As a direct consequence of the strong relationship between the trigonometric and hyperbolic functions, 
it is suggested (as a practical rule) that all the identities of the real hyperbolic functions can be obtained 
from corresponding trigonometric identities by replacing any squared sinel!'4?! (whether explicit or 
implicit) in the trigonometric identities by the negative of its hyperbolic form (as well as replacing 
the other trigonometric functions by their corresponding hyperbolic functions, i.e. cos to cosh, sin to 
sinh, tan to tanh and so on).!!431_ This rule similarly applies to the reverse, i.e. all the identities of 
the real trigonometric functions can be obtained from corresponding hyperbolic identities by replacing 
any squared hyperbolic sine (whether explicit or implicit) in the hyperbolic identities by the negative 
of its trigonometric form (as well as replacing the other hyperbolic functions by their corresponding 
trigonometric functions).!'44) 

Justify this suggestion. 

Answer: This suggestion is based on (and is an instance of) the method of Problem 9 because if we 
look to the trigonometric functions of iz in the list of Problem 5 (i.e. those on the left of the list) 
we find that all those functions involving sin explicitly or implicitly are equal to i (or —i) times a 
corresponding hyperbolic function of z. Now, since we are presumably dealing with real hyperbolic 
functions then z should be real (say z = x) and all i’s should be either in a squared form (so that 
they vanish)!'45] or they are on both sides (so that they cancel) and this should lead to the above 
suggested practical rule. Regarding the functions that do not involve sin explicitly or implicitly in the 
trigonometric identity, they do not contribute an 7 factor that needs to be considered and hence they 
are just replaced by their corresponding hyperbolic form (without affecting the suggested rule). 

This justification also applies to the reverse because if we look to the hyperbolic functions of iz in 
the list of Problem 5 (i.e. those on the right of the list) we find that all those functions involving 
sinh explicitly or implicitly are equal to i (or —7) times a corresponding trigonometric function of z. 


142 
143 


“Squared sine” here should mean more generally “product of sines”. 

For example, from the trigonometric identity cos? «+sin? « = 1 we can obtain the hyperbolic identity cosh? x—sinh? x = 
1 (for real x) immediately by using this rule. Similarly, from the trigonometric identity cos(a1 + x2) = cos x1 cos x2 — 
sin x1 sin 2 we can obtain the hyperbolic identity cosh(xz1 + x2) = cosh x1 cosh x2 + sinh x, sinh x2 by using this rule. 
For example, from the hyperbolic identity cosh? «—sinh? x = 1 we can obtain the trigonometric identity cos? c+sin? « = 
1 (for real x) immediately by using this rule. Similarly, from the hyperbolic identity cosh(a#1 + x2) = cosh x1 cosh x2 + 
sinh x1 sinh x2 we can obtain the trigonometric identity cos(#1 + x2) = cos %1 cos x2 — sin x1 sin x2 by using this rule. 
Or “should be raised to even powers” to be more general (noting that any even power can be split to product of squares, 


e.g. i4 = i? x i?), 


144 
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131 


Now, since we are presumably dealing with real trigonometric functions then z should be real (say 
z = 2) and all i’s should vanish (by squaring) or cancel (from the two sides) and this should lead to 
the same practical rule. Regarding the functions that do not involve sinh explicitly or implicitly in 
the hyperbolic identity, they do not contribute an i factor and hence they are just replaced by their 


corresponding trigonometric form (without affecting the rule). 
Find the values of the following: 


(a) cos(—iz). (b) cos(5 — 73). (c) sin(74) (d) sin(e? + iV7). 
(e) tan(—78). (f) tan(6 — 2). (g) sec(V13 + 2) (h) csc(—0.4 — 1.6). 
(i) cot(—2.2 + 7). (j) cosh(—iV/11). (k) cosh(a — im). (1) sinh(ze). 

(m) sinh(7? + ie). (n) tanh(0.95 + i,/e). (0) sech(1 — im) (p) csch (5.2 + 73). 
(q) coth(/17 + iz). (r) cos?(i’). (s) /sin(73) (t) coth(1 +). 
ae are several ways for calculating this (as well as the other parts although we demonstrate 


this only for this part). For example: 


e'(-in) + e-i(-in) = e™ +e-7 
2 7 2 


cos(—iz) 


= cosh(7) ~ 11.5920 (using Eqs. 131 & 133) 


cos(—im) = cos(t7) = cosh(z) (using Eqs. 135 & 136) 


cos(—im) = cos(0 — im) = cos(0) cosh(—7) — i sin(0) sinh(—7) = cosh(—7) (using Eq. 137) 
(b) We use the identity cos z = cosx coshy — isin sinh y (see Eq. 137), that is: 
cos(5 — 73) = cos(5) cosh(—3) — isin(5) sinh(—3) ~ 2.8558 — 79.6064 

(c) We use the identity sin(iz) =7sinh z (see part b of Problem 5), that is: 

sin(i4) = isinh 4 ~ 127.2899 
(d) We use the identity sin z = sinxz coshy + icosx sinhy (see Eq. 138), that is: 

sin(e? + iV7) = sin(e?) cosh(V7) + i cos(e”) sinh(V7) ~ 6.3307 + 13.1437 
(e) We use the identity tan(iz) = i tanh z (see part c of Problem 5), that is: 
tan(—i8) = itanh(—8) ~ —71.0000 

(f) We use the definition of tan z plus Eqs. 137 and 138, that is: 


jenleens 2 sin(6—7%) _ sin(6) cosh(—1) + icos(6) sinh(—1) 
ane): =e (6 ay cos(6) cosh 1) esin(6) anh) 


—0.4312 — i1.1284 
iseSisee 


(g) We use the definition of sec z plus Eq. 137, that is: 


1 1 1 
sec(V13+72) = = AS 
( ’ cos(V¥13+7) — cos(vV13) cosh(1) — isin(V13) sinh(1) = —1.8799 + 70.5259 


—1.3799 — 10.5259 
~ —0.632 10.2411 
> 1808 0.6328 — 20 


(h) We use the definition of csc z plus Eq. 138, that is: 


1 1 
sin(—0.4—71.6) — sin(—0.4) cosh(—1.6) + icos(—0.4) sinh(—1.6) 


csc(—0.4— 71.6) = 
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1 —1.0037 + i2.1880 
—1.0037 — 12.1880 5.7950 Re a 


(i) We use the definition of cot z plus Eqs. 137 and 138, that is: 


cos(—2.2+%) _ cos(—2.2) cosh(1) — isin(—2.2)sinh(1) | —0.9081 + 70.9501 
sin(—2.2+7)  sin(—2.2) cosh(1) + icos(—2.2) sinh(1) ~ —1.2476 — 10.6916 
(—0.9081 + i0.9501)(—1.2476 + 10.6916) 0.4758 — 71.8134 


& eS ~ 0.2338 — 10.8912 
2.0348 2.0348 : 


(j) We use the identity cosh(iz) = cos z (see part a of Problem 5), that is: 


cot(—2.2+%) = 


cosh(—iV11) = cos(—V11) = cos V11 ~ —0.9847 

(k) We use the identity cosh z = coshx cosy +isinhx siny (see Eq. 141), that is: 

cosh(m — im) = cosh(m) cos(—7) + isinh(z) sin(—7) = — cosh(m) ~ —11.5920 
(1) We use the identity sinh(¢z) = isin z (see part b of Problem 5), that is: 

sinh(te) = isine ~ 20.4108 

(m) We use the identity sinh z = sinhx cosy +icoshz siny (see Eq. 142), that is: 

sinh(x? + ie) = sinh(x?) cos(e) + icosh(z”) sin(e) ~ —8813.5900 + 13970.9589 
(n) We use the definition of tanh z plus Eqs. 141 and 142, that is: 


sinh(0.95 + i/e) _ sinh(0.95) cos(./e) + i cosh(0.95) sin(/e) 
cosh(0.95 + %,/e) — cosh(0.95) cos(,/e) + i sinh(0.95) sin(./e) 
—0.0856 + 21.4817 (—0.0856 + 71.4817)(—0.1157 — 11.0961) 


—0.1157 + 11.0961 ~~ 1.2149 
1.6341 — 20.0776 


(o) We use the definition of sech z plus Eq. 141, that is: 


tanh(0.95 + iv/e) 


1 1 1 
h(1 — im) = = = ~ —0.6481 
seen an) cosh(1—im)  cosh(1)cos(—7) + isinh(1)sin(—7) | —cosh(1) eee 


(p) We use the definition of csch z plus Eq. 142, that is: 


T 1 1 
h{5.2+%7= = = 
ih ( +45) sinh (5.2+42)  sinh(5.2) cos(x/2) + icosh(5.2) sin(m/2) 
1 : 


(q) We use the definition of cothz plus Eqs. 141 and 142, that is: 


: — cosh(V17 + im) — cosh(/17) cos() + isinh(V17) sin(w) _ —cosh(v/17) 
a sinh(\V17-4+ in) sinh(x/17) cos(x) + icosh(/17)sin(n)  —sinh(/17) 
cosh(V/17) = = 
eas al coth(V17) ~ 1.0005 


(r) Considering the principal value, we have i’ = e~*/? (see Eq. 106). Hence: 


cos?(i") = cos?(e~7/?) ~ 0.9574 
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(s) We use sin(iz) = isinh z (see part b of Problem 5) plus Eq. 102, that is: 


mae Sar mee a = ey Ox canes 7 _ ,_{ vsinh3 _.vsinh3 
sin(i3) = Visinh3 = Vivsinh = (F135) vei = 4( i 4 Ji 


~ +(2.2381 + 12.2381) 


(t) We use the definition of cothz plus Eq. 143 and tanh(iz) =itanz (see part c of Problem 5), that 
is: 


_ 1 _ 1+tanh(1)tanh(?) | 1+7tanh(1) tan(1) 
tanh(1+7)  tanh(1)+ tanh(i) —— tanh(1) +7 tan(1) 
Solve the following equations (for z € C): 


coth(1 + i) ~ 0.8680 — i0.2176 


(a) cosz = 0. (b) sinz = 0. (c) cosh z = 0. 
(d) sinh z = 0. (e) cosz = 3. (f) 2sin(iz) = 1. 
Answer: 


(a) We have cos z = cosx coshy —isin« sinh y (see Eq. 137) and hence if cos z = 0 then both the real 
and imaginary parts should be zero. Now, from the real part we have cos x cosh y = 0 which leads to 
cos x = 0 (since coshy 4 0 noting that y is real) and hence x = Gntin (with n being integer). Also, 
from the imaginary part we have sinx sinh y = 0 which leads to sinh y = 0 (since sin te # 0) and 


Qntie (which represents the zeros of cos z which are all 


hence y = 0. Accordingly, the solution is z = 
real). 

(b) We have sin z = sin coshy+icosa sinhy (see Eq. 138) and hence if sin z = 0 then both the real 
and imaginary parts should be zero. Now, from the real part we have sin x cosh y = 0 which leads to 
sinxz = 0 (since cosh y 4 0 noting that y is real) and hence x« = na (with n being integer). Also, from 
the imaginary part we have cosx sinhy = 0 which leads to sinhy = 0 (since cosna 4 0) and hence 
y =0. Accordingly, the solution is z = na (which represents the zeros of sin z which are all real). 

(c) We have cosh z = cos(iz) and hence coshz = 0 is equivalent to cos(iz) = 0. So, from the re- 


— (2n+1)7 
FD 


sult of part (a) we get i and hence the solution (which represents the zeros of cosh z) is 


A= ageats which is equivalent to z = joe (noting that n is integer). So, the zeros of cosh z 
are all imaginary. 

(d) We have sinh z = —isin(tz) and hence sinh z = 0 is equivalent to sin(¢z) = 0. So, from the result 
of part (b) we get iz = nz and hence the solution (which represents the zeros of sinh z) is z = —ina 


which is equivalent to z = ina (noting that n is integer). So, the zeros of sinh z are all imaginary. 
(e) From the definition of cos z (see Eq. 131) we have: 


ec’? + e7 
a 3 
2 
e* +e *%—6 = 0 
ef? — Ge! +1 0 (xe’* 40) 


So, from the quadratic formula we have e’? = S=v3e-4 vas—4 = 3+42V2 and hence: 


iz = In(3+2V2) 


iz = log.(3+2V2) + i2na 
z = —ilog,(3+2V2) + 2nr 
z = nw +Filog,(3+2V2) 


where the last step is based on the fact that log,(3 — 2/2) = —log,(3 + 2/2) (see note). 
Note: we have: 


—2V2 
log,(3 —2V2) = log, 4) = log, 


3-2/2 os, ( 1 ) 
Giay2) G22) NER 
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= log, (3 + 2v2) = — log, (3 + 2v2) 


(f) From the definition of sin z (see Eq. 131) we have: 


i(iz) _ p,—i(iz) 
pee See Sg 
12 


e* —e? -1 = 0 (xe* #0) 


So, from the quadratic formula we have e* = + a wal v5 and hence: 


1+v5 1+v5)\_. 1-v5 
z=In 5 = log, 5 +72nT or z=In 5 = log, 


Verify the periodicity of cos z and sin z and find the period. 

Answer: This is a good example of a matter that can be verified by numerous methods. So, let 
demonstrate this by presenting some of these methods in the following points: 

e If sinz is periodic then for a given complex constant C' we should have sin(z + C) = sinz. Now, 
if zg = 0 then sinC = 0 and hence from the result of part (b) of Problem 14 we know that C = ma 
for a given positive integer m which is the lowest positive integer that achieves periodicity (according 
to the definition of period). So, let try the positive integers starting from 1. From the equation 
sin(z1 + 22) = sin 2 cos 22 + cos z1 sin 22 (which we verified in part h of Problem 2) with m = 1 and 
hence C' = 7, we get: 


sin(z + 7) = sinzcos7 + cos zsina = —sinz £ sinz 
in general. If we repeat this with m = 2 and hence C' = 27 we get: 
sin(z + 27) = sin zcos 27 4+ cos z sin 2m = sin z 


So, sin z is periodic with a period C' = 2x. The periodicity of cosz can then be inferred from the 
periodicity of sin z because (see part h of Problem 2): 


‘ T ; Tv J 
sin (e+ *) = sin zcos = + cos zsIn = = COS z 
2 2 2 
which implies that cos z is an identical copy of sin z (but with a phase shift of 7/2) and hence if sin z 
is periodic with a period C' = 27 then cos z should also be periodic with a period C = 27. 


e From Eq. 137 we have: 


cosz = cosa coshy —isinz sinhy = cos(a + 27) coshy — isin(x + 27) sinhy 
= cos(a% + 2a + iy) = cos(z + 27) 


and hence cos z is periodic with a period of 27. Similarly, from Eq. 138 we have: 


sing = sing coshy+icosz sinhy = sin(# + 27) coshy +7cos(x + 27) sinhy 
= sin(# +27 + ty) = sin(z + 27) 


and hence sin z is periodic with a period of 27. 
e We can also use the relations of parts (f) and (h) of Problem 2 directly, that is: 


cos(z +27) = coszcos2m —sinzsin27 = cos z 


sin(z +27) = sinzcos27+coszsin2z7 = sin z 
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Hence, cos z and sin z are periodic with a period of 27 (noting that no number smaller than 27 can 
achieve periodicity as can be verified for example by inspecting the graphs of these functions over the 
interval [0, 27]). 

e Considering the definition of cos z and sin z (see Eq. 131) and noting that e’* and e~** have a period 
of 27 (see Problem 18 of § 2.2), we can also conclude that cos z and sin z have a period of 27. 

e The periodicity of cos z and sin z (with a period of 27) can also be obtained as an instance of the 
statement of part (c) of Problem 3 of § 7.1 because cos x and sin x (for real x) are periodic on the real 
line with a period of 27 and hence cos z and sin z (for complex z) should be periodic on the entire 
complex plane with a period of 27 (noting that cos z and sin z are entire functions). 

Note 1: referring to Figure 22 (in the upcoming Problem 21), we can see that the real and imaginary 
parts of sin z are periodic in the x direction with a period of 27. This is in agreement (for sin z) with 
the period 27 which we found in the present Problem. This period should also apply to cos z due to 
the relation cos(z) = sin (z + 3) which we verified earlier. 

Note 2: the periodicity of cos z and sin z (with a period of 277) means that cos z and sin z take all their 
possible values within the vertical strip —a < x < m and hence cosz and sin z are made of identical 
copies of this strip (where each strip is displaced from the strip —a < a < a by 2nz in the z direction) 
and therefore the strip —a7 < x < a may be described as a fundamental region of cos z and sin z. 
Verify the periodicity of cosh z and sinh z and find the period. 

Answer: We have: 


cosh(z) = cos(iz) (see Problem 5) 
= cos(iz + 27) (see Problem 15) 
Also: — cosh(z + 127) = cos(i [z + i27]) (see Problem 5) 
= cos(iz — 27) 
= cos(iz + 27) (see Problem 15) 
( 


On comparing these equations we get cosh(z) = cosh(z + 727) and hence cosh z is periodic with an 
imaginary period of 727. 
Similarly: 


sinh(z) = —isin(iz) = —isin(iz + 27) 
Also: = sinh(z+ 727) = —isin(i[z + i2a]) = —isin(¢z — 27) = —isin(éz + 27) 


On comparing these equations we get sinh(z) = sinh(z + i27) and hence sinh z is periodic with an 
imaginary period of 727. 

Note 1: referring to Figure 23 (in the upcoming Problem 21), we can see that the real and imaginary 
parts of sinh z are periodic in the y direction with a period of i27. This is in agreement (for sinh z) 
with the period i27 which we found in the present Problem. This period should also apply to cosh z 
due to the relation (see part f of Problem 7 as well as parts a and b of Problem 5): 


cosh (: + =) = cosh z cosh > + sinh z sinh = = cosh z cos . + isinh z sin . = isinh z 


Note 2: the periodicity of cosh z and sinh z (with a period of 127) means that cosh z and sinh z take 
all their possible values within the horizontal strip —a7 < y < a and hence cosh z and sinh z are made 
of identical copies of this strip (where each strip is displaced from the strip —7 < y < m by 2nz in the y 
direction) and therefore the strip —7 < y < m may be described as a fundamental region of cosh z and 
sinh z. It should be noted that the periodicity of the complex hyperbolic cosine and sine functions (i.e. 
cosh z and sinh z) is one of the main differences between cosh z and sinh z and their real counterparts 
(i.e. cosh x and sinha) because cosh x and sinh x are not periodic. 

Note 3: considering the definition of cosh z and sinh z (see Eq. 133) and noting that e* and e~* have 
a period of i27 (see Problem 18 of § 2.2), we can conclude that cosh z and sinh z have a period of i27 
without the above arguments. 
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17. Verify that tan z and cot z have a period of 7 and tanh z and coth z have a period of iz. 


18. 


Answer: In the following verifications we use definitions and rules that we have established before 
(see for example Eqs. 131, 132 and 134 and Problem 7) as well as results that we obtain in the present 
Problem. 


fale e 2 sin(z + 7) ata: sin(z) = sin(z) mere 
cos(z +7) —cos(z)  cos(z) 
1 
— = — t, 
nes ©) tan(z+7)  tan(z) Oe) 
. tanh z + tanh(iz) tanh z+ 0 
tanh(z 4 = = = tanh 
emer) 1+tanhztanh(i7) 1+tanhz x0 ng) 


1 1 
tanh(z + im) rs tanh(z) 


coth(z + ir) = coth(z) 


Verify that the following differentiation rules of trigonometric functions apply to complex functions (as 
to real functions): 


(a) dcos z/dz = —sinz. (b) dsin z/dz = cos z. (c) dtan z/dz = sec? z. 
(d) dsec z/dz = sec z tan z. (e) desc z/dz = — csc z cot z. (£) dcot z/dz = — csc? z. 


Answer: In the following verifications we use rules and definitions that we have established before 
(see for example Problem 2 of § 1.10 and Problem 19 of § 2.2 as well as Eqs. 131 and 132). 
(a) We have: 


dcos z d (e* +e—” ie’? —ie~* =i ie’*® —ie# el — et ; 
= — — ep — = = sln z 
dz dz 2 2 1 2 12 
(b) We have: 
dsin z d (e? —e~* ie + ie~” et 4 et 
—t — — = COS Z 
dz dz 42 12 2 


(c) Using the definition of tan z and the quotient rule (as well as other rules and identities), we have: 


= 5 =; = sec? z 
cos? z cos? z 


dtanz  d (sinz\ _ cos?z+sin? z 1 
dz dz - 


COS Z 


(d) Using the definition of sec z and the quotient rule (as well as other rules and identities), we have: 


= = sec z tan z 
dz dz 


cos? z COS Z COS Z 


dsec z d 1 — sin z 1 sinz 
cosz) 


(e) Using the definition of csc z and the quotient rule (as well as other rules and identities), we have: 


= ; = —cse z cot z 
sin* z sin z sin z 


desc z _ d il _ = C08 zZ 1 cosz 
dz dz = 


sin z 


(f) Using the definition of cot z and the quotient rule (as well as other rules and identities), we have: 


= —csc? z 


dcot z d (es z) — sin? z — cos? z sin? z + cos? z 1 
dz dz 7 


sin Zz sin? z sin? z sin? z 


Note: it is obvious that the integration rules that correspond to the above differentiation rules are: 
fsinzdz =—cosz+C fcoszdz =sinz+C fsec? zdz = tanz+C 
fsecz tanzdz =secz+C fcscz cot zdz =—csez+C f csc? zdz = —cotz +C 
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19. Use the rules of differentiation of trigonometric functions (as given in Problem 18) plus the relations 
between the trigonometric and hyperbolic functions (as given in Problem 5) to obtain the rules of 
differentiation of hyperbolic functions. 

Answer: In the following derivations we also use other rules that have been established earlier (e.g. 
those of Problem 2 of § 1.10). 


dcosh z dcos(iz) ih Aas a as 
dp ede Sinz) = —ti sinh z = sinh z 
dsinh z dr .... 7 . . 
dz ~ del isin(iz)| = —ticos(iz) = cos(iz) = cosh z 
dtanhz dy. ee it bee : 
dz ~ dzl itan(iz)| = —tisec”(iz) = sec*(iz) = sech*z 
dsech ; 
sechz dsec(iz) = isec(iz) tan(iz) = isech z [i tanh z] th web deannh 
dz dz 
dcsch dr 
= ae 1S. oe iese(iz)| = i[ —icsc(iz) cot(iz)] = ese(iz) cot(iz) = [ — icsch z] | — icoth z] 
= —cschz cothz 
dcoth dr 
7 = = d icot(iz)| = i[ — icsc?(iz)] = csc?(iz) = [ — iesch z]” = — esch?z 
z ZL 


Note 1: the intermediate steps in the above derivations are given for clarity; otherwise we can use 
the method of Problem 9 to obtain the derivatives directly by just replacement (according to that 
method). For example, from dcos(iz)/d(iz) = — sin(iz) we immediately get dcosh z/d(iz) = —isinh z 
which leads to dcosh z/dz = sinh z. 
Note 2: the integration rules that correspond to the above differentiation rules can be easily inferred 
from the fact that differentiation and integration are inverse operations (as done in Problem 18). 

20. Evaluate the following complex trigonometric and hyperbolic integrals: 


(a) f° cosh(2z)dz. — (b) f°," sin? z coszdz. (ce) f” [cos(z) sinh(iz)] dz. (d) fe" sinh? z dz. 


Answer: 


(a) l meee [mney _ sinh(#10) _ sinh(i2) _ ésin(10) _ iésin(2) 


ele 2 2 2 2 
~ — 10.7267 
3-12 - 3 73-22 3 . 3 . 
=m9 1 
(b) i sin? z cos zdz = E | = SE Se) SD) ogg 1b 408 
1+i 3 dia; 3 3 


(c) i [ cos(z) sinh(iz)| dz = if [ cos(z) sin(z)] dz = 4 [sete ang a ‘ =e 


. h?(2 
a | OA) 9p ONES | 2 poe 
2 2 
‘“ inh(2z) —2z]'" _ [sinh(é2m) — i2 inh(127) — 12 
(d) [ Par ee = ( ) “| is = (i 1) i "| = ( ) *| 
_ tsin(27) — 72m —sinh(127) +120 — 12m —sinh(12m) — i2n 
7 4 _ 4 


l2 


— 2.9473 x 1015 — is 


21. Make 3D plots of the following (and comment on the plots): 
(a) The real and imaginary parts of the trigonometric function sin z over the region —27 < a < 2a 
and —2<y< 2. 
(b) The real and imaginary parts of the hyperbolic function sinh z over the region —2 < x < 2 and 
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—2Qr <y < Qn. 
Answer: 
(a) The function sin z is given by (see Eq. 138): 


sinz =sinz coshy +icosa sinh y 


Hence, its real part is Re(sin z) = sinx coshy and its imaginary part is Im(sin z) = cosx sinhy. These 
parts are plotted over the region —2a7 < x < 2m and —2 < y < 2 in Figure 22. 

Comment: as we see, Re(sin z) is a superposition of a “wavy” sin function in the x direction and 
an “even” cosh function in the y direction and hence the sin waves in the x direction are moderated 
by a cosh function in the y direction where the positive peaks and the negative troughs of the waves 
determine how cosh concaves (i.e. up or down). Accordingly, as we move along lines of constant x we 
see cosh profiles that concave upward or downward (depending on the sign of sina) but they become 
straight lines when sinx = 0, i.e. when 2 = nz (with n being integer), while as we move along lines of 
constant y in the x direction we see ordinary sine waves whose magnitudes are scaled by the constant 
cosh y. 

Similarly, Im(sin z) is a superposition of a “wavy” cos function in the x direction and an “odd” sinh 
function in the y direction and hence the cos waves in the x direction are moderated by a sinh function 
in the y direction where the positive peaks and the negative troughs of the waves determine how sinh 
is orientated (i.e. up-down or down-up). Accordingly, as we move along lines of constant «x we see sinh 
profiles that descend or ascend (depending on the sign of cosx) but they become straight lines when 
cosz = 0, i.e. when 7 = (n + 3) m, while as we move along lines of constant y in the x direction we 
see ordinary cosine waves whose magnitudes are scaled by the constant sinh y. 

(b) The function sinh z is given by (see Eq. 142): 


sinh z = sinhx cosy +icoshz siny 


Hence, its real part is Re(sinhz) = sinhx cosy and its imaginary part is Im(sinhz) = coshz siny. 
These parts are plotted over the region —2 < x < 2 and —27 < y < 27 in Figure 23. 

Comment: as we will see in Problem 22, there is a strong similarity between Re(sin z) and Im(sinh z) 
and a strong similarity between Im(sin z) and Re(sinhz). Hence, the comment here is similar to the 
comment of part (a) with the exchange of the real and imaginary and the z and y. 

Compare sin z and sinh z using Figures 22 and 23. 

Answer: On inspecting these Figures we note the following: 

e We observe a strong similarity between Re(sin z) = sinx coshy and Im(sinh z) = cosh siny. This 
is because both are made of sin x cosh but with the exchange of their variables (i.e. x and y) and 
hence in a sense Im(sinh z) is obtained from Re(sin z) (or the other way around) by exchanging the ry 
axes (which is seen in the Figures as rotation by —7/2 or 7/2). This should shed more light on the 
comparison made in Problem 8 (noting that multiplying by +7 is equivalent to rotation by 7/2; see 
Problem 5 of § 1.8.5). This should also provide more clarification about the nature of the relationship 
between the trigonometric and hyperbolic sine functions (as well as other trigonometric and hyperbolic 
functions) as formulated in Problem 5. 

e We observe a strong similarity between Im(sin z) = cosx sinhy and Re(sinh z) = sinhz cosy. This 
is because both are made of cos x sinh but with the exchange of their variables (i.e. x and y) and 
hence in a sense Re(sinh z) is obtained from Im(sin z) (or the other way around) by exchanging the xy 
axes (which is seen in the Figures as rotation by —7/2 or 7/2). Again, this should shed more light on 
the comparison made in Problem 8 and provide more clarification about the nature of the relationship 
as formulated in Problem 5 (also see the second comment of Problem 21). 

e The previous points should explain why the real trigonometric functions are periodic while the real 
hyperbolic functions are not periodic (noting that the complex trigonometric and hyperbolic functions 
are both periodic since both types are made in their real and imaginary parts of a superposition of 
a sinusoidal wave in one direction and a combination of exponentials in the other direction; also see 
Problems 15 and 16). This is because the wavy component in the case of trigonometric functions is 
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24. 


along the real axis (and hence it appears in the real trigonometric functions), while the wavy component 
in the case of hyperbolic functions is along the imaginary axis (and hence it does not appear in the 
real hyperbolic functions). This can also be seen from Eqs. 138 and 142 (for the sine functions) by 
setting y to zero (and similarly from Eqs. 137 and 141 for the cosine functions). 

Outline the main properties of the (complex) trigonometric cosine and sine functions. 

Answer: They are entire, unbounded and periodic (with real period 27). Cosine is even and sine is 
odd. The zeros of cosine are real at z = eos and the zeros of sine are also real but at z= na. 
Note: as we see, some properties (like periodicity, parity and zeros) are the same for the complex and 
real forms of these functions, while other properties (like boundedness) are different. Other properties 
(like entirety in its complex sense) have no counterpart in the real form. 

Outline the main properties of the (complex) hyperbolic cosine and sine functions. 

Answer: They are entire, unbounded and periodic (with imaginary period i27). Hyperbolic cosine is 
even and hyperbolic sine is odd. The zeros of hyperbolic cosine are imaginary at z = j@ntin and the 
zeros of hyperbolic sine are also imaginary but at z = in. 

Note: as in the case of trigonometric cosine and sine (see the note of Problem 23), the complex and 
real hyperbolic cosine and sine have some identical properties like unboundedness and parity, some 
different properties like periodicity and zeros, and some unrelated properties like entirety. 
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Re(sin Z) 


Figure 22: Graphic illustration of the real and imaginary parts of the complex function sin z over the 
rectangular region in the z plane defined by —2a < a < 2m and —2 < y < 2. See part (a) of Problem 21 
of § 2.3. 
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Re(sinh z) 


Im(sinh Z) 
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Figure 23: Graphic illustration of the real and imaginary parts of the complex function sinh z over the 
rectangular region in the z plane defined by —2 < a < 2 and —2m < y < 27. See part (b) of Problem 21 


of § 2.3. 
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2.4 Inverse Trigonometric and Hyperbolic Functions 


The inverse trigonometric and hyperbolic functions of complex variables generally follow the style of their 
real-valued counterparts, as will be investigated and clarified in the following Problems. It should be 


remarked that in these Problems certain restrictions may have 


to be imposed on the arguments of certain 


functions (such as z 4 0) to avoid singularities and undefined values. We did not impose these restrictions 
explicitly due to the presumed clarity and to avoid unnecessary elongations and complications which may 


cause distraction.!146 


Problems 


1. Give mathematical definitions of the inverse trigonometric and hyperbolic functions of complex vari- 


ables. 


Answer: A complex variable w is the inverse cosine function of a complex variable z (i.e. w = arccos z) 
if z = cosw. In other words, they are inverses of each other (as the name indicates). The other inverse 
trigonometric and hyperbolic functions of complex variables are defined similarly. 


2. Derive analytical expressions for the inverse trigonometric 
their argument z. 
Answer: 


functions of complex variables in terms of 


e If w = arccos z then z = cosw (see Problem 1) and hence (see Eq. 131): 


ew +e 
wee Wey 5 
2 
eu pe ey = 0 
et Ire" 41 = 0 
So, from the quadratic formula we have:!!47! 
Fact es TO pa 


2 


J/-O—2)=ztiVv1— 2? 


On taking the natural logarithm of both sides and dividing by 7 we get: 


w = arccos z = —iln (2 tivl1l— 2) (148) 


e If w =arcsin z then z = sinw and hence (see Eq. 131): 


ev’ —e 

i2 = OF 
ete i og 0 
ew _ i278 _—1 = 0 


iw i2z+ V—422 +4 


=iztvV1—-2? 


we=arcsing = —iln (iz +Y1—- 2) (149) 


e If w = arctan z then z = tanw and hence (see Eq. 131): 


sin w 


COS W 


[146] Ty fact, this remark should also be needed for some Problems of ot 
also note that there are many details that we ignored due to limitat 
1147] In this formula and its alike, we keep the + sign for clarity although 4 


her (previous and upcoming) sections. We should 
ions on scope and space. 
t 2/ is implied by av (noting that a complex number 


has two oppositely-signed square roots). We note that in most texts only the + sign is taken and this also applies to the 
other occurrences of the + sign in the upcoming expressions for other inverse trigonometric and hyperbolic functions. 
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(ew _ er Ht) /i2 


(term) 72 * 
(l—izje—(1+iz)e"™” = 0 
(l=—az)e?" —(1+iz) = 0 

Qu . Ltt 

1—iz 


l| 


w = arctan z 


4 1+iz 1 l—iz 4 +z 
sm (7%) =3m(*) = $n (42) (98) 


e If w = arcsec z then z = secw = 1/cosw. Accordingly, cosw = 1/z and hence w = arccos(1/z). 
Therefore: 


(151) 


z z 


1 en (a ee iat  (1tiv22—1 
w = arcsec z = arccos {| — } = —iIn | —+7%4/1—[{ — =-—iln 
vA z 


where we used the formula of arccos (with the argument 1/z) that we obtained already (see Eq. 148). 
e If w = arcescz then z = cscw = 1/sinw. Accordingly, sinw = 1/z and hence w = arcsin(1/z). 
Therefore: 


1 1 Pe pt Vz? —1 
w = arccsc z = arcsin ( ) =-iln|i-+,4/1 ( ) =-iln ( : (152) 
z z z z 


where we used the formula of arcsin (with the argument 1/z) that we obtained already (see Eq. 149). 
e If w = arccot z then z = cotw = 1/tanw. Accordingly, tanw = 1/z and hence w = arctan(1/z). 
Therefore: 


_ 1 i i+ (1/z) i iz+1 i z-% 
w = arccot z = arctan (+) = 5 In (; — = =~s In (= — *) ai In (=) (153) 

where we used the formula of arctan (with the argument 1/z) that we obtained already (see Eq. 150). 
Note: as we see, all the inverse trigonometric functions are defined in terms of In. Accordingly, the 
principal value of these functions follows the choice of the principal value of In. This also applies to 
the inverse hyperbolic functions (which are investigated in Problem 3). We should also note that the 
singularities of these (trigonometric and hyperbolic) functions should be excluded from their domain of 
definition. In fact, there are many details that we ignored here (as well as elsewhere) due to restrictions 
on space and scope. 

3. Derive analytical expressions for the inverse hyperbolic functions of complex variables in terms of their 
argument z. 
Answer: 
e If w = arccosh z then z = cosh w (see Problem 1) and hence (see Eq. 133): 


Cries 
Pee 
2 
ee’ —Qre”+1 = 0 
Qz2+ V422 —4 
eS eee is Sez 2-1 
2 

w=arccoshz = In (z+ 2=1) (154) 


e If w = arcsinh z then z = sinh w and hence (see Eq. 133): 
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ev —Aze"X—-1 = 0 
a 224+ V4224+4 
2 


w=arcsinhz = In (2 £V2e+ 1) (155) 


e If w =arctanh z then z = tanhw and hence (see Eq. 133): 


e€ z24+1 


l| 
XR 
u 
TT 


sinh w 
= 0y 
cosh w 
ew —e¥ 
So RRS! Ee 
ewes 
(l-—zje"-(l+z)e" = 0 
l+z 
2w = 
. ene 
1 dl 
w=arctanhz = sin (+) (156) 


e If w = aresech z then z = sechw = 1/coshw. Accordingly, cosh w = 1/z and hence w = arccosh(1/z). 
Therefore: 


i i iy +VJ/1-2 
w = arcsech z = arccosh (3) =lIn (=) —1]=lIn (jee =) 
Zz Zz 


z& 


where we used the formula of arccosh (with the argument 1/z) that we obtained already (see Eq. 154). 
e If w = arccesch z then z = cschw = 1/sinhw. Accordingly, sinh w = 1/z and hence w = arcsinh(1/z). 
Therefore: 


z 


1 1 ey 14V142 
w = arccsch z = arcsinh (<) =In{|-+ (+) +1] =I1n (j=) 
z z Zz 


where we used the formula of arcsinh (with the argument 1/z) that we obtained already (see Eq. 155). 
e If w = arccothz then z = cothw = 1/tanhw. Accordingly, tanhw = 1/z and hence w = 
arctanh(1/z). Therefore: 


= - 1 14+ (1/2) = a z+l1 
w = arecoth z = aretanh ( =) = smn (Ee = 5 ln a 


where we used the formula of arctanh (with the argument 1/z) that we obtained already (see Eq. 156). 
4. Evaluate the following: 


(a) arccos(2). (b) arcsin V3. (c) arcesch(i). (d) arccoth(1 + ¢). (e) arctanh (7). 
Answer:!!48] 


(a) arccos(2) = — iln (2 t/t 2) = ~iln(24iV—3) = -iln (2 + v3) 
=—-%4 [log. (2 + v3) + i2nn| = 2nr — ilog, (2 + v3) 
(b) aresin V3 = —iln (iv3 4 vi-3) = —~iln (iv3 + iv?) = —~iln (i [v3 + v3]) 


[148] Similar to what we stated already in the text, we do not go through some details about these functions and their values 
such as their domain and range (some of which is subject to certain conventions rather than mathematical necessities). 
For example, some may use Ln rather than In in the definition of these functions (which restrict them to their principal 
values). 


2.4 Inverse Trigonometric and Hyperbolic Functions 145 


=-1 oe. (v3+ v2) +1 (204 5) r| = (2n+ 5) m7 —ilog, (v3+ v2) 
(c) arcesch(i) = In (2) =In (: =) = In(—i) =log,1+i (2n = ;) T 
wi(on-2)s 
(d) arccoth(1 + 4) = n( ae = sn (2**) a haa) 
flog. V5 + i (2nm — 1.1072)| 


l2 


1 
D 
1 
2 
1 
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(e) arctanh(i) = 


lI 
bo 

= 

je) 
0a 

m 
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5. Verify the following relations: 
(a) arccos z + arcsinz = C. (b) arcsecz + arccesc z = C. (c) arctan z + arccot z= C. 


Answer: We note first that C is a generic constant (which we use for simplicity) and hence it is gen- 
erally not the same in these relations. 
(a) From Eqs. 148 and 149 we have: 


arccosz+arcsinz = —iln (2 tiv - 2?) —iln (iz + 1-2) 
= -iln([2tiv1- 2] x liz + vi-2]) =-iln(i)=C 


(b) From Eqs. 151 and 152 (as well as the result of part a) we have: 


1 . {il 
arcsec z + arccsc z = arccos ( +arcesin| —} =C 
z z 


(c) From Eqs. 150 and 153 we have: 


arctan 2 + arccotz = —1n ae ge th fae ar ia BE ee =“ in( 1=C 
2 1—z 2 z+ 2 1—z zt 


6. Find the derivatives of the inverse trigonometric functions of complex variables. 
Answer: In the following formulae we exclude any value of z that causes the denominator to vanish. 
e If w = arccos z then z = cos w and hence: 


d d d 
paae = LL sin w —— V1 Boy /1— 22 la 
dz dz dz dz dz 
Hence g arccos he su 
nce: —arccosz = = 
dz dz VJ/1— 22 


e If w = arcsin z then z = sin w and hence: 


d d 
je = © sinw = cosw SY = Visit w & = vi an 
Zz Zz 


~ dz dz dz 
Hence d arcsi a : 
nce: —arcsing = = 
dz dz VJ/1— 22 


We may also obtain this result from the previous result by noting that arcsinz = C — arccos z (see 
part a of Problem 5) and hence: 


1 
V1 — z? 


d : d 
— arcsin z = 0 — — arccos z = 
dz dz 
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e If w = arctan z then z = tan w and hence: 


dz d 2 dw 2. \ dw 9, dw 
iy = age Eee w 7 = (1+ tan erat Ou ae 
H d : dw 1 
ence: — — = 
- dz hk arc dz 14+ 2? 
e If w = arcsec z then z = sec w and hence: 
d 
ene = Oo cestcat Aie OO Se eet Oey a= 
dz dz dz dz dz 
d dw 1 
Hence: —arcsecz = = 
dz dz zvz2—1 


e If w = arcese z then z = csc w and hence: 


d d d d d 
1= Bo Fy csew = — ese weotw 5 = —esew ese? w 15 = zy 2 ee 


~ dz 
d dw —1 
Hence: —arcecescz = = 
dz dz zVz2—1 


We may also use arccsc z = C — arcsec z (see part b of Problem 5) and hence: 


d d 
—arccsc z = 0 — —arcsec z = ————— 
dz dz zvz2—1 


e If w = arccot z then z = cot w and hence: 


dz d dw dw dw 

1=— = — = —cesc?w — = — (1+ cot? w) — =— (14+ 27) — 

= s cot w csc" w (1 + cot? w) ao (1+ 27) a 
H d ; dw _ —1 
ence: _ueotz = |= 


We may also use arccot z = C' — arctan z (see part c of Problem 5) and hence: 


—1 


d d 
—arccot z = 0 — —arctan z = ——~ 
dz . . dz mone ee 14 22 


Note: the integration rules that correspond to the above differentiation rules can be easily inferred 
from the fact that differentiation and integration are inverse operations. 
7. Find the derivatives of the inverse hyperbolic functions of complex variables. 
Answer: 
e If w =arccosh z then z = coshw and hence: 


eg — Bei Gora ow Veosh? w— 12 = fei 
Zz Zz 


~ dz dz dz 2 
Thus: Len zZ = au ca a 
dz dz Vz2—1 


e If w = arcsinh z then z = sinh w and hence: 


d d 
ies = Dy i casera oe Veh ee 
dz d dz dz 


=e = 


Thus: ess Zz = ay — —_ 
dz dz Vz2 41 
e If w = arctanh z then z = tanh w and hence: 
dz d 9 dw 2 \ dw a, dw 
Ll — Gy tanhw = sech*w —— = (1 — tanh w) creme. re 
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dw _ 1 
dz 1-22 


Thus: a, arctanhz = 
dz 


e If w = arcsech z then z = sech w and hence: 


d d d d d 
1 Fe co sechw = —sechw tanhw — = —sech wv/1 — sech2w Lag zV1— 2? = 


7 dz dz dz dz dz 

d —1 
Thus: eect = ee 
dz 


dz zv1— 22 


e If w = arcesch z then z = csch w and hence: 


d d d 
ess ye aon = —cschw cothw pact —csch wv csch2w + 1 au =-zf2241 os 
dz dz dz dz dz 
dw —1 


Thus: Le = = 
dz 


dz zvz24+1 


e If w = arccoth z then z = cothw and hence: 


d d d d d 
— iL — iL coth w = —csch?w : = (1 — coth? w) i: = (1 a) iL 
d dw 1 
Thus: gz rect 2 = eS = i= 


Note: the integration rules that correspond to the above differentiation rules can be easily inferred 
from the fact that differentiation and integration are inverse operations. 
8. Find the derivatives of the following complex functions f(z) at the given points: 


(a) f(z) =imarccosz at point z =3—-i. (b) f(z) =arctan(3z) at point z = 8 + 72. 
(c) f(z) = —arcsinh(iz) at point z = 4+ 29. (d) f(z) =tarcsech(5z). at point z = 77. 
Answer: 

df —1 —in —in 


0.9704 — 20.3590 


a TT — — = ~ 
(a) dz|,-3-; Vl? poate Val — (3-7)? V—7+i6 


df 3 3 3 
By Sie SR = = ~ 0.004321 — i0.002300 
eerie vig 1+(82)? | egiin 1+ (24406)? 541 + 2288 ' 

d ~i i - 
« o# yes ae - ; = ——__ ~ 0.04074 — i0.09262 

dz|,—a+i9 (iz)? +1lzaapig9 = V(-9 +24)? +1 V66— 772 

df 15 =i =i 

d es = —_____ = = ~ —0.004080 
Ghia” Vt OP la TTP TV 


9. How do you classify the inverse trigonometric and hyperbolic functions of complex variables from the 

perspective of being single-valued or multi-valued? 
Answer: As we saw, all these functions are defined in terms of the natural logarithm function (which 
is infinitely multi-valued) and hence they are infinitely multi-valued. 

10. Verify the results of Problem 14 of § 2.3 by using the formulae developed in the present section. 
Answer: 
(a) If cosz = 0 then z = arccos(0). Hence, from Eq. 148 (as well as the result of part e of Problem 9 
of § 2.2) we have: 

+1 


a arecos(0) = —iln (041 1 0?) = iln(+) = —iln (é)*! = FiIn (a) 
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= = i (5 +2nr)| mae (2n | 5) "= ae 


(b) If sinz = 0 then z = arcsin(0). Hence, from Eq. 149 (as well as the results of parts a and c of 
Problem 9 of § 2.2) we have: 


2 = aresin(0) = —iIn (04 V1— 0) = ~iIn(41) = -i{ ns \ Z { en ive \ Sai 


i(2n + 1)r 


(c) If cosh z = 0 then z = arccosh(0). Hence, from Eq. 154 (as well as the result of part e of Problem 
9 of § 2.2) we have: 


ee arccosh(0) =lIn (0 + Q2 — 1) —I1n (+V-1) =lIn (+7) =In (i)** =—+Iln (2) = pnt in 


(d) If sinh z = 0 then z = arcsinh(0). Hence, from Eq. 155 (as well as the results of parts a and c of 
Problem 9 of § 2.2) we have: 


z =arcsinh(0) = In (0 + V0? + 1) =In(+1) = { el \ = inn 


i(2n + 1)a 


(e) If cos z = 3 then z = arccos(3). Hence, from Eq. 148 we have: 


2 = arccos(3) = —iIn (3 év/1 — 32) = —iln (3 + iv—8) = —iin (3 = 2V2) 


Sor flog. (3 + 2/2) + i2nn| = —ilog,(3 = 2V2) + 2nm = nm + ilog,(3 + 2V2) 


(f) From 2sin(iz) = 7 we get i2sinh(z) =i (see part b of Problem 5) and hence sinh z = 1/2. Now, if 
sinh z = 1/2 then z = arcsinh(1/2) and hence from Eq. 155 we have: 


2 of log, 1+v5 +i2n0 
z= aresinh (3) =n ae (5) +1 =m (15%) - ( 2 ) 


2 2 log, ae +4(2n + 1)r 


i) 


Chapter 3 
Analyticity 


In this chapter we investigate a number of aspects and properties of analytic functions as well as some of 
the applications related to these aspects and properties. In fact, the investigation of analytic functions 
(and hence analyticity) is the main subject of complex analysis and hence this investigation is vital to any 
other investigation in complex analysis. As we will see, analytic functions have very favorable properties 
and behavior and they provide (through their analyticity) the dynamics and spirit of the entire subject 
of complex analysis. In fact, analyticity is what makes complex analysis complex analysis and gives it 
its fascinating and attractive characteristic features among other branches of mathematical analysis and 
mathematics in general. 

It should be remarked that when we talk about the analyticity in general (as it is the case in many parts 
and sections of this chapter as well as other chapters) we generally assume a proper domain in which 
the given function is analytic (e.g. the complex plane excluding the origin) which could be the entire 
complex plane (i.e. when the analytic function is entire). The reliance on this understanding rather than 
explicit definition and identification is to avoid overcrowding the text which may cause distraction and 
confusion (as well as taking precious space). Moreover, in such contexts the focus is mainly the analyticity 
and hence the domain is not required to be specified since any proper domain will achieve the purpose 
of the investigation. Yes, when we investigate particular regions or neighborhoods or contours or points, 
for instance, then associating the analyticity with a specific domain becomes unavoidable and hence we 
provide full specification accordingly. 


3.1 Cauchy-Riemann Equations 


If a complex function f(z) = u(x, y) + iv(a,y) is analytic at a point z = x + ty in the z plane then at 
point z the first order partial derivatives of u and v with respect to x and y do exist and they satisfy the 
following relationships which are called the Cauchy-Riemann equations:!!*9 


Ou Ov 

On Oy and on de (157) 
The converse of this statement is also true that is: if u(z,y) and v(x,y) are real functions (of x and 
y) that are defined and have partial derivatives (with respect to x and y) in a neighborhood N of a 
point z and these partial derivatives are continuous and satisfy the Cauchy-Riemann equations at z then 
f(z) = u(x, y) + iv(a,y) is analytic at z. The latter statement can be used as a basis for analyticity 
criterion and test (see Problem 8).!/5°l Apart from their use in the analyticity test, the Cauchy-Riemann 
equations have many direct and indirect applications (as we will see in the Problems of the present section 
and in the coming sections and chapters). In fact, the Cauchy-Riemann equations are at the heart of 
complex analysis and they represent one of its pillars. This is because the essence of complex analysis is 
the investigation of analytic functions and their distinguished properties which they enjoy through their 
analyticity. 


Problems 


[149] They may also be called “Cauchy-Riemann conditions” or “d’ Alembert-Euler conditions”. We should also note that these 
are the Cartesian form of the Cauchy-Riemann equations and we will obtain their polar form in Problem 20. 

[150] Tt should be obvious that the Cauchy-Riemann equations can also be used as a direct or indirect test for entirety (noting 
that failure of analyticity at a point means failure of entirety). 


149 


3.1 Cauchy-Riemann Equations 


1. Verify the Cauchy-Riemann equations. 


150 


Answer: Because f is analytic we have: 


df f(z+ Az) — flz) 
dz Az 
[u(a + Aaz,y + Ay) 4 


lim 


Az—->0 


iv(x + Az, y + Ay)] 
Ax + iAy 


[u(x, y) + u(y) 


I 


lim (158) 
Az,Ay—0 
Now, because this limit does exist (since f is analytic), Az can approach zero from any direction in the 
complex plane (see § 1.9). In particular, if Az approaches zero horizontally then Ay = 0 and Az = Ax 
and hence Eq. 158 becomes: 


af _ (ue + Az,y) + iv@ + Ax, y)] — [ula,y) + o(@,y9)| 
dz ~Ax0 Ax 
Az—0 Ax Az—>0 Ax 
Ou Ov 
Ox Oa nn?) 
Similarly, if Az approaches zero vertically then Ax = 0 and Az = iAy and hence Eq. 158 becomes: 
Oe. gas [u(a,y + Ay) + iv(a,y + Ay)] — [u(2,y) + iv(2, y)] 
dz —— Ay-0 iAy 
— jm WeytAy)—wey) yn VeutAy)—vlzy) 
Ay0 iAy Ay30 iAy 
— ym VeytAy vay) i wey + Ay) — u(z,y) 
Ay—0 Ay Ay—0 Ay 
Ov Ou 
Oy ey (160) 


On comparing the real and imaginary parts of Eqs. 159 and 160 we get the Cauchy-Riemann equations 
(see Eq. 157). 

Note 1: as we know, the (total) derivative of a complex function (assumed to be differentiable) can 
be obtained from its definition (see Eq. 81) and can be obtained from the general differentiation rules 
(such as the product and quotient rules; see Problem 2 of § 1.10) in association with the function- 
specific rules (like de*/dz = e*). Now, Eqs. 159 and 160 show that the (total) derivative of a complex 
(analytic) function can also be calculated from the partial derivatives of its real and imaginary parts 
(also see the upcoming Eq. 161 and Problem 3). In fact, the former two represent the lump approach 
while the latter represents the composite approach (see § 1.11).[454J 

Note 2: from Eqs. 159 and 160 plus the Cauchy-Riemann equations we can obtain the following 
(compact) expressions for the (total) derivative of a complex analytic function f(z) in terms of the 
partial derivatives of its real and imaginary parts: 


f' (2) = Ug + ivy = vy — Uy = Ug — Uy = Vy + ive (161) 
where the prime represents derivative with respect to z while the subscripts mean partial derivatives 
with respect to the variables symbolized by these subscripts. 
. Merge the Cauchy-Riemann equations into a single equation. 


Answer: By the Cauchy-Riemann equations we have gu - aa = 0 and oe + ge = 0 and hence: 
Ou Ov Ou Ov 


(8) 


) = 0+20 


Ox Oy Oy Ox 


151) The subject here is obviously analytic functions. 
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Op oe oy Oy = 
py = 0 
pitizg = 0 

(2 424 a5 ro) 


3. Find the derivatives (with respect to z) of the following analytic functions which are given as f(x,y) 
instead of f(z): 


(a) f(a, y) = 2x + i2y. 
(b) f(a,y) = (303 + 2a? + x — 9xy? — 2y? — 4) +i (9a?y — 3y? + 4zy + y). 


Answer: We can use Eq. 159 or Eq. 160 (which should produce identical results).!15?! 
(a) 
df Ou Ov 6 gia P 
a oe in? +40 = 2 (from Eq. 159) 
df Ov Ou ; f 
= =2-10=2 f Eq. 160 
ae Oy ‘35 i (from Eq ) 
(b) gf au bv 
Oe ee es ge + 4x +1 —9y*) +4 (18ay + 4y) (from Eq. 159) 
dz Ox Ox 
d, O 0 
Og (9x? — 9y? + 4a + 1) — i (-182y — 4y) (from Eq. 160) 
dz Oy Oy 


Note: the above results can be easily: verified by comparison to the lump approach noting that for 
part (a) we have f(z) = 2z and hence 4 = 2 while for part (b) we have f(z) = 329 +22?+2-4 and 
hence a = 927 +4241 = (9x7 +42 +1 —9y?) + i(18zy + 4y). 

4. Show that the polynomial, exponential, and trigonometric and hyperbolic cosine and sine functions 
are entire. 
Answer: First, let accept that products, algebraic sums (including infinite series) and compositions 
of entire functions are entire (see § 1.5). We also note that quotients of entire functions are entire, if 
the denominator never vanish such as sah where this can be justified by the fact that quotients are 
actually products (i.e. numerator times the reciprocal of denominator noting that since the denomi- 
nator is always analytic and never vanish its reciprocal is always defined and analytic). 
Regarding the polynomial function, a complex constant function f(z) = a= ati = u-+ iv (with 
a being a complex constant and a and ( being real constants) is obviously entire since it sae ria the 


Cauchy-Riemann equations over the entire complex plane, i.e. ge. =0= oe and a =0= — 98 ae 
ilarly, the complex function f(z) = z = «+iy = u+ iv is entire since a i au vada ou = 0= ge 


over the entire complex plane. So, az” must be entire since it is a product of Satire functions. Accord- 
ingly a polynomial (which is no more than an algebraic sum of terms like az” which may be called 
monomials) must be entire. 
Regarding the exponential function, it is like the polynomial function in this regard because it is made 
of a series of terms like z”/n! (see Eq. 6) and hence by the same logic it must be entire. However, let 
use the Cauchy-Riemann equations directly to verify this formally. A general form of an exponential 
function is e* = e*tY = e®(cosy +isiny) = e* cosy + ie” siny. Now, if we use the Cauchy-Riemann 
equations then we have: 

Ou Ov Ou 


— =e* cosy = — and — =-e* siny = —-— 


Ox Oy Oy 


[152] From Eq. 161, we can see that we actually have two more choices for calculating these derivatives, i.e. f’(z) = ux — iuy 
and f’(z) = vy + ive. 
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Accordingly, it is analytic everywhere (noting that these equations are valid over the entire complex 
plane) and hence it is entire. 

Regarding the trigonometric and hyperbolic cosine and sine functions, they are no more than 
algebraic sums of exponential functions (see Eqs. 131 and 133) and hence they must be entire.!15%! 
However, let again use the Cauchy-Riemann equations directly to verify this formally. We use Eqs. 
137, 138, 141 and 142 respectively to verify the analyticity (and hence entirety) of cos z, sin z, cosh z 
and sinh z respectively, that is: 


Oh22 sinx coshy = oe and On: +cosx sinhy = 28 for cos z) 
Ox ne Oy Oy oS Oe 7 

eh +cosxz coshy = a and oe +sing sinhy = a for sin z) 
Ox ae Oy Oy oS Oe 7 

0 0 0 

- =+sinhz cosy = a and os =-—coshz siny = a for cosh z) 
0 0 0 3) 

ap = tT eoshe cosy = 5 and By = Sinks siny => for sinh z) 


Accordingly, these functions are analytic everywhere (noting that these equations are valid over the 
entire complex plane) and hence they are entire. 
Note 1: any variations of the basic forms (i.e. involving z not z*) of the above functions (e.g. e7 
or sin® z or cosh 2? or az cos 2z) are no more than combinations (e.g. composition or sum or product) 
of functions of the above basic forms and hence they must also be entire. 
Note 2: when we talk about the entirety (and even analyticity) of these functions (i.e. polynomial, 
exponential, etc.) and their alike we should restrict this to the functions of strictly complex variables, 
i.e. excluding those which are defined on the real line or imaginary line (for instance) and hence their 
arguments by definition are real or imaginary (see Problem 3 of § 1.5). This is because such functions 
by definition cannot be entire since they are defined only on the real or imaginary axis of the complex 
plane and hence their entirety is meaningless because they are not defined (let alone be analytic or not) 
on the entire complex plane. In fact, they are not even analytic in the sense of complex analysis since 
any point in their domain of definition cannot have a neighborhood and hence it cannot be approached 
from different directions. To be more formal, let investigate (as examples) polynomials P,,(x) of real 
variable 2 and the exponentials of real and imaginary variables (i.e. e” and e with 2 and y being 
real) using the Cauchy-Riemann equations. 
Regarding P,,(x), its real part wu is not zero and the derivative of u with respect to x is not zero (in 
general) while its imaginary part v is zero (as well as the derivatives of v). Therefore, the first of the 
Cauchy-Riemann equations is violated, that is: 
Go os 

Ox Oy 
Accordingly, P,,(a) cannot be analytic (in the sense of complex analysis) or entire. 
Regarding e”, we have e® = e?**° = e*(cos0 — isin0) = e?(1 — i0) = e* — i0. Therefore, the first of 
the Cauchy-Riemann equations is violated, that is: 

Ou Ov 

Ox Oy 
Accordingly, e? cannot be analytic (in the sense of complex analysis) or entire. 
Regarding e’”, we have e”¥ = e°F¥ = e?(cosyt+isin y) = cosy+isiny. Therefore, the Cauchy-Riemann 
equations are violated, that is: 

Ou Ov Ou Ov 


an dy cos y and —sny=— #4 -—=0 


12z 


0 


153] Th fact, to establish this we need the upcoming note 1 about the variations of the basic forms since the trigonometric 
and hyperbolic cosine and sine are made of algebraic sums of variants of the exponential function. 
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Accordingly, e’¥ cannot be analytic (in the sense of complex analysis) or entire. 
5. Show that the principal branch of the complex natural logarithm function is analytic over its domain. 
Answer: We have (noting that Ln z here represents the principal branch): 


Lnz = log, |z|+iArg(z) (zeC, z#—|z\) 
log, x? + y? + iarctan (2) 
av 


l 


Hence, from the Cauchy-Riemann equations (noting the domain of Ln z) we get: 


Ou e _.0v a Ou ys 
Ox x+y? Oy Oy aw2t+y? Ox 


Accordingly, Ln z is analytic over its domain. This should also apply to the other branches of the 
complex natural logarithm function. 
6. Verify the Cauchy-Riemann equations for the following complex functions: 


(a) f(z) = 3242. (b) f(z) = 274+ 42-1. (c) f(z) = 23 -2z. 
(d) f(z) =sin3z. (e) f(z) = cosh z?. 

Answer: We note first that all these functions are entire because the first three are polynomials (see 
§ 2.1 and Problem 4) while the last two are compositions of polynomials with trigonometric sine and 


hyperbolic cosine (see § 2.3 and Problem 4) and hence they should satisfy the Cauchy-Riemann equa- 
tions over the entire complex plane. 


(a) 
f =324+2 = 3(x + ty) +2 = 344 i8y +2 = (3a + 2) + iy 


and hence u = 32+ 2 and v = 3y. Therefore: 
Ou Ov Ou Ov 
Ox Oy om Oy Ox 


(b) 


f=2t4+4z2-1= (e+ iy)? +4(a+ iy) 1 = (a* —y? + 4a —1) +i (2Qary + 4y) 
and hence u = x? — y? + 42 — 1 and v = 2ry + 4y. Therefore: 


=2r4+4= and =-2y= 


(c) 
fa=2—z=(@tiy) — (wt ty) = (@ — 3ay? — 2) +4 (307y — y? —y) 


and hence u = x3 — 3ry? — x and v = 327y — y® — y. Therefore: 


Ou 9 9 Ov Ou Ov 
An 3x7 — 3y dy an Dy 6xy Aa 


(d) We have 3z = 3x + i3y and hence: 


f =sin3z = sin3z cosh 3y + icos3z sinh 3y (see Eq. 138) 


Thus, wu = sin3z cosh 3y and v = cos 3a sinh 3y. Accordingly: 


0 7) 0 7) 
Hg = 3008 30 cosh 3y = 5 and jy 7 38nd sinh 3y = — 5 


(e) We have 2? = (x? — y”) + i2ry and hence: 


f = cosh z” = cosh(a? — y*) cos(2ay) + isinh(a? — y”) sin(2xy) (see Eq. 141) 
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Thus, wu = cosh(a? — y) cos(2zy) and v = sinh(«? — y”) sin(2ry). Accordingly: 


g a 
eee +22 sinh(x? — y”) cos(2xy) — 2y cosh(x? — y”) sin(2ry) = Eat 
Ox ay 
O a 
and a —2y sinh(«? — y) cos(2ry) — 2x cosh(x? — y”) sin(2ry) = a ss 
Oy Ox 
7. Show that the following complex functions are not analytic: 
(a) fa ae + iy". (b) f = (2? +y) +i(e+y?). (c) f = (ety + e¥x?) + i(e? siny — tanz). 
(d) f =2*. (e) f =cosh(z*). (f) f =e*. 
(g) f = lel. (h) f = 2*—|z/°. 


Answer: We show that these functions are not analytic (anywhere) by showing that they do not sat- 
isfy the Cauchy-Riemann equations.|!54! 

y 3) ) ) 

ig Bt AB =F and il mer 

So, although f satisfies the second of the Cauchy-Riemann equations it does not satisfy the first and 
hence it is not analytic because analyticity requires the satisfaction of both equations. 


(b) 


Ou Ov Ou Ov 
Stet oy d pe SG Se eae 
Ox a Oy a Oy 7 Ou 
(c) 
Le oe ae ee and ON a be eh ints teaeo ee Oe 
Ox Oy Oy Ox 
(d) We have f = z* = x — ty and hence u = x and v = —y. Therefore: 
Ou Ov Ou Ov 
ee oe ene d OW = yg OU 
Ox 7 Oy is Oy Ox 


So, although f satisfies the second of the Cauchy-Riemann equations it does not satisfy the first and 
hence it is not analytic because analyticity requires the satisfaction of both equations. 

(e) We have cosh z = coshx cosy +isinh« siny (see Eq. 141) and hence cosh(z*) = cosh x cos(—y) + 
isinh x sin(—y) = cosha cosy —isinha siny. Therefore: 


O O 0 a) 

Co = sinhe cosy # —sinhz cosy = — and oY = —coshex siny # coshaz siny = —— 

Ox Oy Oy Ox 
(f) We have e* = e*~*¥ = e* (cosy — isiny) = e” cosy — ie” siny. Therefore: 

a) 3) O a) 
Da =O COU # EF cosy = and By = To Sing # et siny = — 5 
(g) We have |z| = 22+ y? = V/z2 + y2 + i0. Therefore: 
Ou x _ Ov tid La a a, ER 


ay ere I dy /e $y? Ox 
(h) We have z2* — |z|* = (a — iy) — (a? + y?) = (x — x? — y?) — iy. Therefore: 
Ou Ov Ou Ov 
ee: (= OW 2 3 eo 0u 
Da cH Dy and oe y £0 


[154] Im fact, we are using the contrapositive of the statement “if they are analytic then they should satisfy the Cauchy- 
Riemann equations”. 
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Note: the use of “4” in some parts above means “in general” noting that the occasional satisfaction 
of the Cauchy-Riemann equations (on points or curves) does not qualify the functions to be analytic 
at these locations because they do not extend to a neighborhood. 

8. Give a formal criterion for analyticity based on the Cauchy-Riemann equations. 
Answer: If the real functions u(x, y) and v(x, y) are continuous and have continuous first order partial 
derivatives (with respect to x and y) over a given domain D in the z plane, then if u and v satisfy the 
Cauchy-Riemann equations at all points of D then the complex function w = f(z) = u(x, y) + iv(2, y) 
is analytic in D. 
Note: we may also propose a “criterion for non-analyticity” by reversing the above criterion, that is: 
if f(z) does not satisfy the Cauchy-Riemann equations, then it is not analytic. In fact, because the 
satisfaction of the Cauchy-Riemann equations (within the given conditions) is a necessary and sufficient 
condition for analyticity we may propose criteria for analyticity/non-analyticity and satisfaction /non- 
satisfaction of Cauchy-Riemann equations by taking the zff statement and its two contrapositives. 

9. Show that the following complex functions are analytic: 


(a) f = ap ipip (a y? # 0). (b) f = 2e*. (c) f = ze*. 
(d) f =sinhaz cosy +icoshe siny. (e) fai (z #0). 
Answer: We use the analyticity criterion which we stated in Problem 8, i.e. we verify analyticity by 


showing that the functions satisfy the Cauchy-Riemann equations (noting that all these functions are 
continuous and have continuous first order partial derivatives over their domain). 


(a) We have u = pip and v = st and hence: 
Ou Quy Ov Ou x? — y? Ov 
— 5) — and — 5} = 
Or (ey Oy Oy 2a OR 


So, f is analytic over the entire z plane excluding the origin z = 0 (since x? + y? 4 0). In fact, the 
analyticity of f is fairly obvious because: 
y , x y+ in i(x — iy) ey gee 
Ae 


‘P+y — ety? (a@t+iy)(e@—iy)  zz* 2 


and hence the analyticity of f is based on the analyticity of ¢/z which is analytic everywhere excluding 
z=0. 
(b) We have f = 2e7 = 2e7*Y = Qe7e¥ = 2e*(cosy + isiny) = 2e* cosy + i2e*siny and hence 
u = 2e* cosy and v = 2e* siny. Therefore: 

Ou Ov Ou Ov 

— = 2e* cosy = — and — = —2e* siny = —-— 

Ox a Oy Oy @ 
So, f is analytic (and entire). In fact, the analyticity (and entirety) of f should be obvious because it 
is a product of polynomial (i.e. 2) and exponential functions both of which are analytic (and entire) 


as seen in Problem 4. 
(c) We have: 


f = ze? =(a+iye?* = re** + iye™ = x(e* cosy + ie” siny) + iy(e” cosy + ie” sin y) 


= ze" cosy + ize” siny + iye” cosy — ye” siny = (xe” cosy — ye” sin y) +7 (xe” sin y + ye” cos y) 
and hence u = xe” cosy — ye” siny and v = xe* siny + ye* cosy. Therefore: 


Ou Ov Ou Ov 
— =e" cosy4+ ze* cosy— ye” siny = — and — =—ze" siny —e”* siny — ye” cosy = —— 
Ox Oy Oy 

So, f is analytic (and entire). In fact, the analyticity (and entirety) of f should be obvious because it 
is a product of polynomial (i.e. z) and exponential functions both of which are analytic (and entire) 
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10. 


as seen in Problem 4. 
(d) We have u = sinh cosy and v = cosh siny and hence: 


Ze cosh x cos = and Gi sinh x si a 

_ = x == n — =-—sinhz siny = —-— 

Ox ¥ Oy Oy a Ox 
So, f is analytic (and entire). In fact, f is the hyperbolic sine function (i.e. f = sinh z; see Eq. 142) 
whose analyticity (and entirety) was established in Problem 4. 


(e) We have: 
zs r—y x oe. SU 
— — — t 0 
TOTP wae Bae eae on 
and hence u = Peers and v = Pay Therefore: 
Ou —x7 + y? Ov Ou —2Qry Ov 
— 5} — and — 5) — 
Oc (a +y?)y Oy Oy (+y) os 


So, f is analytic everywhere except at z = 0 where it is not defined. In fact, the analyticity of f 
everywhere except at z = 0 can be easily concluded by noting that f = 2*/|z|? = 1/z which is analytic 
everywhere except at z = 0. 

Test the analyticity and entirety of the following functions using the merged form of the Cauchy- 
Riemann equations (see Eq. 162): 


(a) f =|2I. (b):f =|27|: (c) f =ix? —2ry—iy?.  (d) f =cos(y— iz). 
(e) f =sinh?(x?—y2).  (f) f =cos(Qa+iy). (g) f=er™. (h) f =sin x? +42. 
(i) f=e%. (j) f=e*. 

Answer: 


(a) f is neither analytic (anywhere) or entire because we have f = |z| = \/xz? + y? and hence from 
Eq. 162 we get: 


O O a y 
rome ane 2 4 9,2 — ; 
(+5) Bel ae ee 


(b) f is neither analytic (anywhere) or entire because f = \/(x2 — y?)? + 4x?y?2 = \/xt + 2x2y? + y4 
and hence from Eq. 162 we get: 


3 2 2 2 
(3; oy) wip 2a?y? + yt = et poe Be 
xt + 2x?2y? + y4 xt + 2x?2y? + y! 


(c) f is analytic (everywhere) and entire because from Eq. 162 we have: 


(F+iZ) (ie? Qry — iy*) = (i2x — 2y) + i (—2e — iy) = i2x — 2y — 12x + 2y =0 


In fact, f = iz? whose analyticity and entirety are obvious (see Problem 4). 
(d) f is analytic (everywhere) and entire because from Eq. 162 we have: 


0 0 
— +ix ) cos(y — ix) = [isin(y —ix)] +%[ — sin(y — ix)| = isin(y — ix) —isin(y — ix) =0 
Ox Oy 

In fact, f = cos(—iz) whose analyticity and entirety are obvious (see Problem 4). 


(e) f is neither analytic (anywhere) or entire because from Eq. 162 we have: 


(+ + ix) sinh? (a? — y?) = 4x sinh(a? — y?) cosh(a? — y”) — i4y sinh(x? — y?) cosh(x? — y?) 4 0 
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11. 


12. 


13. 


(f) f is neither analytic (anywhere) or entire because from Eq. 162 we have: 


(F + ix) cos(2x + iy) = [ — 2sin(2x + iy)] +2[ —isin(2x + iy)] = —sin(2x + iy) £0 


(g) f is neither analytic (anywhere) or entire because from Eq. 162 we have: 
0 0 
( + ix) ett? — ett" 4 iyett?” £0 
(h) f is neither analytic (anywhere) or entire because from Eq. 162 we have: 


3) 3) ) x y 
—+i— |sinVx?4+y2 = cos Vx? + y2 +4 cos Vx? + y2 £0 
(7 Oy y /q2 + y? y [p24 y2 ue 


(i) f is analytic (everywhere) and entire because we have f = e* = e~¥*** and hence from Eq. 162 
we get: 


In fact, the analyticity and entirety of f should be obvious from the result of Problem 4. 
(j) f is neither analytic (anywhere) or entire because we have f = e’* = e¥+'* and hence from Eq. 
162 we get: 


(= + ix) ev tit — (ier bP) +4 (err) = i2evr'* ZO 
y 


Note: the use of “A 0” in some parts above means “in general” noting that the occasional vanishing 
(on points or lines) does not qualify the functions to be analytic at these locations because they do 
not extend to a neighborhood. 

Show that a non-constant real function cannot be analytic. 

Answer: A non-constant real function has the form f = u(x,y) + 70 where either Ou/Ox # 0 or 
Ou/Oy # 0 (or both) while both derivatives of its imaginary part are zero, i.e. Ov/Ox = Ov/Oy = 0. 
Therefore, at least one of the Cauchy-Riemann equations are not satisfied and hence it is not analytic. 
Show that a non-constant imaginary function cannot be analytic. 

Answer: A non-constant imaginary function has the form f = 0+ ivu(x,y) where either 0v/Ox 4 0 
or Ov/Oy # 0 (or both) while both derivatives of its real part are zero, i.e. Ou/Ox = Ou/Oy = 0. 
Therefore, at least one of the Cauchy-Riemann equations are not satisfied and hence it is not analytic. 
Give an example of a complex function that is continuous everywhere (in the complex plane) but 
analytic nowhere. 

Answer: An example is f(z) = z|z|” because both z and |z| are continuous everywhere (in the 
complex plane) and hence their product (i.e. z x |z| x |z|) should also be continuous everywhere (see 
Problems 2 and 12 of § 1.5). However, f = (x + iy) (27 + y?) = (a? + xy?) +7 (2?y +y°) and hence 
from the merged form of the Cauchy-Riemann equations (see Eq. 162) we get: 


0 _O 
(atin) 


As we see, 2z? vanishes nowhere (except at the origin) and hence f is analytic nowhere in the complex 
plane (except possibly at the origin). However, for a function to be analytic at a point it should be 
differentiable on a neighborhood of that point (see § 1.5). Therefore, f is not analytic even at the 
origin. Accordingly, f is continuous everywhere but analytic nowhere. In fact, there are many other 
examples of functions that are continuous everywhere in the complex plane but analytic nowhere, e.g. 


f(z) =2*. 


l| 


[ (3x? + y’) + i2xy] +1 [2ay +1 (a? + 3y")] 


= zw? + idry—2y? =2 (ee + i2xy — y’) = 2(x + iy)” = 22? 
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14. 


15. 


16. 


Verify that the following differentiation rules apply to complex functions (as to real functions): 
(a) 2 =e’. (b) 22 =1 (240). 


“dz dz z 
Answer:!!55l We use Eq. 159 or Eq. 160 in this verification. 
(a) We have e* = e**Y = e* (cosy +isiny) = e* cosy +ie*siny and hence u = e* cosy and v = 
e” siny. Now, if we use Eq. 159 then we have: 

de* 


ae ae (e” cos y) + in” (e” siny) = e” cosy + ie” siny = e” (cosy + isiny) =e 


Similarly, if we use Eq. 160 then we have: 


a+1y = e* 


de* 
aaa (e” sin y) — i— (e” cosy) = e” cosy + ie” siny = e” (cosy t+isiny) = e™*Y = e? 
dz Oy Oy 
(b) We have Inz = log, r + i(6, + 2n7) and hence u = log. r = log, Vx? + y? and v = 6) + 2nt = 
arctan(y/2) + 2na. Now, if we use Eq. 159 then we have: 


din z 2s 2 (log. Ve? +y?) ie (arctan [2| + 2nm) 


dz 


x . Y x— ty Ze 1 


e+ ye ‘ee +y? we+y? ze x 


Similarly, if we use Eq. 160 then we have: 


dinz _ 2 (arctan [#4] + 2nm) — i 3 (log. V2? +9?) 


dz y 


x . YY x— ty zo 


Pty e+e wry zr 2 

Note: Eqs. 159 and 160 are based on the assumption of analyticity which is obvious for e* since 
it is entire (see Problem 4). Regarding Inz, we repeat what we said in Problem 19 of § 2.2 about 
the applicability to individual branches with the removal of the branch cut and hence In z is analytic 
within these conditions (see Problem 5). We should also remark that this Problem is essentially about 
testing the consistency (noting that no circularity should be suspected). 

Make a simple argument in support of the proposal that if a complex function f(z) satisfies the Cauchy- 
Riemann equations then |f (z)]" (where n is a positive integer) should also satisfy these equations. 
Answer: If f satisfies the Cauchy-Riemann equations then it is analytic and hence its n*” power f” 
(which is no more than a product f x f x--- x f) should also be analytic and therefore it should also 
satisfy the Cauchy-Riemann equations (noting that we are using the iff statement in this argument). 
Show that if f = u-+ iv is analytic and |f| is constant, then f is constant.|154 

Answer: |f| is constant and hence |f|? = u2 + v? = C? (where C is a real constant). On partial- 
differentiating this with respect to x and y respectively (and canceling the common factor 2) we get: 


ust 4 oS =0 and uge huge =0 
ae ae =o and wpe use =0 
woe we =0 and ws +7St = 0 
we — ve <0 and vo + wet =0 


[155] The reader should also refer to parts (a) and (b) of Problem 19 of § 2.2 for a different method of verification. 
[156] As indicated earlier, we are assuming a proper domain over which such a statement applies. 
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17. 


18. 


19. 


where in line 2 we used the Cauchy-Riemann equations (see Eq. 157), and in line 3 we multiplied the 
left equation (of line 2) with u and the right equation (of line 2) with v while in line 4 we multiplied the 
left equation (of line 2) with v and the right equation (of line 2) with u. Now, if we add the equations 
in line 3 side by side we get (u? + v”) 24 = 0 and if we subtract the equations in line 4 side by side we 
get (u? + v?) oe = 0. So, ifu =v =0 then f = 0 and hence f is constant. Otherwise, ge = Se =0 
and hence wu is constant. Also, on using the Cauchy-Riemann equations with the last equation (i.e. 
oe = ee = 0) we get oe = — 2 = 0 and hence v is also constant. So, both wu and v are constants and 
hence f is constant. 

Show that if f = u + iv is an analytic function then |Vu| = |Vu]. 


Answer: Noting that Vu = (3, au) and Vu = (3, au), we have: 


wl = (Bem) Gea) Ve) +() -¥(H) +) 
- (2) +(@)- (23 -E3-» 


where we took the dot product in the first equality and used the Cauchy-Riemann equations in the 
third equality. 


Show that if f = u+ iv is an analytic function then the gradients of u and v (at any point in the 
domain of f) are orthogonal. 


Answer: The gradients of u and v are Vu = (3, ou) and Vu = (3, gu) The orthogonality of 


these gradients can be easily shown by showing that their dot product is zero, that is: 


Ou Ou Ov Ov\ _ Oudv | Oudv _ Ov dv Guay = 
Ox’ Oy dx’ Oy) Ax dx Oydy Oydx Axdy 


vu-Vo= ( 


where in the third equality we used the first of the Cauchy-Riemann equations (see Eq. 157) to replace 
gu by oa in the first term and the second of the Cauchy-Riemann equations to replace oe by — ge in 
the second term. 

Show that if f is a function of z* (= x — iy) then f is not analytic. 

Answer: We prove this statement by proving its contrapositive, i.e. if f is analytic then it is not a 
function of z*. So, let f = u(x, y) + iv(a,y) be an analytic function and we take its partial derivative 


with respect to z* using the chain rule, that is: 


Of _ Of Ox | Of Oy 
Oz* Ox Oz* | Oy Oz* 
Ou .dv\ Ox | (Ou | .Ov\ dy 
= ($= +igt) ont (5 +12) Oz* 
Ou .dv\ 1 du .dv\ —1 z+2* z— 2 
7 (= +i5 | at (F ix) i2 (= 2 a =) 
_ LfOu 00s. 1 f Ov Ou 
=. (> x) ae) (= a a) 
= 0 


where the last step is because f is analytic and hence it should satisfy the Cauchy-Riemann equations 
(see Eq. 157). The vanishing of this partial derivative means that f is independent of z*, i.e. f is not 
a function of z*. The significance of this result is that an analytic function of z (where z here may 
include its conjugate) can only be a function of the combination x + iy (i.e. z strictly) but not of the 
combination x — iy (ie. 2*). 
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20. Derive the polar form of the Cauchy-Riemann equations of an analytic function f(z) = u(r, @)+iv(r, 8). 
Answer: We have r = \/x? + y? and @ = arctan (4) + 2n7. Hence, from (the Cartesian form of) the 
Cauchy-Riemann equations (see Eq. 157) we get: 


Ou _ Ov sad Ou Ov 
dx Oy dy Ox 
Ou Or _ Ov 00 ag Oudd —  OvOr 
Or Ox 00 Oy 00 0y ~~ Or Ox 
Ou x _ 08 Ife os Ou lf/e — Ov x 
Or x? + y? 0614 (4)? 001 + (4)? Or x? + y? 
Ou 1 Ov oi Ou il Ov 1 
Or ./e2 + y2 — OO x2 +42 aed OO x? + y? ~~ Or 22 + y? 
Ou 1 Ov Ou Ov 
c=, ney — ee 2 Die Pn 
Or apy? 0 ond ag EE Be 
Qu _ 100 ee du __,av 
Or r06 00 Or 


21. List some of the properties of analytic functions (as defined over a given region in the complex plane). 
Answer: For example:!157| 
e A function that is analytic at a point zo is differentiable at z) and at every point in some neighborhood 
of ZQ- 
e It is infinitely differentiable and its derivatives of all orders are analytic over the region of analyticity 
(see Problem 6 of § 4.3). 
e It possesses a (Taylor) power series around the point of analyticity (see § 5.1). 
e It does not possess a local maximum or (non-zero) minimum inside the region of analyticity (see § 
4.6). 
e The value of the function at any point inside the region of analyticity is determined by its value on 
the boundary of this region (see § 4.3). 


[158] 


3.2 Contour Integration 


Contour integration means line integration (or path integration) in the complex plane.!!59! Accordingly, 
if C is a given curve in the complex plane and f is a complex function defined on a region that contains C’ 
and it is represented mathematically by the relation w = f(z) then the contour integration of f along C’ 
is the line integral [{., w dz. In this regard, C can be a closed curve (e.g. the circle |z — i| = 5) or an open 
curve connecting two distinct points (e.g. the upper half of the circle |z| = 2 between the points z, = 2 
and z2 = —2). Also, a closed curve can be tracked in a clockwise sense or in an anticlockwise sense, where 
the common convention is to consider the former as negative and the latter as positive.!!®°! Similarly, 
an open curve can be tracked in one direction or another where the direction is indicated by determining 
the start and end points (e.g. from point z; = 0 to point z2 = 1+ i rather than the opposite).[164) 


We note that most of these properties will be investigated thoroughly later on. Also, the following is just a sketch of 
these properties and hence restrictions and conditions generally apply (although they are ignored here). 

It is commonly accepted that a function f(z) is analytic at a point zo iff it can be represented by a power series at zo 
(where the series converges to f in a neighborhood of z). 

159] “Contour” may be defined more technically and specifically as: directed, closed and smooth (at least piecewise) curve in 
the complex plane (and contour integration is then defined accordingly). However, in this book we adopt a more loose 
and general definition (as indicated above). 

In this book, all the contour integrals of closed curves (and fragments of closed curves) are assumed to be in the positive 
sense (i.e. anticlockwise) unless stated otherwise. Anyway, the sense of tracking closed curves in contour integrals will 
be indicated by using the integral symbol ¢ for clockwise sense of tracking and the integral symbol ¢ for anticlockwise 
sense of tracking. 

As indicated earlier (see footnote [22] on page 16), it is sensible to identify the sense of tracking of some open curves 
by “clockwise” and “anticlockwise”. 


160 


161 


3.2 Contour Integration 161 


It is noteworthy that contour integration in complex analysis is very similar to (2D) multi-variable line 
integration in real analysis (but usually with a big advantage for the contour integration since many 
operations and manipulations can be done in one go using compact expressions and formulations as well 
as exploiting the amazing properties of analyticity and providing more fundamental understanding of the 
mechanisms of these operations). 
It is important to notice that contour integrals can be calculated using three main approaches: 

e Contour integrals may be calculated by using a parameterization approach where the curve (and hence 
the integral) is represented and formulated mathematically by using a scalar parameter like t (see Problem 
1). According to this approach we can define the contour integral of a complex function w(z) over a t- 
parameterized curve C [i.e. C is defined as z = z(t)] by the following equation: 


i. w(z) dz =[" w(z(t)) dt (163) 


ti 
where ¢; and tz are the values of t corresponding to the end points of C and the overdot means d/d¢. 
e They may also be calculated by using a real and imaginary variables (i.e. « and y) approach where Eq. 
80 facilitates the formulation and calculation (see Problem 2).!!6? 
e They may also be calculated by using ordinary integration, i.e. by the use of indefinite integration (to 
get a primitive) followed by substitution of limits as done for the calculation of definite integrals in real 
analysis (see Problem 3).!1® 
However, we should note that not every one of these approaches is employable in each contour integration 
problem. Also, each approach has its advantages and disadvantages although they should lead to the same 
result (assuming they are employable). More about these issues will follow (see for example Problem 4). 
Problems 


1. Calculate the following contour integrals over the given (anticlockwise oriented) curves C' using a 
parameterization approach: 


(a) [, 3¢dz where C is the upper half of the circle |z — 1+ é| = 4.1164] 


(b) ff. c tz dz where C is the quarter of the ellipse 2 +y? =1 in the first quadrant. 


(c) $e z* dz where C is the square with vertices at z] = —1—i, z2 =1—i, 23 =1+iand z4 = —1+i. 


(d) & ere dz where C is the origin-centered unit circle. 

Answer: 

(a) The curve C is the upper half of the circle centered on the point 1 — i with radius 4 and hence it 
can be parameterized as z = 1 — i + 4e’” (where 0 < 0 < 1). Therefore, dz = i4e’°d0 and we have: 


: 32dz = fl 3(1 — i + 4e’”) i4e? dd = 2 f (ie? + 9 + ide??*) do 
Cc 0 0 


= 12 [ei — ie! + 26] =12| ieee 2] 12[1 ea 2] = 244 i24 
0 


(b) The curve C is the quarter (in the first quadrant) of the origin-centered ellipse with semi-major 
axis a@ = 2 and semi-minor axis b = 1 and hence it can be parameterized as z = 2cos@ + isin 6 (where 
0<0< 7/2). Therefore, dz = (—2sin@+ icos@) dO and we have: 


[ica = [i (2c058 + isin) (—2sind + ic0s6) ab 
c 0 


162] Tt is straightforward to show that Eq. 80 and Eq. 163 (with regard to contour integration) are equivalent and hence 


the real and imaginary variables approach and the parameterization approach are essentially the same (although they 
usually lead to very different formulations and technical manipulations as will be seen in the Problems). 

In fact, this is not really a contour integration (in the strict sense) but it works when the integral is independent of 
the path, i.e. when the integral depends only on the two end points which requires the integrand to be analytic (see 
Problem 4). This means that this method is restricted to analytic functions (i.e. the integrand is analytic) while the 
other two methods are general and apply to all (continuous) functions. 

Being “anticlockwise oriented” means from the start point 5—7 on the right to the end point —3—i on the left. Similarly, 
for part (b) it means from the start point on the positive real axis to the end point on the positive imaginary axis. 
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7 © 


‘ in 20 in 20 
i , (2sin” 6 — 2cos* 0) — i5cos@sin 6| do = (6 s s 
0 


I 


I 


2 
[= sin 20 +15 0054 = 0 | lois] 235? 
2 A 2 2 
(c) The square is made of 4 straight line segments that can be parameterized as follows: 
C; from z to zg: z =t—i (—-1<t< 1) and hence dz = dt. 

C2 from zg to z3: z = 1+ it (-1<t< 1) and hence dz = idt. 

C3 from z3 to z4: 2 = —t +7 (—1<t <1) and hence dz = —dt. 

C, from z4 to 21: 2 = —1—it (-1<t< 1) and hence dz = —id¢. 

Therefore, we have: 


2 de = ; vde+ f de+ f a de+ f Zz dz 
C C1 Ceo C3 C4 


Ss [roar fa ayiaes [( t — i) (—dt) 4 i 1 + it) (—idt) 


—1 —-1 -1 


l| 


4+1 +1 
ih e+) t(t+t)+(t+2)+ (4 i)jae= f [at + ia]at 
ci -1 

+1 
= [oP +iae]” = [2444] - [2- a4] = 08 

-1 
(d) The curve C is the origin-centered unit circle and hence it can be parameterized as z = e’” (where 
0 <6 <2r). Therefore, dz = ie’’d0 and we have: 


3 27 130 ; 2n : 130 
ie dz i x ie? dod = (ict? + im) dé = ig + iO 
C 0 et? 0 3 


az 
1 1 
_ E +i27?| — E + iol = i2n? 


I 


2. Calculate the following contour integrals over the given curves C using a real and imaginary variables 
approach: 


(a) As part (a) of Problem 1. 

(b) As part (b) of Problem 1. 

(c) JQ (22? — z +5) dz where C is the straight line segment y = x from z, = 0 to 22 = 3 +13. 
(d) As part (c) of the present Problem but with C being the parabola y = x? — 2z. 


Answer: 
(a) The circle can be represented as (x —1)?+(y+1)? = 16 and hence the curve C (which is the upper 


half of this circle) can be represented as y = ,/16 — (a — 1)? — 1 (where 5 > x > —3). Accordingly, 
(l=#) 


\/16—(2—1)? 


dy = dx. We also have: 


w= utiv = 32 = 32 + i8y = 32 +i (3/16 — (@— 1)? - 3) 
So, from Eq. 80 we have: 
[ sea = [ (ude vdy) +i f (way + var) 
e C 63 
- ‘ ax de ~ (3 16 — (x — 1) 3) ey ges 
: bC=es02 
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if | St) to (VEGF 8) a 
5 


lI 
os 
a 
SS 
a 
3 
w 
—_ 
Dll eo 
Le 
S| | 
min 
ey 
tO 
; eee | 
a 
8 


f-| SEE) haga Ge 1? 3] a 
5 


16 — (x — 1) 


= | (30? -30-+8Vi6— IP) + (sevi6— @— 1? ar) | 


[36 + 19] — [60 — 115] = —24 + i24 


5 


l| 


which is identical to the result of part (a) of Problem 1. 
(b) The ellipse is represented as = +y” = 1 and hence the curve C (which is the quarter of this 


ellipse in the first quadrant) can be represented as y = \/1 — (a/2)? (where 2 > x > 0). Accordingly, 
== dz. We also have: 


a 4/1 —(2/2)2 


w=utiv=iz=—-yt+ir= 1 — (a /2)? + ia 


So, from Eq. 80 we have: 


[ive = [ (uae -vay) +i [ (way + var) 
[ |-vircrre o——__ dx 


4,/1 — (a/2)? 
ey -viz err, (e/a dx + x dx 


0 2 0 x 
2 | - 1— (PP + 7 omit | dix 


|(-*vi- @P) +52] - [o io| lois] =-i 


8 


I 


+ 


I 


which is identical to the result of part (b) of Problem 1. 
(c) The curve C' is represented by y = x (0 < x < 3) and hence dy = dx. We also have: 


W 


I 


utiv = 227 —2+5= 22? —y? + i2cy) —2 —iy+5 = (227 — Qy? —2 +5) + i(day —y) 
(Qa? — 2a? —2 +5) + (4x? — 2) = (5-2) +i(42? -—2 


So, from Eq. 80 we have: 


[ @2-2+5)a: = (ude —vdy) +i f (udy + vdz) 
Cc C 


3 3 

[(5 — x) da — (42? — 2) da] if [(5 — x) da + (42? — x) da] 
= [0-402 ae+i f (6-20 + 40%) a 

[(se— $2") +6(se— 2? + Se) | = [21 +143] — fo +i 


0 


l| 
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= —21+4742 
(d) The curve C is represented by y = x? — 2x (0 < & < 3) and hence dy = (2x — 2) dx. We also have: 


w= utiv=22? —24+5= 2a? —y? +i22y) — 2 —iy+5 = (22? — 2y? —2 +5) +i(dey—y) 
(20? - 2[x? - 20]”- 2 +5) +4 (40 [x? - 2a] - [x - 22}) 
(—224 + 8x3 — 647 — 24 5) + i (4a°° Qa? 4 On) 


I 


I 


So, from Eq. 80 we have: 


[8-24 5)a: = [(ear—vdy) +i f way +vdr) 


Cc 


3 
- | [( 2e* + 82° — 6x” — x +5) dx — (42° — 9x? + 22) (2a — 2)de + 
0 


3 
a | (-2a4 + 82° 6x? — x +5) (2x — 2)dx + (42° — 9x + 2x) da 
0 


3 
i (—102* + 34a? — 282? + 3x +5) da + 
0 


3 
i : (—4a° + 20a* — 24x° + 2” + 14a — 10) dex 
0 
1 2 
=  ( Qn? + 774 or a or) 
3 


9 3 
a x® + 42° — 624 4 of + 7a? — 10x 
3 3 6 


[ — 21 + 142] — [0+ 20] = —21 + 142 
which is identical to the result of part (c). 


3. Calculate the following contour integrals over the given curves C’ using an ordinary integration ap- 
proach: 
(a) As part (a) of Problem 1. 
(b) As part (b) of Problem 1. 
(c) As part (c) of Problem 2 (or as part d of Problem 2). 
Answer: 
(a) The two end points of C are z; = 5 —1% and z. = —3 —i and hence: 


ve ced as 3 
| sede = | s2de= Fa = | (-3 i | (5 i = —24+4 124 
S = Oe ise 2 2 


which is identical to the result of part (a) of Problem 1 (as well as part a of Problem 2). 
(b) The two end points of C are z; = 2 and zg = 1 and hence: 


; 2)! a 4 5 
izde = [ izdz= S| = [ [ =-1 
[ 9 2], 2 2 2 


which is identical to the result of part (b) of Problem 1 (as well as part b of Problem 2). 
(c) The two end points of C are z; = 0 and z. = 3+ 73 and hence: 


3413 en: 2 3443 
[ @2-2+5)ae = | (Qe? ~248)dz = [7-5 4-54] 
Cc 0 0 


I 


F513 + 3) [(0o-—0+0] = —21 + 42 


which is identical to the result of part (c) of Problem 2 (as well as part d of Problem 2). 
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4. Discuss the approach of using ordinary integration to calculate contour integrals. 
Answer: As it is known, line integrals are generally path dependent and hence using ordinary in- 
tegration for calculating contour integrals should not work (in general) because in ordinary integra- 
tion the value of the integral depends on the end points only as the notation itself indicates, i.e. 
th fi@dz = |F (z)|>° which has no indication to the path of integration (except its end points). 
However, in a simply-connected region (see § 1.5) line integral becomes path independent if it is of the 


form {(Pdz + Q dy) where an = oo throughout that region. For example, in part (c) of Problem 


2 the real part integral (which is in a simply-connected region) is of the from [(P dx + Qdy) with 


P=u= 22? — 2y?-2+5 and Q = —-v = y — 4zry where oT = —-4dy = a2 and hence this integral 
is independent of the path. Similarly, the imaginary part integral is of the from {(P da + Q dy) with 


P=v=4ay—y and Q =u = 22? — 2y? —x +5 where =4r—-—1= ge and hence this integral is 
also independent of the path.!!®°! The path independence of the contour integral (in its real and imag- 
inary parts) of part (c) of Problem 2 was confirmed in part (c) of Problem 3 where we used ordinary 
integration (which is based on path independence) to calculate this line integral and we obtained the 
same result. The path independence is also confirmed in a specific case in part (d) of Problem 2 where 
we obtained the same result as in part (c) of Problem 2 despite the fact that the curve C is different 
(ie. the parabola y = x? — 2x) although this does not establish the path independence in general (i.e. 
along any curve). 

We should finally note that by comparing the condition of a ae to the form of Eq. 80 (where in 
the real part integral P = u and Q = —v while in the imaginary part integral P = v and Q = u) 


we can see that the condition of = ae for the real part is no more than Su = a (which is the 
second of the Cauchy-Riemann equations) and for the imaginary part is no more than je = oe (which 


is the first of the Cauchy-Riemann equations). Now, if we note that the Cauchy-Riemann equations 
represent a criterion for analyticity, we can then conclude that path independence of contour integrals 
is conditioned by the analyticity of their integrands.!!®*l This issue will be investigated further later 
on (see for example § 4.1 and § 4.2). 


3.3 Singularities 


As indicated earlier (see § 1.5), a function is singular at a given point in the complex plane if it is 
problematic in some way at that point, e.g. by having a vanishing denominator at that point and hence 
it blows up. We also indicated that a given point in the complex plane may be described as singular or 
singularity of a given complex function f(z) if f is singular at that point. In fact, there is some specific 
terminology in the literature of complex analysis about singularities (which is based on their mathematical 
nature) that the reader should be aware of. The essentials of this terminology will be briefly discussed in 
the following paragraphs and it will be investigated further in the Problems of this section (noting that 
the literature here, as elsewhere, is not entirely consistent and hence the reader should be aware of the 
specific convention of each particular author and sometimes the apparent or genuine contradiction of some 
authors in different contexts and locations). 

A point zo in the complex plane is an isolated singular point or an isolated singularity of a complex 
function f(z) if f is analytic in some neighborhood of zp except at the point zp (also see § 1.5).!!®7] Isolated 
singularities are generally divided into three main types (noting that these types may occasionally be used 
in the literature, correctly or incorrectly, in reference to non-isolated singularities): 

(A) Removable singularity which is a point zp at which the function f(z) is not analytic (ie. ina 
strict technical sense) but f has a limit at zo and hence f is bounded at zo and can be defined sensibly 


1165] T+ should be obvious that the path independence of the contour integral in its real and imaginary parts means path 
independence of the contour integral (as a complex integral). 

[166] Ty brief, the integral of a given function f(z) is path-independent in a given (simply-connected) region R iff f is analytic 

in the entire R. 

“Non-isolated singular point” (or non-isolated singularity) is defined accordingly, i.e. there is no deleted neighborhood 

of zo on which f is entirely analytic since any such neighborhood contains some singularities. 


[167] 
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at zp to make it analytic there. 
(B) Pole of order n (where n is a finite positive integer) which is a singularity at which the limit 
lim._,.,(z — 20)" f(z) does exist where n is the smallest integer for which this limit exists.!1® 
(C) Essential singularity which is a point zp at which the limit lim,-_,,,(z — zo)” f(z) does not exist 
for any (non-negative) finite integer n.!'°l In more simple terms, essential singularity is an isolated 
singularity that is neither removable nor pole. 
As we will see (refer to Problem 6 of § 5.2), these three types of isolated singularity can be defined in a 
simpler way by using the Laurent series expansion of the function around the singularity (and hence these 
types of isolated singularity may be attributed to the series that represents the function as well as to the 
function) [170 

We present in the following bullet points a number of useful remarks about singularities and their 
terminology: 
e A pole of order 1 is commonly known as simple pole. Similarly, a pole of order 2 may be called double 
pole, a pole of order 3 may be called triple pole, and so on. 
e Essential singularity may be described as a pole of infinite order or essential pole. 
e As we will see (refer to § 5.2 and Problem 6 of § 5.2 in particular), removable singularity is effectively 
“analytic point” (although formally it is not) since the Laurent series expansion at that point has no 
principal part and hence it is actually a Taylor series. In fact, this should explain why it is “removable”. 
It is noteworthy that being removable is due to the boundedness of the function (since it has a limit) at 
this type of singularity and hence it is possible to redefine the function to make it analytic at the singular 
point and hence remove the singularity. 
e Whether the function at its removable singularities (according to our definition) can be described as 
analytic (considering, for instance, it has a Taylor-like series) or not (considering, for instance, it is not 
defined there formally by the function in its original form) seems to be a contentious issue. However, this 
is a trivial matter (as long as we know the actual properties and behavior of the function and its series 
at such points) since it is a matter of labeling with no substantial consequences. In our view (which we 
indicated in the previous point), removable singularities are effectively “analytic points” although formally 
they are singular points. 
e Although the above terminology about the types of isolated singularities is the common one in the 
literature of complex analysis, there seem to be other conventions (or abuses or mistakes) beside the 
above convention. For example, regarding the terms “removable” and “essential” some authors seem to 
use “removable” for (A) specifically and use “essential” for (B) and (C), while other authors seem to 
use “removable” for (A) and (B) and use “essential” for (C) specifically. In fact, a careful inspection of 
the literature may reveal other conventions (or mistakes or sloppiness). In this regard, we should also 
consider the terms “non-removable” and “non-essential” in this context although they should depend in 
their ultimate meaning on the adopted meaning of the terms “removable” and “essential” and hence “non- 
removable” or “non-essential” for each author should mean not “removable” or not “essential” (according to 
the convention and definition of “removable” and “essential” for that author). Anyway, these differences are 
generally trivial (as long as we know what is going on and we are aware of the definitions and conventions 
of each author). 


[168] Ty fact, there are some differences in the definition of “pole of order n”. For example, some define it as: a point zo at 
which the function f(z) is not analytic but the function g(z) = (z— zo)” f(z) is analytic where n is the smallest number 
that makes g analytic, i.e. (z — zo) f(z) is not analytic for m < n. Some of these differences are superficial while 
others reflect real difference in the concept. The latter definition suggests that removable singularity does not affect 
analyticity. 

[169] Tt may also be defined (following the definition of pole in the previous footnote) as: a point zo at which neither the 
function f(z) is analytic nor the function (z — zo)" f(z) for any finite n (where n is a positive integer). 

[170] The investigation of the singularities of functions is intimately and naturally linked to their series representation and 
hence a natural approach is to investigate the subject of singularities within or following the investigation of series 
representation of functions (i.e. Laurent series specifically). However, for structural necessities we assigned the present 
section and section 5.2 to their current positions, and this dictates the deferral of the investigation of some aspects of 
singularities (which are the subject of the present section) to section 5.2 since they are linked to the subject of Laurent 
series. 
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Problems 

1. Give an example of a function that has one removable singularity and one non-removable singularity 
(e.g. simple pole). 
Answer: For example, the following function: 


z4+z-2 (z-1)(2+2) 
WS gel Gaies) ee 
has one removable singularity at z = 1 and one non-removable singularity at z = —1 (which is a simple 


pole). The reason is that although f is not defined at both points (since its denominator vanishes at 
both points),71 it has a limit (which is 3/2) at z = 1 and hence it can be re-defined at z = 1 as 


f(z) = = and the singularity is removed, but it has no limit (since it blows up by going to infinity) 
at’ z = —1 and hence it cannot be defined there in a way that removes the singularity. 
2. Are branch points of multi-valued functions singular points, and if so to what type of singularity they 


belong? 
Answer: Yes, they are singular points because the function is discontinuous at these points (and 
hence it cannot be analytic). Moreover, due to their connection to the branch cut (at which the 
function is also discontinuous and hence non-analytic) they are not isolated and hence they are non- 
isolated singularities. More technically, there is no deleted neighborhood of a branch point on which 
the function is entirely analytic since any such neighborhood contains some singular points from the 
branch cut. 

3. Identify the singularities of the following functions and determine if they are removable, poles or es- 
sential (or non-isolated): 


(a) f=22+iz". (b) f = ao. (c) f= wee: (d) f = aim 

(ce) f= Z=Eh- (f) f= 3. (g) f = tanh z. (h) f =e. 

(i) f =cotz. (j) f =In(z — 3). (k) f=(z+3-a¥. 0) f= ake 
Answer: 


(a) f has only one singularity at z; = 0 since the denominator of z~! = 1/z vanishes at 21. This 
singularity is a simple pole. 

(b) f has three singularities (which are the roots of z? —1=0): at z1 =1, at 22 =—$+ ig and at 
z3=-5 -i8 (see part b of Problem 1 of § 1.8.11 noting the difference in labeling). These singularities 
are simple poles. 

(c) f has two singularities (which are the roots of z2+5 = 0): at 21 = —iV5 and at z2 = +i/5. These 
singularities are double poles. 

(d) f has four singularities (which are the roots of 24 +i8z = 0): at 2; =0, at z2 = i2, at z3 = V3—i 
and at 24 = —/3—i. The singularity at z, is removable (since it can be removed by defining f by its 
limit at z, which is —20.125) while the other three singularities are simple poles. 

(e) f has two singularities (which are the roots of 27 — 4z +5 =0): at z1 =2+iand at z2 =2-i. 
The singularity at z, is a simple pole while the singularity at z2 is removable (since it can be removed 
by defining f by its limit at zg which is —i0.5). 

(f) f has only one singularity at z; = 0 since the numerator and denominator of f vanish at z, and 
hence f reduces to the indeterminate form 0/0 at z,. This singularity is removable (since it can be 


removed by defining f by its limit at z, which is 1).!'77! 
(g) We have tanhz = sinh 2 and hence the singularities of tanh z occur where coshz = 0, i.e. at 


z= j CELE (see part c of Problem 14 of § 2.3). So, we have an infinite number of singularities. These 
singularities are simple poles because the zeros of cosh z are simple since the derivative of cosh z (which 
is sinh z) does not vanish at these points (see part d of Problem 14 of § 2.3; also see § 1.5). 


171] Ty fact, at point z = 1 it reduces to the indeterminate form 0/0. 
[172] Using the series of sin z (see Eq. 8) we have sine =1-2 427 _... which obviously has a limit (= 1) at z = 0. This 


3! 5! 
limit can also be obtained from L’Hospital’s rule. 
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(h) As we will see later (refer to Problem 6 of § 5.2), f has an essential singularity at the origin. 

(i) We have cot z = © and hence the singularities of cot z occur where sin z = 0, i.e. at z = nm (see 

part b of Problem 14 of § 2.3). So, we have an infinite number of singularities. These singularities are 

simple poles because the zeros of sin z are simple since the derivative of sin z (which is cos z) does not 

vanish at these points (see part a of Problem 14 of § 2.3; also see § 1.5). 

(j) In z has a branch point at z = 0 which is a non-isolated singularity (see Problem 2). Hence, In(z—3) 

has a non-isolated singularity at z = 3 (which is its branch point). In fact, this should apply to all 

points on the branch cut of this function. 

(k) 21/3 has a branch point at z = 0 which is a non-isolated singularity (see Problem 2). Hence, 

(z + 3—1)'/8 has a non-isolated singularity at z = —3 + i (which is its branch point). In fact, this 

should apply to all points on the branch cut of this function. 

(1) f has three singularities: a double pole at z = i, a simple pole at z = iV2, and a simple pole at 

a —iV/2. 
4. Give some examples of isolated and non-isolated singularities. 

Answer: The singularities of rational functions are isolated (see Problem 7 of § 2.1 and Problem 5 of 

§ 7.1). Also, the singularities of tanh z and cot z are isolated (see parts g and i of Problem 3). 

The singularity of Inz at z = 0 is not isolated since the non-positive real axis (which is the branch 

cut) is a continuous line and hence any neighborhood of the point z = 0 contains singularities (i.e. on 

the branch cut) other than z = 0. This similarly applies to \/z which has a non-isolated singularity at 

z = 0 which is its branch point. 
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Harmonic function (in a given domain D) is a real function (x,y) of two real variables x and y that 
possesses continuous second order partial derivatives in D and it satisfies Laplace’s equation in D. It can 
be shown that if a complex function f(z) = u(x, y) + iv(z,y) is analytic in a domain D then both its 
real part u and imaginary part v are harmonic functions in D (see Problem 1). Noting the link between 
analyticity and the Cauchy-Riemann equations (see § 3.1) as well as the link between being harmonic 
and satisfying Laplace’s equation, we can say that harmonic functions (within complex functions) provide 
a link between the Cauchy-Riemann equations and Laplace’s equation (in 2D). It is noteworthy that if 
u(x, y) and v(x, y) are harmonic functions in a given domain D and f = u(x,y) + iv(a,y) is analytic in 
D then u and v are commonly described as “harmonic conjugate functions” or “harmonic conjugates” (i.e. 
of each other). 

We should now draw the attention to the following points: 
e The real and imaginary parts of a complex analytic function in polar form satisfy Laplace’s equation in 
polar form (see Problem 20 of § 3.1). So, the above statements and symbolism (which suggest Cartesian 
form) are not restricted to Cartesian form. 
e Harmonic conjugates may also be called “conjugate harmonic functions” or “conjugate harmonics”. 
e This “harmonic conjugate” should not be confused with “conjugate” of complex numbers and variables 
(see for instance § 1.8.8). The two are completely different. 


e It is important to note “and” in the sentence above li-e. a 


. are harmonic functions in a given domain 
D and f = u(x,y) + iv(a,y) is analytic ...”] because not every two harmonic functions are harmonic 
conjugates. The reason is that two arbitrary harmonic functions may not form the real and imaginary 
parts of an analytic function. In other words, if wu and v are two arbitrary harmonic functions then 
f = u+tiv is not necessarily analytic (i.e. f may or may not be analytic since wu and v may or may 
not satisfy the Cauchy-Riemann equations). So in brief, every real and imaginary parts of an analytic 
function are harmonic (i.e. harmonic conjugates) but not every two harmonic functions are the real and 
imaginary parts of an analytic function (i.e. harmonic conjugates). Accordingly, harmonic conjugates are 
a proper subset of (paired) harmonic functions where each one in the pair has a special relation with the 
other. 

e As we will see (refer to Problem 3), the harmonic conjugate of a given harmonic function is unique 
(within an arbitrary constant and within a + sign difference considering the position of the harmonic 
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function as real or imaginary noting that if f = u+ iv then if =iu—v).27 

Problems 

1. Prove that if f(z) = u(x,y) + iv(z,y) is analytic then u and v are harmonics (read the complete 
statement in the text). 
Answer: Since f is analytic then according to the Cauchy-Riemann equations (see Eq. 157) we have 
Ou/Ox = Ov/Oy and Ou/Oy = —Ov/Ox. On taking the partial derivatives of these equations with 
respect to x and y (respectively) we get:l1741 


Oru Ov q Ou Ov 
—_—S a an a 
Ox? OxOy Oy? OyOu 
Now, if we note that = aS and we add the last two equations side by side then we get 


oa + re = 0 which is the 2D Laplace equation. This means that wu is harmonic. 
Similarly, on taking the partial derivatives of these equations with respect to y and «x (respectively) 
we get: 


Oru OP v Ou O7v 

== and a 

dyOr Oy? OxOy Ox? 
t O2u ae Oru 


Now, if we note tha Byde — DBady and we subtract the last two equations side by side then we get 


a a re = 0 which is the 2D Laplace equation. This means that v is also harmonic. 
So, both u and v are harmonic functions (as required). 
2. Which of the following real functions is harmonic: 


(a) u(z,y) =a? + 2 — By. (b) u(x, y) = vy — vy? + xy + by. 
(c) u(x, y) = log, a? —y? (a? > y?). (d) u(x, y) = 2° — 3ay?. 
Answer: 


(a) 
Ou Oru Ou Oru 
Ox oo Ox? Oy : Oy? 


So, oe + ie =2+0=2#0 and hence the function is not harmonic. 


(b) 


Ou 
oe =3a°y-—yP+y 


o? 0 0? 
a = Sey ay Bay? +2 +6 ay? = ty 


So, ou + os = 6xy — 6xy = 0 and hence the function is harmonic (over the entire complex plane). 


(c) 


Ou = O7u _ —a? — 7 Ou -y¥ O7u _ —7? — 7 
Ox x? — y? Oa? (~2 — y?)? Oy a 4? Oy? (a? — y?)? 
g au a2u = —a?-y? ; —a2-y? = —2(a?+y?) 0 d h th f ti . t h : 
. Bat + ayf = Grae + Gece? = ea # 0 and hence the function is not harmonic. 
Ou Oru Ou O7u 
ane tBy? a Bye =6 = =—6 ag 8 
ax sf dx2 dy re Oy? 7 


So, nu | 2% — 6 — 6x = 0 and hence the function is harmonic (over the entire complex plane). 


[173] So, if we fix the sign then we should talk about ordered pair. 
1174] The existence and continuity of partial derivatives of all orders should be guaranteed by the fact that analytic functions 
are infinitely differentiable (see Problem 6 of § 4.3). 
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3. Find the harmonic conjugates of the following harmonic functions and verify the results: 
(a) 2? —y?. (b) 3ay? — 2? + 2x — 5. (c) 32%y — x? — 32y? + y? + 2. 
Answer: 
(a) Because x? — y? is harmonic we can assume that it is the real part u of an analytic function f and 
hence its harmonic conjugate should be the imaginary part v of f. Accordingly, u and v should satisfy 
the Cauchy-Riemann equations (as given by Eq. 157), that is: 


Ov Ou 


ee soe el) 1 
ay +a, x (165) 
Ov Ou 

eae > cee at ae) 1 
Da ay 7 2Y (166) 


On integrating Eq. 165 (with respect to y) we get v = 2xy + h(x) where h is a function of x. Now, if 
we partial-differentiate this expression of v with respect to x and compare it to Eq. 166 we get: 


Ox 
Oh(x) 
Oc . 
h(t) = C (C is constant) 


Accordingly, v = 2xy + C. 

Verification: both u and v are harmonic because ou + oe =2-—2=0and Fv + oe =0+0=0. 
Moreover, because they are supposed to be the real and imaginary parts of an analytic function f 
(as required by being harmonic conjugates of each other) they should satisfy the Cauchy-Riemann 


equations (as given by Eq. 157), that is: 


a = er = > and =—-2y= 


Ox Oy Oy Ox 


(b) Because 3ry? — x? + 2x — 5 is harmonic we can assume that it is the real part wu of an analytic 
function f and hence its harmonic conjugate should be the imaginary part v of f. Accordingly, u and 
v should satisfy the Cauchy-Riemann equations (as given by Eq. 157), that is: 


Ov Ou 


— — —_ = 2 —_— 2 

5 +5 = 3y? — 307 +2 (167) 
Ov Ou 

pa a 6xy (168) 


On integrating Eq. 168 (with respect to x) we get v = —3x7y + h(y) where h is a function of y. Now, 
if we partial-differentiate this expression of v with respect to y and compare it to Eq. 167 we get: 


Oh 
—3e7 + ony) = 3y?-—327+2 
Oy 
Oh 
Oy 
A(y) = y+2y+C (C is constant) 
Accordingly, v = —327y + y? + 2y4+ C. 
Verification: both u and v are harmonic because _ os = —6r+62 = 0 and ay oS = —6y+6y = 


0. Moreover, because they are supposed to be the real and imaginary parts of an analytic function 
f (as required by being harmonic conjugates of each other) they should satisfy the Cauchy-Riemann 
equations (as given by Eq. 157), that is: 

Ou Ov Ou Ov 


2 2 
An 3y° — 3a Dy and Dy 6xy 
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(c) Because 3a°y — x? — 3xy3 + y? + 2 is harmonic we can assume that it is the imaginary part v of 
an analytic function f and hence its harmonic conjugate should be the real part u of f. Accordingly, 
u and v should satisfy the Cauchy-Riemann equations (as given by Eq. 157), that is: 


Ou Ov 


= +— = 32° —92y* +2 169 
a ao ry” + 2y (169) 
LR TEE Pe (170) 
Oy Ox 


On integrating Eq. 169 (with respect to x) we get u = 324 — 32?y? + 2xy +h(y) where h is a function 


of y. Now, if we partial-differentiate this expression of u with respect to y and compare it to Eq. 170 
we get: 


—9x7y + 2a + any) 9a7y + 2a + 38y2 —1 
y 
Oh(y) 3 
ala Ly 
Oy ss 
hty) = oy! -—yt+C (C is constant) 


Accordingly, u = 224 — 327y? + 2ay + 3y4-—y+C. 


Verification: both u and v are harmonic because os + ry = (9x? — 9y?) + (—9x? + 9y*) = 0 and 


a + oe = (18ry — 2) + (—18xy + 2) = 0. Moreover, because they are supposed to be the real and 
imaginary parts of an analytic function f (as required by being harmonic conjugates of each other) 
they should satisfy the Cauchy-Riemann equations (as given by Eq. 157), that is: 


Ov 
Ox 


Syst oe and CU Qa7y + 22 + 3y2 —1= 
Oy Oy 


4. Analyze Problem 3 and its results. 
Answer: We note first that the question in Problem 3 is rather ambiguous because we are asked to 
find “the” harmonic conjugates without specifying the position of the given harmonic functions as the 
real or imaginary parts (i.e. u or v). Therefore, we made our choices rather arbitrarily (i.e. by choosing 
u in parts a and b and choosing v in part c). This is inline with the aforementioned + sign difference. 
Accordingly, if we reverse our choices (ie. by choosing v in parts a and b and choosing u in part c) 
then the harmonic conjugates will be (respectively): 


3 9 3 
u=—2ey+C u = 32*y—y>? —2y+C v= ree aes Qxy pe rete 
5. Suggest a complex analysis approach for solving Laplace’s equations in 2D. 
2. 2 
Answer: Let have a Laplace’s equation in 2D of the form c+ + so = 0. From our previous 


investigations we know that there is a real function (2, y) [that is the real or imaginary part of 

a complex function f(z)] which satisfies this equation and hence this ¢(z,y) is the solution of our 

Laplace’s equation.!!75] So, what we need to do is to search for a complex function f(z) whose real or 

imaginary part is ¢ (where we use in this search the given data and information about the problem). 
6. Give some examples of known analytic functions and verify that their real and imaginary parts are 

harmonic. 

Answer: Examples are: 


275] tn fact, this may be understood from our previous investigations although it is not stated (or proved) explicitly. To be 
explicit we say: any real function that satisfies a 2D Laplace’s equation in a simply-connected region is the real part or 
the imaginary part of a complex analytic function. 
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e f(z) = 22 —z+1 which is a (quadratic) polynomial and hence it is obviously analytic (see § 2.1; also 
see Problem 4 of § 3.1). Now: 


f(z) = (@ + ty)? —(2@+iy)4+1=27?-y?+i2dey—2 iy+1= (2? y a+1)+i(2Qzry y) 


and hence u = x? — y? —2+1 and v = 2ry — y. Accordingly: 


Ou Ou Ou O7u 
sg pe Ti. eae 
Ov OP v Ov O?v 
eee re a a 


2 2 2 2 ; 
As we see, o4 + a = 0 and o + oo = 0 and hence both wu and v are harmonic. 


e f(z) = e-* which is an exponential function and hence it is obviously analytic (see § 2.2; also see 
Problem 4 of § 3.1). Now: 


f(z) =e"* =e"*  =e-* (cos [—y] + isin [—y]) =e cosy — ie * sin y 


and hence u = e~* cosy and v = —e *siny. Accordingly: 
oe ~* cos ore +e~* cos a ~" si ee ~* cos 
— =-e = e = = € 1n =—e 
Ox " Ox? u Oy - Oy? 4 
Ov 4en* si d?u ~2 gi Ov Se ee O?v dusts 
—=-+e “sin — =-e “sin —=-e —— = +e" sin 
Ou d Ox? # Oy 2 Oy? d 


As we see, Fu + ie = 0 and a + i = 0 and hence both wu and v are harmonic. 
e f(z) = cosz which is a trigonometric cosine function and hence it is obviously analytic (see § 2.3; 
also see Problem 4 of § 3.1). Now, according to Eq. 137 we have: 


f(z) =cosz =cosx coshy —isinaz sinhy 


and hence u = cosz coshy and v = —sinz sinhy. Accordingly: 
a si cosh Oru cos x cosh an +cosx sinh Oh +cosx cosh 
—$ =-sinz = xu — = wv $in = x 
Ox ss Ox? ? Oy 3s Oy? q 
aw cos x sinh om si sinh eu si cosh ow si sinh 
= ST X Sin — > = +S5SINT Sin —_ = -snzZr Ss — > = -sMe sin 
Ox 4 Ox? y Oy u Oy? id 


a 2 2 2 ; 
As we see, a + cn = 0 and a + Sy? = 0 and hence both wu and v are harmonic. 


e f(z) = sinhz which is a hyperbolic sine function and hence it is obviously analytic (see § 2.3; also 
see Problem 4 of § 3.1). Now, according to Eq. 142 we have: 


f(z) =sinhz = sinhz cosy + icoshz siny 


and hence u = sinhz cosy and v = cosh siny. Accordingly: 


Ou Ou Ou . Pu 

Ag = coshs cos y Azz — sinh cos y a siny op cos y 
Ov, Ov : Ov av 
Ag — sinhs sin y Age — coshs sin y Bp ee cos y ae sin y 


2 2 2 2 . 
As we see, ve + 5 = 0 and os + Sy? = 0 and hence both wu and v are harmonic. 
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7. Justify briefly why the following functions are harmonic (without obtaining their partial derivatives 
and Laplace’s equation): 


(a) f=e "cosz. (b) f =cosz sinh y. (c) f =a? -y?. 
(d) f =sinha siny. (e) f =xe~* cosy + ye” sin y. (f) f = cos(mx) cosh(zy). 
Answer: 


(a) This is the real part of e’* = e~¥ cosx + ie~¥ sin which is analytic (because it is a composition of 
analytic functions) and hence f is harmonic. 
(b) This is the imaginary part of sinz = sinx coshy +icosz sinhy (see Eq. 138) which is analytic 
(see § 2.3; also see Problem 4 of § 3.1) and hence f is harmonic. 
(c) This is the real part of z? = x? — y? + i2ry which is analytic (because it is a polynomial function) 
and hence f is harmonic. 
(d) This is the imaginary part of cosh z = cosh cosy + isinha siny (see Eq. 141) which is analytic 
(see § 2.3; also see Problem 4 of § 3.1) and hence f is harmonic. 
(e) This is the real part of ze~* = (ae~* cosy+ye* sin y) +i(ye~* cos y—xe~* sin y) which is analytic 
(because it is a product of a polynomial function and a composition of exponential function both of 
which are analytic) and hence f is harmonic. 
(f) This is the real part of cos(mz) = cos(mx) cosh(zy) — isin(a) sinh(ay) (see Eq. 137) which is 
analytic (because it is a composition of analytic functions) and hence f is harmonic. 

8. Given that f(az,y) is a real C? harmonic function,!!7*! which of the following complex functions is 
analytic (where subscript means partial derivative with respect to the variable of subscript): 


(a) fe — ify. (b) fe t+ ify. (¢) fy + ifs. (d) (fe — ify)”. 
Answer: 
(a) From the Cauchy-Riemann equations we have: 
Ou 2 Ov Ou 2 Ov 
Ox Tuy Oy Oy Fou = Sy Ox 
Now, since f is harmonic then it satisfies Laplace’s equation frz + fy, = 0 and hence fre = —fyy, 


ie. the first Cauchy-Riemann equation is satisfied. Also, since f is a C? function then its mixed 
derivatives are equal (i.e. fry = fyx) and hence the second Cauchy-Riemann equation is also satisfied. 
Accordingly, fz — ify is analytic. 

(b) From the Cauchy-Riemann equations we have: 


Ou 2. Ov Ou 
ag ie i By and = 


0. Yy Oy 


Ov 


iG 
fay =, — Juz a De 


Referring to the analysis of part (a), f, +f, violates both Cauchy-Riemann equations and hence it is 
not analytic. 
(c) From the Cauchy-Riemann equations we have: 


Ou ? Ov Ou ? Ov 
Oe tue = Feu = By and By ~ Su =~ fae =~ 5, 


Referring to the analysis of part (a), fy + if, satisfies both Cauchy-Riemann equations and hence it is 
analytic. 

(d) We have (fz — ify)” = (fc —tfy) x (fe —ify) and because f, — ify is analytic (according to 
the result of part a) then the product is analytic, ie. (fx —7 aN is analytic. However, let verify 
this by using the Cauchy-Riemann equations (as we did in the previous parts). Now, (f, —7 fae = 
(f2 — f2) —i2fe fy =u+ iv and hence from the Cauchy-Riemann equations we have: 


Ou ? Ov 


Aq che lew — 2hyfye = ~ fey Fy — 2Fetuy = +5 


[176] Being C? function means it possesses continuous second order partial derivatives, i.e. fax, fyys fay, Fyn: 
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Ou ; a 
and dy = 2 fe fey — 2fyfyy = +2 forty + 2fefye = —Z- 


Referring to the analysis of part (a), (fr — 7% fay satisfies both Cauchy-Riemann equations and hence 
it is analytic. 

9. Give an example of two harmonic functions which are not harmonic conjugates. 
Answer: The functions f; = 2°y — vy? + ry + 6y and f2 = 2° — 3xry? are harmonic (see parts b and 
d of Problem 2) but they are not harmonic conjugates because neither f; +if2 or fo +f; is analytic 
(as can be easily concluded from the failure of these complex functions to satisfy the Cauchy-Riemann 
equations). 


Chapter 4 
Important Theorems 


We dedicate this chapter to the investigation of very important theorems in complex analysis. In fact, a 
very large part (and possibly the largest part) of complex analysis is based on these theorems and their 
applications. These theorems do not only facilitate the application and employment of complex analysis 
and enrich its techniques, but they also come with some novel results and methods that cannot be obtained 
(at least easily) without them. 


4.1 The Fundamental Theorem of the Calculus of Complex Variables 


This theorem may be seen as an extension or generalization of the fundamental theorem of the calculus 
of real variables to include complex variables. The theorem states: if f(z) is an analytic function in a 
simply-connected region R of the complex plane containing a curve C that connects two points z; and z 
and F(z) is an antiderivative (or primitive) of f (ic. dF'/dz = f) in R then the integral of f from z to 
zq along C is given by:!177] 


22 

/ fae= / fdz = [F(2)] > = F(z) — F(a) (171) 
Cc Z1 

In fact, this theorem has been anticipated earlier during our investigation of contour integration (see 

Problem 4 of § 3.2). 

The significance and power of the fundamental theorem lies largely in the fact that it severs the con- 
nection between the value of the integral and the curve C' and hence it makes the integral independent 
of the path. In other words, the value of the integral is a function of the end points z; and z2 but not of 
the curve C that connects z; and 22. In fact, this can be seen clearly from the notation in the last three 
steps of Eq. 171 (particularly in the last two steps) where there is an indication to z, and zz but not to 
C. As indicated above, this theorem may be seen as an extension to its real counterpart (considering for 
instance that the proof of the complex version may employ the real version; see Problem 1). 

Problems 

1. Discuss the proof of the fundamental theorem of the calculus of complex variables. 
Answer: The existing proofs are essentially demonstrations of the logic of this theorem more than 
proofs. The following is an example of one of these demonstrations (where we assume the validity 
of the fundamental theorem of the calculus of real variables). So, let parameterize C' as z(t) where 
ty) <t < tg is a continuous real variable with ¢, and tz corresponding to z, and 2, ie. 21 = 2(t1) and 
z2 = 2(t2). Accordingly, f(z) becomes f(z(t)) and F(z) becomes F(z(t)) with dz = 42dt and hence 
we have: 


ta dz 
[toe= [* Fe() Gat 
_ a aF(2(t)) dz, 


; dz dt 
ModE 
= | aie) dt (chain rule) 
t dt 
= [F(z(t))] i (fundamental theorem of calculus of real variables) 


[177] The intermediate steps in this equation are no more than alternative notations with no more substance and hence they 
are given for additional clarity. 
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We note that a split into real and imaginary parts may be considered in some of the intermediate steps 
(noting that this will not add any actual substance to the above demonstration although it may clarify 
the reliance on the calculus of real variables). 

2. Outline the significance of the generic equation f,, f dz = F(z2) — F(a). 

Answer: We note the following: 

e This equation reflects the path-independence nature of this integral because on the left we have a 
reference to a path (ie. C) while on the right we have no reference to the path (apart from its end 
points 2; and 22). 

e This equation provides the link between the paradigm of line (or path or contour) integral and the 
paradigm of definite integral (where the paradigm of analyticity provides the underlying justification 
for this link). 

3. In § 3.2 we outlined three approaches for evaluating contour integrals: parameterization, using a real 

and imaginary variables approach and ordinary integration. Investigate this matter in the light of 
the fundamental theorem of the calculus of complex variables and the issue of path-dependence and 
path-independence. 
Answer: Evaluating a line integral analytically as it stands (i.e. as a line integral) is impossible. 
Hence, we need to convert the line integral to a definite integral where it can be evaluated analytically. 
Now, if the line integral is path-dependent (i.e. when the integrand is not analytic) then we have no 
choice but to embed the information of the path in the integral through parameterization or using 
a real and imaginary variables approach and this embedding leads to a “path-independent” definite 
integral that can be evaluated analytically (at least in principle). On the other hand, if the line integral 
is path-independent (ie. when the integrand is analytic) then we have another (and usually better) 
choice that is using ordinary integration which (thanks to the fundamental theorem of the calculus 
of complex variables) exploits path-independence immediately and directly to evaluate the integral 
analytically (noting that we still have the choice of using parameterization or real and imaginary 
variables approach although they usually do not offer any advantage). 

4. Outline the link between the path-independence of a line integral and the analyticity of its integrand. 

Answer: Noting that complex functions are defined on regions in the complex plane, the path- 
independence of a line integral in a given (simply-connected) region R requires the integrand f to be 
analytic over the entire R (i.e. R does not contain any singularity of f). This means that f is analytic 
over the entirety of any curve in R. So, if f is singular at a given point in R (ie. there are curves in R 
on which f is not analytic over their entirety) then the line integral is not path-independent inside R 
in general (although f can still be path-independent on a sub-region of R, i.e. if the sub-region does 
not contain a singularity of f as illustrated in Figure 24). In fact, this issue will lead us to the subject 
of the next section, i.e. Cauchy’s theorem (see § 4.2). 
Note: the above answer (including the explanations in Figure 24) should indicate the local nature of 
path-independence, i.e. a given contour integral can be path-independent in a given region but not in 
another region. This obviously is a consequence of the local nature of analyticity, i.e. a function can 
be analytic over a given region but not over another region (due to having a singularity in the latter). 

5. Referring to Figure 25, let the complex function f(z) be analytic over the entire region R except at 
the points s1, 82,83. On which of the closed curves Cy, (k = 1,--- ,6) the line integral of f is zero and 
on which it is not (i.e. in general). 

Answer: Based on the results of Problem 4, the line integral is zero on the curves C, Cs and C7 since 
they do not enclose singularities, and it is not zero (i.e. in general) on the other curves since they 
enclose singularities. 
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Figure 24: Graphic illustration of the analyticity of a function f over a region and its link to the path- 
independence of a line integral of f on a curve inside that region where if f is analytic over the entire 
region (like Ry and Rz which do not contain any singularity of f) then the line integral is path-independent 
inside that region, while if f is not analytic over the entire region (like R = R, U Ry which contains a 
singularity s of f) then the line integral is not path-independent inside that region in general. Accordingly, 
if a closed path C' inside R does not enclose s then (as a result of path-independence) the line integral 
of f over C is zero while if C does enclose s then (as a result of path-dependence) the line integral of f 
over C is not zero in general (and in fact this is the essence of Cauchy’s theorem which is investigated in 
§ 4.2). See Problem 4 of § 4.1. 


4.2. Cauchy’s Theorem 


Cauchy’s theorem (which is one of the pillars of complex analysis and possibly its main pillar) states that 
if w = f(z) is a function analytic over a piecewise-smooth and closed curve C and the entire simply- 
connected region surrounded by C’ in the complex plane then the contour integral of w over C is zero, 
ie. f,wdz = 0.2781 In fact, this theorem (which has a rather simple formal proof; see Problem 1) has 
been anticipated earlier during our investigation of contour integration (see Problem 4 of § 3.2 as well 
as § 4.1) because the independence of path leads to the vanishing of the contour integral over the closed 
curve.!'791_ To be more clear, C can be split into two sub-curves C, and C2 connecting two given points 
z, and zg and hence the value of the integral from z2 to z, along C2 will cancel the value of the integral 
from 2, to z2 along C, (noting that the value of the two integrals from z, to z2 is the same due to the 
path independence and the value of a contour integral in one direction is the negative of its value in the 
opposite direction; see Problem 5 of § 1.10). 
We should now draw the attention to the following useful remarks: 

e As we will see in the upcoming Problems and sections, this theorem (which underlies the entire complex 
analysis and in reality it lies behind many of its characteristic features) has numerous applications in 
complex analysis (and even in real analysis). For example, it is very useful in evaluating many integrals 


1178] Extension of this theorem to multiply-connected regions will be investigated later (see § 4.2.1). We should also note 
that since this integral (and its alike) is zero the sense of tracking the curve is irrelevant (noting that it is oriented) 
although we generally keep the anticlockwise sense to emphasize our convention and to avoid any potential ambiguity. 

[179] Depending on our start, the above reasoning may be reversed and hence path independence may be obtained as a 
consequence of Cauchy’s theorem. Anyway, in this context path independence and Cauchy’s theorem are equivalent. In 
fact, they are also equivalent to having a primitive (or antiderivative) of f. 
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Figure 25: Graphic illustration of the setting of Problem 5 of § 4.1. We note that we did not identify the 
orientation of these curves (i.e. clockwise or anticlockwise) because it is irrelevant to our purpose. 


(real as well as complex) as it facilitates the calculations and provides some short cuts. It also provides 
the theoretical basis and motive for many theorems and theoretical results of complex analysis. 

e There are two main proofs of this theorem: one is based on using Green’s theorem (see Problem 1) 
and the other is not. While the former proof requires the real and imaginary parts of f li-e. u(x, y) and 
v(x,y)| to have continuous first order partial derivatives (since it is based on Green’s theorem; see the 
note of Problem 1), the latter proof (which is attributed to Goursat) does not. Hence, the Goursat proof 
establishes a more general version of this theorem. Therefore, Cauchy’s theorem is commonly known as 
the Cauchy-Goursat theorem (thanks to this generalization).1®° 

e Cauchy’s theorem (or Cauchy-Goursat theorem) is not the same as Cauchy’s integral formula theorem 
(which will be investigated in § 4.3) and hence the reader should be aware of this to avoid confusion by 
the similarity of their names.!!8!! In fact, to distinguish the two theorems very clearly we call the former 
“Cauchy’s theorem” and call the latter “integral formula theorem” (without “Cauchy”). 

e Cauchy’s theorem states that bo wdz = 0 if the stated conditions are satisfied, and this does not mean 
f,wdz # 0 when these conditions are not satisfied. In other words, we can have ¢,wdz = 0 even 
when the conditions of the theorem are not satisfied (and hence the theorem is not applicable). So, the 
above conditions are sufficient but not necessary. For example, if C is the origin-centered unit circle then 
fo dz — () although the integrand is not analytic at z = 0. 


Problems 


1. Prove Cauchy’s theorem using Green’s theorem. 
Answer:!!®?1 From Eq. 80 (as applied to the contour integral over the closed curve C) we have: 


fp wae=g (ude —vdy) +i (udy + vdz) 
G C C 


[189] Tt should be noted that some authors use “Cauchy’s theorem” for the version with the continuity condition, and “Cauchy- 
Goursat theorem” for the version without the continuity condition (as if they are two theorems). 

[181] Actually, there are many differences in the labeling and naming of these theorems and hence the reader should be 
vigilant and fully aware of the terminology of each author. 

[182] This proof is provided for the sake of more formality. Otherwise, the independence of path (as required by the funda- 
mental theorem of the calculus of complex variables) should be sufficient for establishing Cauchy’s theorem. 
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On applying Green’s theorem (see the upcoming note) on the real part integral we get: 


f (ude — vdy) = I. (-= = x) da dy 


where R is the region enclosed by C’. Now, since w is analytic then it should satisfy the second of the 
Cauchy-Riemann equations (i.e. Su = —2) which leads to —oe - Su = 0 and hence the real part 
integral is zero, ie. f, (udx — vdy) = 0. 

Likewise, on applying Green’s theorem on the imaginary part integral we get: 


Ou Ov 
f(udy+vae) = ff ($-3) dx dy 
Ou 


Now, since w is analytic then it should satisfy the first of the Cauchy-Riemann equations (i.e. 54 = ) 
which leads to oe — oe = 0 and hence the imaginary part integral is zero, ie. $, (udy + vdz) = 0. 
As both the real and imaginary parts of this contour integral are zero then the contour integral is zero, 
as claimed by Cauchy’s theorem. 

Note: Green’s theorem (which is commonly used in real analysis for converting line integrals to 
area integrals and vice versa) essentially states that if C’ is a piecewise-smooth closed simple planar 
positively-oriented curve enclosing a simply-connected region R in the ry plane, and P and Q are 
differentiable functions of x and y defined on C and R then:!'83! 


f (Pde +Qay)= ff (S2- 57) vay 


The reader is referred to the literature of multi-variable calculus for more details about Green’s theorem. 
We should also note that Green’s theorem is a special case of Stokes theorem (and hence the above 
proof is ultimately based on Stokes theorem). 

2. Let a given function f(z) be defined on a region R in the z plane and assume f to be analytic in R 
(except possibly at some isolated points inside R). Moreover, let z; and z2 be two (distinct) points 
inside R and C; and C2 are two (distinct and non-intersecting) curves inside R both of which connect 
z, to zg. Give criteria for the following: 

(a) The validity of the equation [, fdz= Jo, fdz. 

(b) The path-independence of the contour integral [ c J dz for any curve C that connects 2; to z2 and 
it is confined in the region R, between C) and C2. 

Answer: 

(a) From Cauchy’s theorem, {., f dz = Jo, f dz if f has no singularity on C; and C2 and in the region 
R, between them. This is because in this case the contour integral of f on the closed curve made of 
one of these curves and the opposite of the other curve (ie. C1 UC] or Cy UC2 where the minus sign 
in the superscript indicates traversing the curve in the opposite direction, i.e. from zg to 21) is zero 
and hence the two line integrals (ie. [,, fdz and Jo, f dz) should be equal, that is: 


| fd= fae f fdz= fdz- fdz=0 > fd= f dz 
CyUCy Cy Cy C1 C2 Cy Ce 


(b) By a similar argument to that of part (a), the contour integral [., f dz (within the above speci- 
fications) is path-independent if f has no singularity in R;. This is because in this case the contour 
integral of f over any loop passing through z; and zg and confined inside R, is zero and hence the 
contour integrals over the two curves that connect z; to zg and form the loop must be equal, i.e. the 
value of the contour integral over any C' (within the above specifications) is the same which means this 


[183] The functions P and Q are required (according to Green’s theorem) to have continuous first order partial derivatives. 
We should also note that we indicated the sense of orientation of C’ (corresponding to the above formulation) by the 
integral symbol. Also, Green’s theorem can be extended to multiply-connected region. 
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contour integral is independent of the specific path inside R,.!!84! So we can say in brief, the integral 
of f is path-independent in a given region in the complex plane if f is analytic in the entire region. 
Note: the restriction “non-intersecting” in the question may be relaxed by noting that if C; and C> 
intersect or touch each other then we can consider each individual loop separately (and this should 
apply even if the two curves share a common segment or segments). 

3. Verify Cauchy’s theorem for the following contour integrals using a parameterization approach (see § 
3.2): 
(a) £32 dz where C is the circle |z — 1+] =4. 
(b) ¢,,izdz where C is the ellipse e +y=1. 
(c) ¢,, cos zdz where C is the triangle with vertices at z; = 0, z2 = 1 and 23 = 12. 
Answer: 
(a) Here, we have w = 3z which is a linear polynomial and hence it is analytic over C and the region 
enclosed by C. So, according to Cauchy’s theorem we expect this contour integral to be zero. Now, in 
part (a) of Problem 1 of § 3.2 we found that the value of this contour integral over the upper half C,, 
of this circle is —24 + i24. So, all we need to do here is to evaluate this integral over the lower half of 
this circle and add the two values to find out if they add up to zero (as required by Cauchy’s theorem) 
or not. Now, if we follow a similar method to that of Problem 1 of § 3.2 then the value of this contour 
integral over the lower half C; of this circle is: 


27 


TT 


/ Sudo 1D le — el 4 260) 
Ci 


Hence: 


f sede = [ sede+ f 32 dz = (—24 4+ 124) + (24 — 124) =0 
Cc Cu Ci 
as required by Cauchy’s theorem. Hence, Cauchy’s theorem is verified for this contour integral. 
Note: a simpler approach for solving this part of the Problem is to evaluate the contour integral in 
one go over the entire curve as a single piece, i.e. 


‘ . ; Qn 
f 3zdz = 12[e" — iel? + 2¢17| = 12[1 i4 2] 12[1 i+2] 255 
C 0 


However, for the sake of demonstration (to show how the values of the integrals cancel each other over 
different parts of the curve), we split the curve into two parts and added the values over the two parts. 
(b) Here, we have w = iz which is a linear polynomial and hence it is analytic over C and the region 
enclosed by C’. So, according to Cauchy’s theorem we expect this contour integral to be zero. Now, 
in part (b) of Problem 1 of § 3.2 we found that the value of this contour integral over the quarter of 
this ellipse C; in the first quadrant is —is. So, all we need to do here is to evaluate this integral over 
the other three quarters of the ellipse and add the two values to find out if they add up to zero (as 
required by Cauchy’s theorem) or not. Now, if we follow a similar method to that of Problem 1 of § 
3.2 then the value of this contour integral over the other three quarters C2 U C3 U C4 of this ellipse is: 


27 


5 5 
| isd = |-sin26 +15 cos*o| =| O+i [-0+ 10] =% 
C2UC3UC4 2 x 2 2 


Hence: 


isd = | izde + f (ipa Ee aig 
C C1 C2UC3UC4 2 2 


[184] Th fact, the last bit of this argument may be improved by choosing a specific (preferably boundary) curve (say Ci with 
f being analytic over the entire C;) as one part of any loop considered in this argument. 
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as required by Cauchy’s theorem. Hence, Cauchy’s theorem is verified for this contour integral. 
Note: as in the note of part (a) of this Problem, we can evaluate the contour integral in one go over 
the entire curve as a single piece, i.e. 


20 
fied = |-sin29 +15 cos?9| =| 0+i5| | 0+i5| =0 
C 2 ‘ 2 2 


(c) Here, we have w = cos z which is a trigonometric cosine and hence it is analytic over C and the 
region enclosed by C. So, according to Cauchy’s theorem we expect this contour integral to be zero. 
Now, the triangle is made of 3 straight line segments that can be parameterized as follows: 

C; from z; to zg: z=t (0<¢t< 1) and hence dz = dt. 

Cy from zg to z3: z = 1—t+%i2t (O<t< 1) and hence dz = —dt + i2d¢. 

C3 from z3 to zy: 2 = 12 —72t (0 <t < 1) and hence dz = —i2dt. 

Therefore, we have: 


fb cose dz = i coszde + [ coszde + | cos z dz 
Cc C1 C2 C3 


1 1 1 
= | cost dt + / cos(1 — t + i2t) (—dt + i2dt) + i cos(i2 — i2t) (—i2dt) 
0 0 0 


1 
= i [cost + (—1+ 72) cos(1 — t + 12t) — 12 cos(i2 — i2t)| dt 
0 


1. 
= [sine +sin(1 —¢ + i2t) + sin(i2 — i2t)| 
0 


= [ sin 1 + sin(#2) + sin] [sind + sin 1 4 sin(2)| =0 


as required by Cauchy’s theorem. Hence, Cauchy’s theorem is verified for this contour integral. 
4. Re-solve Problem 3 using this time a real and imaginary variables approach (see § 3.2).|185| 

Answer: 

(a) We have w = 3z which is analytic over C and the region enclosed by C' and hence we expect the 
integral to be zero. Now, the circle is made of 2 semi-circles: the upper half C,, from z; = 5 — 7 to 
Z2 = —3—i and the lower half C; from z2 to 2. In part (a) of Problem 2 of § 3.2 we found that the 
value of this contour integral over C), is —24+724. So, all we need to do here is to evaluate this integral 
over C; and add the two values to find out if they add up to zero (as required by Cauchy’s theorem) 
or not. Now, if we follow a similar method to that of part (a) of Problem 2 of § 3.2 then the curve C; 


can be represented as y = 16 — (x — 1)? — 1 (where —3 < x < 5) with dy = eee We 


w= utiv = 32 = 30+ i8y = 30 +i( 3/16 — (a — 1)? 3) 


So, from Eq. 80 we have: 


[ 32dz = [, (nde —vdy) +i f (udy + vdz) 
is [ra (-3Vi6—@— 1p 3) (2 — 1) 
-3 


dx 
16 — (a — 1)? 


if |e ( 34/16 — (x — 1)? 3) de 


a [(« pic OE) Jans 
—3 16 — (a — 1)? 


1185] In this Problem, we use this approach (which is rather messy) for the purpose of demonstration and practice. 


also have: 


+ 


I 
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5 2 
if SUES 2 ge gee a ae 
a3 16 — (a — 1)? 


| (32? 3x 3/6 — (© — 1?) +i ( 324/16 — (2 — 1)? se) | 


—3 


= [60-115] — [36+ 19] = 24-124 


Hence: 


f sede = [ sede+ [ 32 dz = (—24 4+ i24) + (24 — 124) =0 
GC Cc Ch 


as required by Cauchy’s theorem. Therefore, Cauchy’s theorem is verified for this contour integral. 
(b) We have w = iz which is analytic over C' and the region enclosed by C and hence we expect the 
integral to be zero. Now, the ellipse is made of 2 semi-ellipses: the upper half C,, from z,; = 2 to 


zg = —2 and the lower half C; from z2 to z;. Now, if we follow a similar method to that of part 
(b) of Problem 2 of § 3.2 then C,, can be represented as y = \/1— (a#/2)? (where 2 > # > —2) with 
dy = ifene while C; can be represented as y = —,/1— (a#/2)? (where —2 < x < 2) with 
dy = Jae We also have: 

w = utiv=iz=-ytic=—V1— (2/2) + ix (for Cy) 

w = utwes=iz=-ytiw=ty1- (2/2) +i¢ (for C;) 


So, from Eq. 80 we have: 


fp izde = | isde + f iz dz 
C C. Ci 


uw 


= , (ude —vdy) +i f (udy +vde) + | (ude ~ vdy) +i f (udy + v dz) 
Cu Ci Cr Cr 


” [| vr ore ee 


dx 
4,/1 — (2/2)? 


if -viz err, =o” va 


[| vrcee a 


4,/1 — (a/2)2 


{| i= GPP erg 2a 
= [| VR + ere] toe [Bae 
= [veer (FS) [ere (SY 


= [0+%0] + [0+%0] =0 


_ 


2 


as required by Cauchy’s theorem. Hence, Cauchy’s theorem is verified for this contour integral. 
(c) We have w = cos z which is analytic over C and the region enclosed by C' and hence we expect the 
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integral to be zero. Now, from Eq. 137 we have: 


w=u+iv=cosz =cosx coshy — ising sinhy 


The triangle is made of 3 straight line segments that can be represented as follows: 
C; from z, to z2: y=Oand 0< a2 <1 and hence dy = 0. 

Cz from zg to z3: y= —2a+2 and 1>-2 > 0 and hence dy = —2dz. 

C3 from z3 to 21: « = 0 and (2 > y > 0) and hence dz = 0. 

Therefore, from Eq. 80 we have: 


fb cos dz a fb (ude —vdy) +i (udy + vdz) 

(é C C 

[ wae vdy)+ f (ude —vdy) + [ (udx — vdy) + 
Cy C2 


C3 


I 


if (udy + ede) +i [ (udy + vd) +i [ (udy + vdz) 
C1 Ce C3 


«w=1 
= i [ cosin cosh 0 da + (sinx sinh0) x 0| + 
x2=0 


x2=0 
/ [ cosx cosh(—2a + 2) dx + sina sinh(—2x + 2) (—2dx)| 4 
w=1 


£1) 
if (cosa cosh0) x 0— sina sinh 0 dr] + 


z=0 . 
if cos x cosh(—2z + 2) (—2dx) — sin x sinh(—2x + 2) dx| + 


y=0 . 
if cos 0 cosh y dy — (sin0 sinh y) x 0| 
yaa |h 


1 0 
= | cos x da + / [ cosar cosh(—22 + 2) — 2sinax sinh(—2x + 2)| dx+0+ 
0 1 


0 0 
i0+ if — 2cosx cosh(—2x + 2) — sinx sinh(—2x + 2)| da + if cosh y dy 
1 2 


0 


1 0 0 
= [sin | + [sine cosh(—2a + 2)| : +0+20 + i| cosx sinh(—2a + 2)| : + i[ sinh y] 


= [sin 0| | [0 sin] 104404 i[ sinh 2 — 0] + iO — sinh] =0 


as required by Cauchy’s theorem. Hence, Cauchy’s theorem is verified for this contour integral. 

5. Discuss some of the obvious implications of Cauchy’s theorem. 
Answer: For example: 
e The vanishing of the contour integrals over closed curves (within the given region and the stated 
conditions) implies path independence of the line integrals along open curves connecting two given 
points in that region. 
e Path independence (over a given region which could be the entire complex plane) implies path 
alternativeness in evaluating line integrals (i.e. as line integrals and not as ordinary integrals) over 
different paths connecting two given points in the region of analyticity. 
e Path independence implies that the line integrals can be evaluated as ordinary integrals since the 
value of the line integrals do not depend on the open curves that connect the two points and hence 
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the value of the line integrals should depend only on the two end points of these curves (as in ordinary 
integrals). 
e From a practical point of view, the theorem can facilitate the calculations of difficult line integrals 
either through path alternativeness over the region of analyticity (which makes the replacement of 
difficult paths by easy paths possible; see Problem 6) or through path independence (which makes the 
use of ordinary integration techniques possible; see Problem 6). 

6. Calculate the following line integrals over the given curves C: 


(a) [., 3zdz where C is the upper half of the circle |z — 1+ 7%] = 4 from 2 =5—i to z2=—-3-i4. 
b iz dz where C is the quarter of the ellipse #4 y? = 1 in the first quadrant from z; = 2 to 
Cc a y 


22> 4s 
(c) fg (22° — z+ 5) dz where C is the parabola y = x” — 2x from z; = 0 to z2 =3 +13. 
(d) {, e* dz where C is the hyperbola y = 1/a from z = 1+ 1 to z =2+4 10.5. 


Answer:!!86 


(a) As we see, w = 3z is analytic over the entire circle and the region surrounded by this circle and 
hence Cauchy’s theorem applies. So, according to Problem 5 the line integral over C' is independent 
of the path (i.e. within the region of analyticity) and hence we can use path alternativeness which 
allows us to evaluate this as a line integral but over a simpler path connecting the two end points. For 
example, let replace the semi-circle path C' by the straight line path C, that connects z; to zg. In this 
case, the path can be parameterized as z = x + iy = (5— 8t)-—i (0 <t < 1) with dz = dx = —8dt and 
accordingly: 


[ sea = [ sa [ale 8t) — i] (—8dt) = a [ [(5 — 8t) — 4] dt 


s 


= ~24[(5t— 4t?) — it], = —24[1 — i] + 24[0 — 0] = -24 + 124 


This result is identical to the result that we obtained in part (a) of Problems 1 and 2 of § 3.2 from 
evaluating this as a line integral over C (not over C,). 

Alternatively, we can evaluate it as an ordinary integral that depends only on the two end points of C. 
In fact, in part (a) of Problem 3 of § 3.2 we evaluated this as an ordinary integral and also obtained 
—24 + 124. 

(b) As we see, w = iz is analytic over the entire ellipse and the region surrounded by this ellipse and 
hence Cauchy’s theorem applies. So, according to Problem 5 the line integral over C' is independent 
of the path (i.e. within the region of analyticity) and hence we can use path alternativeness which 
allows us to evaluate this as a line integral but over a simpler path connecting the two end points. 
For example, let replace the quarter-ellipse path C by the straight line path C, that connects z; to 
zg. In this case, the path can be parameterized as z = 4 + iy = (2 — 2t)+it (0 < t < 1) with 
dz = dx + idy = (—2 + 1)dt and accordingly: 


[ia = 3 iear= [ i(( 2t) + it] (—2 jar = (240) f [(2 — 2t) + it] dt 


s 


i(—2 +4) (2e ey) ti J =n 2+) [1 +15] - (2+ 90-410] = -13 


This result is identical to the result that we obtained in part (b) of Problems 1 and 2 of § 3.2 from 
evaluating this as a line integral over C (not over C;). 
Alternatively, we can evaluate it as an ordinary integral that depends only on the two end points of C. 


[186] The integrands in all parts of this Problem are analytic over the entire z plane. However, we consider a bounded region 
of analyticity (which encloses the closed curve and its interior region) to indicate the importance of considering the 
region of analyticity in applying Cauchy’s theorem since the application of this theorem is restricted to the regions of 
analyticity (which are bounded in general). 
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In fact, in part (b) of Problem 3 of § 3.2 we evaluated this as an ordinary integral and also obtained 
—iz. 

(c) Let add a straight line C, that connects z2 to z; and hence we have a closed curve C UC, made 
of the union of C and C,. Accordingly, w = 2z7 — z+ 5 is analytic over the entire curve C UC, and 
the region surrounded by this curve and hence Cauchy’s theorem applies. So, according to Problem 
5 the line integral over C' is independent of the path (i.e. within the region of analyticity) and hence 
we can use path alternativeness which allows us to evaluate this as a line integral but over a simpler 
path connecting the two end points in this region. For example, let replace the parabola path C by 
the straight line path C, that connects 21 to z2. As we saw in part (c) of Problem 2 of § 3.2, the value 
of the line integral over C’, is —21 + 742 which is identical to the result that we obtained in part (d) of 
Problem 2 of § 3.2 from evaluating this as a line integral over C (not over C,). 

Alternatively, we can evaluate it as an ordinary integral that depends only on the two end points of C. 
In fact, in part (c) of Problem 3 of § 3.2 we evaluated this as an ordinary integral and also obtained 
—21 4 742. 

(d) Let add a straight line C, that connects z2 to z, and hence we have a closed curve CU C, made 
of the union of C and C,. Accordingly, w = e” is analytic over the entire curve CU C, and the region 
enclosed by this curve and hence Cauchy’s theorem applies. So, according to Problem 5 the line integral 
over C’ is independent of the path (i.e. within the region of analyticity) and hence we can use path 
alternativeness which allows us to evaluate this as a line integral but over a simpler path connecting 
the two end points in this region. For example, let replace the hyperbola path C' by the straight line 
path C, that connects 2; to z2. Now, the curve C, can be parameterized as z = t+i(1.5—0.5t) (where 
1<t< 2) with dz = (1 — i0.5)dt and hence we have: 


2 
1 ra ae / ef ti(1.5-0.54) (1 _ 50.5)dt = ere te| . [e248] _ [el**] 
Cs 1 1 


~ [6.4845 + 13.5425] — [1.4687 + 12.2874] ~ 5.0158 + 11.2551 


r 


Alternatively, we can evaluate it as an ordinary integral that depends only on the two end points of 
C, that is: 


2+10.5 F 
i e* dz = ‘| e* dz = [e7] {7° ~ [6.4845 + 13.5425] — [1.4687 + 42.2874] ~ 5.0158 + 11.2551 
Cc 147 


which is identical to the value obtained by contour integration over Cs. 

Now, let verify the result that we obtained already (i.e. by line integration over C, as well as by ordinary 
integration) by line integration over C itself. The curve C can be parameterized as z = t+ (i/t) (where 
1<t< 2) with dz = dt — (i/t?)dt and hence we have: 


| ae i. ett (i/t) (1 - =| Ae [etree] = [e205] = [el] 
Cc 1 ? 


1 
[6.4845 + 13.5425] — [1.4687 + 12.2874] ~ 5.0158 + 11.2551 


l 


l2 


as before. 
7. Investigate Cauchy’s theorem considering the following contour integrals over the given curves C: 


(a) f, + dz where C is the origin-centered unit circle, ie. |z| = 1. 
(b) &, + dz where C is the unit circle centered on z = i2, ie. |z — i2| = 1. 


(c) ¢,, z* dz where C is the origin-centered circle with radius 5, i.e. |z| = 5. 
Answer: 
(a) Here, C can be parameterized as z = e’” (where 0 < @ < 27). Therefore dz = ie’’d@ and we have: 


1 20 1 - 27 Qn 
@ 2 de= | a iea9 = f ido =il6) © = i2n £0 
oz 0 © 0 0 
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This seeming failure of Cauchy’s theorem is due to the existence of a singularity (i.e. at z = 0) inside 
the circle and hence the conditions of Cauchy’s theorem are not fulfilled. 

(b) Here, C can be parameterized as z = i2 + e”® (where 0 < 0 < 2m). Therefore dz = ie’”d0 and we 
have: 


1 Qn 1 : Qn - 40 ; Qn 
f =dz = i ———_ ie! d = | — a9 = | In (i2 +e) | 
oz 9 iw2+e 9 124+ 0) 


= [in@2+1)] -[In@2+1)] =0 


So, despite the existence of a singularity (ie. at z = 0) in the neighborhood, it is not inside C and 
hence the conditions of Cauchy’s theorem are fulfilled and the contour integral is zero. 

(c) Here, C can be parameterized as z = 5e’” (where 0 < 6 < 27). Therefore dz = i5e’’d@ and we 
have: 

27 


20 20 
f edz= (5e'?)* i5e dd = , be? i5e" dO = i25 
C 0 0 


This seeming failure of Cauchy’s theorem is due to the fact that z* is not analytic (see part d of 
Problem 7 of § 3.1) and hence the conditions of Cauchy’s theorem are not fulfilled. 


20 
dO = i25 [6] = i507 £0 
0 0 
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As stated in Cauchy’s theorem (see § 4.2), the integrated function w = f(z) must be analytic over the 
closed curve C' and the entire (simply-connected) region surrounded by it if the theorem should apply. 
Accordingly, if there is a singularity (or singularities) inside the enclosed region then the contour integral 
over C is not zero in general (as demonstrated vividly in Problem 7 of § 4.2). In such cases, we need 
a remedy (or extension) to make the theorem usable even in these cases. It may be suggested that 
a potential remedy is to isolate the singularity (or singularities) by surrounding it by another contour 
and hence the theorem should apply within the original region excluding the region(s) of singularity. 
However, this exclusion will obviously violate the statement of the theorem which requires the analyticity 
of the function over the closed curve and the entire surrounded (simply-connected) region. Nevertheless, 
this suggested remedy can be improved and developed further by excluding the singularity but with the 
extension of C' in such a way that ensures there is no singularity inside the (simply-connected) region 
enclosed by the extended C and hence the overall analyticity is restored. This extension is achieved by 
connecting C to the introduced contour(s) C'; that surround the singularity(s) by contour(s) C, that to be 
tracked twice (in opposite directions) so that the union of C with C, and C, becomes a closed curve (which 
we label as Cg to indicate the extension, ie. Ce = CUC,UC,) that surrounds a (simply-connected) 
region which the function f is analytic over its entirety. 

The idea of this remedy and extension is demonstrated in Figure 26 where in the left frame we illustrated 
the case of having one singularity while in the right frame we illustrated the case of having two singularities 
(which can be easily extended to the cases of having more than two singularities). Now, let formalize 
this remedy so that it can be used in practice as a tool for evaluating contour integrals over closed and 
open curves in regions that contain singularities. Referring to Figure 26 (left frame), if we track Cg 
anticlockwise then we can see that we are actually tracking C anticlockwise and C’; clockwise while we 
are tracking C, in both directions. As we know, the value of a contour integral over a curve in a given 
direction is equal to minus the value of that integral over the curve in the opposite direction (see Problem 
5 of § 1.10) and hence the overall value of the integrals over C, is zero. Now, if we apply Cauchy’s theorem 
over Cg (which f is analytic on it and on the entire region surrounded by it) then we have (according to 
the left frame of Figure 26 noting the sense and direction of arrows): 


f wdz = pwaet | wide + wae+ [ w dz 
Cis Cc of or, ct 
= pwaet | wde+ 
Cc ct Cc 


wae — [ w dz 
ct 


s 
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Figure 26: Graphic representation of the remedy and extension of Cauchy’s theorem where in the left 
frame the curve C’ surrounds only one singularity s which is surrounded by the introduced curve C’; while 
in the right frame the curve C' surrounds two singularities s1,52 which are surrounded by the introduced 
curves C',,C’s,. In both frames, the sense and sequence of tracking the curves are indicated by the 
numbered arrows where the direction of the arrows indicates the sense of tracking while the numbering 
of the arrows indicates the sequence of tracking (or progression). As we see, in both frames the original 
curve C is tracked anticlockwise while the introduced curves C,,C,,,C's, are tracked clockwise (and if the 
sense of tracking C' is reversed to become clockwise the sense of tracking C’;, C's,, C's, is reversed to become 
anticlockwise). Also, in both frames the introduced curves C,,C.,,C., are tracked twice but in opposite 
directions and hence the integrals over these curves cancel each other. As we see, in the left frame the 
closed curve Cg (which consists of the union C U Ct UC, U Ct) surrounds a region (shaded gray) that 
contains no singularity (or hole). This similarly applies to the closed curve Cg in the right frame which 
consists of a similar union surrounding a similar singularity-free (and hole-free) region (also shaded gray). 


= pwderg wdz=0 (172) 
C Cs 


where in the second line we reversed the direction of tracking C. and the sign of the integral in the last 
term. Accordingly, we have: 
fwd: - -4 w dz (173) 
Cc Cs 


fp wds = + w dz (174) 
G C. 


s 


where in the last line we reversed the sense of tracking C, and the sign of the integral.!'87] This means that 
the value of the contour integral around C in a given sense (say anticlockwise) is equal to the value of that 
integral around any curve C, (within the region of analyticity) that surrounds the enclosed singularity 
in the same sense.!'8*!_ This formalism provides a handy method for evaluating difficult integrals over 
complicated closed curves C' by evaluating these integrals over simpler curves that surround singularities 
inside C' (as will be explained further in Problem 3).!"8°! The generalization of this formalism to the cases 


[187] As indicated briefly earlier, the value of contour integral along a curve in one sense (e.g. clockwise) or in one direction 
(e.g. from z1 to z2) is equal to minus the value of that integral along that curve in the opposite sense (e.g. anticlockwise) 
or opposite direction (e.g. from zg to z1). See Problem 5 of § 1.10. 

[188] We note that as long as we observe the above-stated conditions (i.e. analyticity over the region and enclosure of no 
other singularity) the curve C's could be inside or outside the curve C' (because this is just a matter of labeling). The 
two curves may also be intersecting (and hence their surrounded regions partially overlap). 

[189] Ty fact, this method is not limited to closed curves but it can be extended to open curves (as will also be explained in 
Problem 3). 


4.2.1 Extension of Cauchy’s Theorem 188 


of having more than one surrounded singularity (say n singularities) inside C is straightforward, that is: 


fb wde = -4 wde— wde = w dz 
Cc C Cc Cc 


al $2 sn 
= + wdet wdet th w dz (175) 
on on cre 
where C,,,Cs,,:°* ,Cs, are closed curves surrounding the 1°¢,2"¢,.-- ,n‘” singularities individually (i.e. 


each one of these n singularities is surrounded by one and only one of these n closed curves). This can be 
easily inferred from the right frame of Figure 26 for n = 2 (which can be easily generalized to any n > 2). 

We should finally note that the (original) Cauchy’s theorem has two major limitations: one on the 
integrated function (i.e. being analytic) and one on the enclosed region (i.e. being simply-connected). 
In the above extension we dealt with the first of these limitations (by extending the applicability of the 
theorem to cases in which the integrated function is not entirely analytic because it has singularities in the 
region enclosed by the contour). So, how to extend the (original) Cauchy’s theorem to deal with the second 
limitation (i.e. by lifting the “simply-connected” condition to include multiply-connected regions)? In fact, 
the same technique that we used to extend the theorem with regard to the first limitation can be used to 
extend the theorem with regard to the second limitation and hence the theorem can be applied even to 
multiply-connected regions. More explicitly, if we surround the hole(s) of a multiply-connected region by 
closed interior contour(s) and connect the interior contour(s) to the exterior contour by oppositely-tracked 
curve(s) then we can deal with the situation as if the region is simply-connected (whether it is singularity- 
free, and hence the original Cauchy’s theorem should apply, or not and hence the aforementioned extended 
Cauchy’s theorem should apply). So in brief, to deal with both limitations we need to introduce interior 
contour(s) that surround the problematic spots (whether because these spots have singularities or because 
they have holes) to exclude them and apply the above technique of connection, tracking and canceling. 
Accordingly, the value of a contour integral over a closed curve that surrounds singularities or/and holes 
is equal to the sum of contour integrals over closed curves that surround these singularities or/and holes 
individually (where the sense of tracking all curves is the same).!1% 


Problems 


1. Outline the essence of the extended form of Cauchy’s theorem. 
Answer: If C, and C2 are two closed curves with C2 being inside C and f is analytic on the two 
curves and in the (simply-connected) region between them then ff dz = gy, f dz. 

2. Outline the main implications of the extended form of Cauchy’s theorem. 
Answer: There are two main (and obvious) implications: 
e Path deformability which means that we can deform the closed curve (or contour) of a contour 
integral (within the stated conditions of the original Cauchy’s theorem) without affecting the value of 
the integral as long as we do not cross a singularity of the integrand or a hole in the enclosed region 
during the deformation process. This gives us the freedom to choose the shape and location of the 
curve (within the given conditions) that facilitate the evaluation of the integral. 
e Path replacement which means that we can replace the contour of our contour integral by the sum 
of the contours surrounding the singularities or/and holes inside the enclosed region, that is: 


d= d 
ps Dh fe 


where C; (k = 1,:-- ,n) are contours surrounding all the singularities or/and holes inside the region 
enclosed by C491] This also provides us with more freedom about how to evaluate the integral. 


[190] As we will see (refer to Problems 9 and 10), we have a third extension to Cauchy’s theorem related to the type of 
singularity. 

[191] We note that any C;, can enclose more than one singularity or/and hole although no singularity or hole can be enclosed 
by more than one Ci contour. 
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3. Explain how can we make use of Cauchy’s theorem for evaluating contour integrals over closed and 
open curves (assuming that the conditions for the application of the theorem are fulfilled). 
Answer: Regarding closed curves we have two main cases: 
e There is no singularity or hole inside the enclosed region. In this case the contour integral is 
evaluated immediately without effort by applying Cauchy’s theorem trivially because the integral is 
zero regardless of the form of the integrated function or the shape of the curve. 
e There is a singularity or/and hole in the enclosed region. In this case if the contour integral can 
be easily evaluated over the actual curve in the problem then the integral can be evaluated over this 
curve (without use of Cauchy’s theorem) by using the familiar techniques of contour integration (see § 
3.2). However, if the contour integral cannot be easily evaluated over the actual curve in the problem 
(because the shape of the actual curve is complicated for instance) then the integral can be evaluated 
by using the extended form of Cauchy’s theorem where the integral over the actual curve is evaluated 
indirectly by evaluating it over a simpler curve (e.g. unit circle) surrounding the singularity /hole with 
the employment of the familiar techniques of contour integration. 
Regarding open curves, use can be made of Cauchy’s theorem or its extension by adding a curve Cy 
that closes the region (i.e. with the exclusion of any singularity/hole in the neighborhood if Cauchy’s 
theorem to be used and with the inclusion if its extension to be used) and hence the problem is 
converted to a closed curve problem. In the former case, the given integral can be evaluated (through 
exploiting path alternativeness) by choosing an alternative closing curve C, that makes the evaluation 
of the integral simpler and hence the integral is evaluated over Cy instead of over the actual curve. In 
the latter case, another closed curve (or curves) Cy (over which the integral can be easily evaluated) is 
also introduced and hence the integral is evaluated over C, and Cy and their difference (which is equal 
to the value of the integral over the actual curve) is taken.!!°?] It should be obvious that if ordinary 
integration is employable and more feasible in the given problem (as it is normally the case considering 
the relative ease of ordinary integration compared to contour integration but noting the demand for 
analyticity and simple connectivity) then the integral can be evaluated (noting path independence) by 
the techniques of ordinary integration (instead of the techniques of contour integration) without use 
of Cauchy’s theorem or its extension. 

4. Explain how to evaluate the contour integral bo w dz where C is a simple closed contour that surrounds 
a singularity of w and a hole. 
Answer: If we surround the singularity s and the hole h by closed interior contours C’, and C;, and 
connect these interior contours to C through oppositely-tracked curves C,, and C.;, (as shown in Figure 
27) then from the (original) Cauchy’s theorem we have (noting the sense of tracking as indicated by 
the arrows): 


pwderg wder wae +([ wae+ [ wde) + | wae+ [ w dz 

Cc Cs Ch ct, cs, Cl. Cx. 
poder hp wide + wdz+0+0 
1e3 Ch 


gua f wide~ wdz = 0 
Ch 
1.e. fo wdz= $a, wdz+ $e, w dz. 


Note: it is obvious that there are other choices for the connecting curves C., and C.;,. However, all 
these types of connection produce the same result. 

5. Verify the extended form of Cauchy’s theorem for the contour integral $e 4 dz which we evaluated in 
part (a) of Problem 7 of § 4.2 (with C' being the circle |z| = 1) by evaluating this integral again but 
around different curves C that surround the singularity at z = 0 and hence confirming that the same 
value will be obtained. 


II 
ro) 


lI 
ro) 


1192] As we will see, other complex analysis techniques (such as the calculus of residues) may be used instead of introducing 
Co. 
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—VT 


Figure 27: The setting of Problem 4 of § 4.2.1 where Cauchy’s integral theorem is extended to include a 
region with a hole h and a singularity s. 


Answer: We found in part (a) of Problem 7 of § 4.2 that the value of ¢,, + dz (where C is the circle 
|z| = 1) is i27. In the following parts we evaluate this integral around other curves!!®3! that surround 
the singularity at z = 0. As we will see, the value of this integral around every one of the investigated 
curves is also 127 (as it should be according to the extended form of Cauchy’s theorem) and hence this 
theorem is verified for the investigated cases. 

(a) Let C be the circle |z| = p (0 < p < co) and hence it can be parameterized as z = pe’? (where 
0 <6 <2r). Therefore, dz = ipe’’d0 and we have: 


1 20 1 ; 20 on 
f <dz= | —, ipedo = | ido =i) © = i2n 
ce o pe 0 0 


(b) Let C' be the square with vertices at z; = —1—%, z2 =1-—%, 23 =1+iand z, = —1++i%. Now, if 
we parameterize this square as we did in part (c) of Problem 1 of § 3.2 then we have: 


1 1 1 1 1 
-dz = | ade + f nde + f nde + f —dz 
oz Cc, % Cz # C3 # oe 
RLS Ph al Sof +1 
a Ha a+ | — idt +f = (—idt) 
t—1 _, 1l+it -1 aaa —l—-it 
<, eral gp catie 2 CEL e 
~ Poi Ta $a ae 
+1 
= sea)” oo 
1 
ze if fog, v3-+ i (3 +2nn) - tog, V3 - i (- 2 +200) = 4{i5| = i2n 


(c) Let C be the rhombus with vertices at z; = 2, zg =i, z3 = —2 and z4 = —i. Now, the rhombus is 
made of 4 straight line segments that can be parameterized as follows: 

Cy from z, to zg: z = (2 — 2t) + it (0 <¢t < 1) and hence dz = (—2 + i)dt. 

Cz from zg to zg: z = —2t + i(1—t) (O<t< 1) and hence dz = (—2 — i)dt. 

C3 from z3 to z4: z = (2t— 2) — it (O<t <1) and hence dz = (2 —1)dt. 


[193] Tt should be obvious that these other curves which we selected in this Problem (and in any similar Problem) meet the 
requirements of the extended form of Cauchy’s theorem (i.e. analyticity of w over these curves and the surrounded 
simply-connected region excluding the enclosed singularity) and they share the original curve (which is the circle |z| = 1 
in our case) the property of enclosing the same singularity (with no other singularity). 
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C4 from z4 to 21: z= 2t+i(t—1) (O<t< 1) and hence dz = (2 + 1)dt. 
Therefore, we have: 


1 1 1 1 a 
fe od: | ade + f ade +f nde + f —dz 
Cc # C1 * Co * C3 * Cy * 


I 


= 1 a; eer 1 2 1 . 
=| on! a+ | ae a+ | at + | BA i 
@ =o) aa 9 —2té+i(1—-t) 9 (2t— 2) —it 9 2t+i%(t—1) 
| F —44 12 A+ 12 
= dt 
9 [(2—2t)+it 2t+2(t-1) 
7 | —8+10 4 a r 
~ Jj, [4452-8 4452-8 12+ 5e 1-2 5e 
_ / loe-8 , 10r-2 )\ [ 4 di 4 % 
~ jf, \oe@—8e+4 | bee) Ss, be 844 | F241 


1 10¢ — 10¢—2\]? 
In (5? — 8 +4) +In (57-241) ] +4 |2arctan OF 8) + oaretan ( © 
0 4 4 0 


I 
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[ni +In4) — (Ind +1n1)| +ifr+n] = 04+ i2n = i2n 


6. Show that the contour integral bo = (where zo is a given complex number, n is an integer and C 
is a closed curve) is zero in all cases except when n = 1 and C encloses the point 29 where in this case 
the integral is 127. 

Answer:!!%4I If C does not enclose the singularity of the integrand at zp then by the (original) Cauchy’s 

theorem (which we investigated and proved in § 4.2 considering that in this case the surrounded region 

is singularity-free) the integral should be zero for any integer n. 

If C does enclose the singularity at z = zo then by the extended Cauchy’s theorem (which we in- 

vestigated and established in the present subsection) the integral is equal to an integral $a, or 
where C’, is a closed curve (say inside the surrounded region) that encloses the singularity. Now, let 

C, be a circle centered on the point z = zp with radius p and hence C, is represented as z = zp + pe’® 

(0 < 6 < 2r) with dz = ipe’’d0. Accordingly, we have: 


f a 1 7 : ipe'’ do A eee 0 | oe ee dé 
dz = 1pe = — ipe = - 
OC. (z zs zg)” 6 (20 + pe? = Zz)” p 0 prein p 5 p”—lei(n—1)8 


Now, if n £1 then we have: 


1 Qn . - Qn , i(1—n)@ 
PB ge a pet og 
c, (2— 20)” i. pee) pet $6 pt Li(1—n) Jo 


S Non) = [1-1] =0 


On the other hand, if n = 1 then we have: 


1 27 20 27 
f a= [ pl =i do = i6) = i[2n - 0] = ian 
C, 2— % 9 = prtet— 0 8 


Hence, the integral is zero in all cases except when n = 1 and C encloses the singularity at zo (where 
in this case the integral is 127). 


[194] For any contour integral to be defined and convergent the contour should not pass through any singularity of the 
integrand that causes the divergence of the integrand (such as pole). Hence, when we discuss and investigate contour 
integrals that are supposed to be defined and convergent (as in the present Problem) this condition should be understood 
implicitly if it is not stated explicitly. Accordingly, when we investigate contour integrals (of this kind) over closed 
contours it should be understood that this type of singularities must be either inside the contour or outside the contour. 
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7. Investigate (non-thoroughly) the value of the contour integral fo wdz where w is a rational function 
and C is a closed curve assuming that this integral meets the requirements and conditions of the 
extended Cauchy’s theorem. 

Answer: To avoid unwanted complications and confusion we restrict our attention to the rather simple 
case where w can be split (by partial fractions) into a sum of m rational functions with constant 
(complex) numerators and (complex) powered linear polynomial denominators, that is: 


ay a2 Gm 
wdz = f | mA ae tet ae dz 
$ C (zZ i 4, 21) * (z he 22) ‘. (z i a) ve 


tomar [tasers] ++ toe 


where @1,2,°°* ,@m and 21, 22,-*+ , 2m (which are not necessarily different) are complex constants and 
1,12,°°* , Mm are positive integers. Now, we can use the results of Problem 6 to determine the value of 
each sub-integral (i.e. each of the bracketed integrals in the last line) and hence determine the overall 


value of the main integral, i.e. ¢,,wdz. In brief, the value of each sub-integral ¢,, Goat dz (where 


I 


Zz 
k =1,--- ,m) is zero except when n; = 1 and C encloses the singularity at z, where in this case the 
value of the sub-integral is 127a, and hence the value of the main integral is the sum of the values of the 
non-zero sub-integrals, ie. ¢, wdz = i2m D>, a (where | ranges over the non-zero sub-integrals).!1%! 

8. Evaluate the contour integrals of the following rational functions w around the given closed curves C: 


(a) w = =, and C is the (anticlockwise) origin-centered circle with radius p > 1. 


(b) w= ane) and C is the (anticlockwise) ellipse ce + ve = 1; 
244423 3227+2 + 1(42? 42+2) 
22 (2-1)? (z+i2) 

Zp = —2+i% and Ze =2-i8. 


(c) w= and C is the (anticlockwise) triangle with vertices at z, = —i5, 


Answer: We note first that all these integrals meet the requirements and conditions of the extended 
Cauchy’s theorem and hence we can use the results of Problems 6 and 7. 

(a) The denominator of w vanishes at z; = 1 and at z2 = —1 and hence we have two singularities (i.e. 
one singularity at each one of these points). On decomposing w (by partial fractions), the integral can 
be written as: 


1 1 1 1 1 1 1 
pwde~ 5h I =a Wee |p ae D |p ae 


Since C' encloses both singularities the value of the main integral is equal to the sum of the values 
of the two sub-integrals (multiplied by their coefficients).!°° Now, from the result of Problem 6 the 
value of each one of these sub-integrals is 127. Hence, the value of the main integral is zero. 

(b) The denominator of w vanishes at z, = 3 and at z2 = —i and hence we have two singularities (i.e. 
one singularity at each one of these points). On decomposing w (by partial fractions), the integral can 
be written as: 


pwde=g ee + ‘x dz =12| b i dz “7/6 E cys 
Cc C z-3 z+ cz-3 cztt 


Since C’ encloses only the singularity at z2 = —i the first sub-integral is zero and hence the value of the 
main integral is equal to the value of the second sub-integral times 7. Now, from the result of Problem 
6 the value of the second sub-integral is 127. Hence, the value of the main integral is 7 x 12a = 714r. 
(c) The denominator of w vanishes at z1 = 0, at zg = 1 and at z3 = —72 and hence we have three 


195] lm fact, we are considering the sub-integrals which have non-trivial contribution to the value of the main integral; 
otherwise the value of the main integral is the sum of the values of all sub-integrals. 

[196] We mean that both sub-integrals have non-trivial contribution to the main integral; otherwise the main integral is 
always equal to the sum of the values of its sub-integrals regardless of the inclusion or non-inclusion of singularities. 
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10. 


singularities (i.e. one singularity at each one of these points). On decomposing w (by partial fractions), 
the integral can be written as: 


fan $ |a+eop al *- [$24] +|P eo 4| pan 


Since the singularity at z2 = 1 is not enclosed inside C the second sub-integral is zerol!97! and hence 
the value of the main integral is equal to the sum (or rather the difference) of the values of the first 
and third sub-integrals (whose singularities are enclosed inside C). However, the value of the first 
sub-integral is also zero because n, = 2 # 1, and hence the value of the main integral is equal to the 
value of the third sub-integral times —1. Now, from the result of Problem 6 the value of the third 
sub-integral is 127 and hence the value of the main integral is —i27. 

Let R be a simply-connected and bounded region and zp is a given point in R. Moreover, g(z) is 
a function which is continuous on the entire R and analytic on R excluding zo. Show that for any 
(piecewise-smooth and oriented) closed curve C’ inside R that encloses z) we have fo gdz =0. 
Answer: If C, is a zo-centered circle of radius p inside R then by the extension of Cauchy’s theorem 


we should have: 
pgdz=h g dz (176) 
C Ce 


Now, since g is continuous then |g| should be bounded over R, i.e. |g| < M with M being an upper 
bound (see part b of Problem 7 of § 1.9; also see Problem 9 of § 1.11). Hence, we should have (see Eq. 


45); 1298] 
f gdz 
Ce 


Now, since the size of C, is arbitrary (ie. within the given conditions) p can be as small as we wish 
< 4 |g| |dz| < 0 and thus If gdz 


<$ |g| |dz| < 279M 


c 


which in the limit can go to zero leading to Ife gdz = 0 (noting 


that | $a, g dz 
as required. 
Note 1: although the statement of the Problem and the proof are about curves enclosing zo it should 
be obvious that the result applies to any closed curve in R because if the curve does not enclose 2 
then by Cauchy’s theorem (rather than its extension) the integral should also be zero noting that g in 
this case is analytic on and inside such a curve (since zo is outside the curve). We should also note 
that the simplicity of the curve is not required. This also applies to the particular orientation of the 
curve (although we use the integral symbol of positively oriented curve). 

Note 2: this theorem actually extends the application of Cauchy’s theorem by treating “continuous 
singularities” like analytic points (i.e. by restricting the offending singularities to those that blow up 
the integrand and make it unbound). Accordingly, the contour integral around a curve that encloses 
a “continuous singularity” (ie. a singularity at which the integrand remains continuous and hence 
bounded) is zero as if the “continuous singularity” is an “analytic point”. 

List the main extensions of the (original) Cauchy’s theorem. 

Answer: As we noted earlier, we have three main extensions: 

e Extension related to the type of the integrated function, i.e. by extending “analytic” to “analytic 
with some singularities” through introducing inner loops to exclude the singularities. 


is non-negative) and hence f, gdz = 0. Accordingly, from Eq. 176 we get $,gdz = 0, 


[197] Tm fact, the value of the second sub-integral is zero even if the singularity is enclosed inside C because ng = 24 1. 


[198] Tn fact, M in the following equation is only required to be an upper bound of g over Ce (rather than over R). 


[199] T¢, may be shown (using for instance the fact that a continuous function that has a primitive is analytic) that this type of 


“continuous singularity” does not destroy the analyticity of g at z and hence g is effectively “analytic” at zo despite this 
“casual singularity” (or “apparent singularity”). Accordingly, a function can be “analytic” at this type of “singularity”. 
For example, “2* has a “continuous singularity” at z = 0 but it has a Taylor series (or rather Maclaurin series) there 
and hence it is “analytic” there (see § 5.1) despite this “singularity”. For more details see Problem 6 of § 5.2 (also refer 
to Problem 17 of § 1.5). 
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e Extension related to the type of region, i.e. by extending “simply-connected” to “multiply-connected” 
(i.e. region with holes) through introducing inner loops to exclude the holes. 

e Extension related to the type of singularity, i.e. by extending “analytic point” to include “continuous 
singularity” through treating “continuous singularity” like “analytic point”. 


4.2.2 The Residue Theorem 


This theorem (which may also be called Cauchy’s residue theorem) is based on the extension of Cauchy’s 
theorem (see Problem 1 of § 5.4) and hence it is appropriate to be investigated here. However, because of 
its dependency on the subject of Laurent series (which will be investigated later on in § 5.2) we defer the 
detailed investigation of this theorem (or rather the technique that is based on it) to § 5.4. Nevertheless, 
we can provide at this point some useful remarks that do not depend on our pending investigations (apart 
from the definition of “residue” which will be given in § 5.4): 

e Because the residue theorem is based in essence on the extension of Cauchy’s theorem with regard to 
singularities, it can be regarded as a generalization of Cauchy’s theorem (and hence Cauchy’s theorem is 
a special case of the residue theorem). In fact, if the residue theorem is stated properly then it can be 
regarded as an extension to Cauchy’s theorem even with regard to the nature of the region (i.e. simply- 
connected or multiply-connected; see § 4.2.1) as will be clarified in the upcoming remarks. 

e The residue theorem essentially deals with the evaluation of contour integrals of complex analytic 
functions in regions that potentially contain some singularities of these functions (and possibly lack of 
simple connectivity of the region by having holes for instance). 

e The residue theorem can be stated in simple terms as: if f(z) is a function analytic over a piecewise- 
smooth, simple and closed curve C and the entire simply-connected region surrounded by C in the complex 
plane except (possibly) at a finite number n of singularities inside C' then: 


fdz= fdz=i2n a (177) 


where C,, (k = 1,--- ,n) are (closed anticlockwise) contours surrounding the n singularities (individually) 
and ,a_; (k = 1,--- ,n) are the n residues of f corresponding to its Laurent series expansions around 
these singularities (see § 5.4 for the definition of residue). 

e If we have to extend the residue theorem to include the second extension of Cauchy’s theorem (i.e. the 
extension from simply-connected region to multiply-connected region by having holes) then we need to 
add to the right side of Eq. 177 the (closed anticlockwise) contour integrals around the holes (i.e. to 
isolate the holes exclusively) as explained in § 4.2.1 (and in Problem 4 of § 4.2.1 in particular). In brief, if 
we have n singularities and m holes inside C' then we have (according to the residue theorem that includes 
both extensions): 


fsa (> f jas] 7 (> f. jas] - (a> 1] ‘ 6 f jas] ans 


where Ch, (1 = 1,--- ,m) are (closed anticlockwise) contours surrounding the m holes individually (i.e. 
without including any other hole) and exclusively (i.e. without including any singularity). 


4.3. The Integral Formula Theorem 


One of the main pillars of complex analysis is the integral formula theorem (which may also be called 
Cauchy’s integral theorem among other names and labels that exacerbate the confusion). The essence of 
this theorem (which leads to the formula) is that: if f(z) is a function analytic over a (simply-connected) 
region R containing a given point z and C is a piecewise-smooth, simple, closed and positively oriented 
curve in R with z being inside C' then: 

fe-—§ Jee 


- 120 Jo Z—% 


(179) 
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This equation is commonly known as Cauchy’s integral formula. If we inspect Eq. 179 carefully we can 
appreciate its significance and exceptional power because according to this formula we can know anything 
about the region inside C' with regard to f (since zo is arbitrary and hence it can represent the entire 
region inside C’) by just knowing what is on the border of this region. On the other hand, we can know 
the value of the contour integral over C' if we know the value of f at a given point zo inside C1? 

Now, if we manipulate the symbols in Eq. 179 slightly by replacing z) by z and replacing z by w then 


Eq. 179 becomes:!?0!] 
1 f(w) 
se 1 
) mf: gee ow 


which is another form of this formula that is commonly used in the texts of complex analysis (noting that 
these two forms are the same in essence although each form may have some marginal advantages in certain 
contexts such as being more aesthetic or suggestive or indicative or easier to mix with other expressions 
and era a that context). In fact, this formula may also be given in the literature by other forms 


such as f = a by f @) dz (and hence the reader should be careful when reading for different authors 
to avoid aes 
An important corollary of the integral formula theorem is the following differentiation formula (which 
may be called Cauchy’s integral formula for derivatives or Cauchy’s differentiation or derivative formula): 
Ct) pie f i) sg, (181) 
dz” C 


Z=Z0 


where f(")(z) is the n‘” derivative of f at zo and n! is the factorial of n and where the assumptions and 
conditions of the integral formula theorem are inherited here (i.e. f, C, R and zo satisfy the assumptions 
and conditions of Cauchy’s integral formula as stated above).!?°?! Again, if we manipulate the symbols 
in Eq. 181 slightly by replacing zo by z and replacing z by w then Eq. 181 becomes: 


AMZ) = ish g f(w) ae (182) 


i2n (w— z)rtl 


which is another form of the differentiation formula that is commonly used in the texts of complex analysis 
(noting again that the two forms are the same in essence).|?] 

Now, if we mean by derivative its common meaning then n in the above formulae (i.e. Eqs. 181 and 182) 
should be a positive integer (ie. n = 1,2,3,---). However, if we want to include f itself (as the zeroth 
derivative of itself which is sensible) then n is a non-negative integer (i.e. n = 0,1,2,---). Accordingly, 
what we actually have is a single formula (i.e. Eq. 181 or Eq. 182) with Eq. 179 (or Eq. 180) being an 
instance of Eq. 181 corresponding to n = 0. In fact, this will ease the derivations and manipulations. 

We should now draw the attention to the following useful remarks: 

e From Cauchy’s integral formula for derivatives we can conclude that if f(z) is an analytic function on a 
region R then f should have derivatives of all orders over R. To be more formal, let zo be a point inside 
R. Now, if we take a sufficiently small disk centered on z and contained inside R then we can apply 
the integral formula theorem on the boundary of this disk (noting that all the conditions of this theorem 
are satisfied) to obtain Cauchy’s integral formula, and from this formula we can obtain the derivatives of 
f at 2 of all orders using Cauchy’s integral formula for derivatives which is based on and derived from 
Cauchy’s integral formula (as will be seen in Problem 2). Now, since zo is an arbitrary point in R it can 
represent all the interior points of R (see Problem 6). 


[200] Ty fact, theorems and features like these are behind the exceptional power and beauty of complex analysis. 

[201] This form of the integral formula is based on the fact that zo in Eq. 179 represents all the points inside C’, and hence if 
we represent these points (or the region inside C) with z and replace z in Eq. 179 (where z there represents the points 
on the curve C) by w then we get this form of the integral formula. 

[202] Noting that f~ represents derivative, n should be a positive integer. However, as we will see this could be generalized 
to include n = 0 and hence n can represent a non-negative integer. 

[203] We should repeat what we said about the significance of the Cauchy’s integral formula since the differentiation formula 
also links what is inside a region to what is on its boundary (i.e. with regard to the derivatives of all orders). 
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e It is important to keep in mind that z in Eqs. 179 and 181 (and z in Eqs. 180 and 182) represents 
points inside C' because if it is outside C' then the integrand in these equations is analytic on and inside C' 
and hence the integral vanishes (by the original Cauchy’s theorem) while if it is on C then the conditions 
of Cauchy’s theorem (which the integral formula theorem is ultimately based on) are violated and hence 
it cannot be used (in fact some of the conditions required by the proof of the integral formula theorem 
which is given in Problem 1 will be violated; also see footnote [194] on page 191). 


Problems 


1. Prove the integral formula theorem. 
Answer: Let first define a new function g(z) as: 


F(z) = F(20) 


Oe ar (183) 
z ZO 


Since f is analytic over R and =r is analytic over R excluding zo then g is analytic (and hence 


continuous; see part a of Problem 7 of § 1.9) over R excluding zg. Also, because f is analytic at zo it 
has a derivative at zo, and hence (see Eq. 17): 


— tim FO =Fle0) _ 


Az7>0 Az Z—Zo Z— x ZZ 


This means that g(z) has a limit at z which is equal to f’(zo). So, if we define g(z) at zo as 
g(zo) = f’(zo) then g becomes continuous over the entire R. Now, if we use the result of Problem 9 of 
§ 4.2.1 (noting that g is continuous on the entire R and analytic on R excluding z 9) then we should 
have (noting that C is the curve defined in the statement of the theorem above which satisfies the 
conditions of C in Problem 9 of § 4.2.1): 


f gdz=0 (Problem 9 of § 4.2.1) 
Cc 
f f(z) — fo) aed (Eq. 183) 
Cc Zz — £0 
f(@) dz P(0) dz =0 
C z— 20 C z — 20 
ff FOR». 
Cc z — £o C z— £2 
1 f(z) 
flea) p ——d _ Ce %0 
i2n f (zo) = Le) dz (Problem 6 of § 4.2.1) 
Ce%— %0 
f(%0) = ae Ste) 


which is Eq. 179. 

2. Verify Cauchy’s differentiation formula (Eq. 182). 
Answer: Because all the assumptions and conditions of the integral formula theorem are presumably 
satisfied (as stated in the text) we can start from Cauchy’s integral formula (using the form of Eq. 
180). Now, if we take the first order derivative of f (using the definition of derivative as a limit) then 
we have: 


J aligtele scteet | Pa f(w) 1 fw) 
= ree Az E $ w—(z+Az) wy i2n g w-zZ aw| ee) 
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dw 
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(continuity of integrand) 


which is Eq. 182 for n = 1. This means that Eq. 182 is valid for n = 1. Now, if we repeat this 
process of differentiation we can obtain the formulae for higher derivatives. These formulae can then 
be generalized to all orders of derivative (i.e. for all n) using mathematical induction (as will be 
explained in the following). So, let assume that Eq. 182 is valid for n = m and hence we will show 


that it is also valid for n = m + 1, that is: 


(m+1)(,) — 1; 
f = im Az 


ee ar 
~ Az0 Az [42m Jo (w— 2 — Az)mtl - 


arf feat | 


oe m! $ f(w) 
~ Az40 i2nAz Jo | (w—2z—Az)m 


= lim 


$0) au 


(w— z)mtt 


1 


m! 1 
Az0 i27Az f F(w) i —z—Az)mt 


(w = Pam 


1 1 
fits m! (w—z—Az)m™F1 (w—z)mFt 
hes Oe gp F(w) Az e 


where line 2 is justified by the presumed validity of Eq. 182 for n = m, line 6 is justified by the 
continuity of the integrand over C, and line 7 is justified by the fact that the limit (and hence the 
derivative) is with respect to z. As we see, the last equation is of the same form as Eq. 182 for 
n= m-+1 and hence Eq. 182 is valid for n = m+1. So, we have shown that Eq. 182 is valid for n = 1 
and if it is valid for n = m then it is also valid for n = m+ 1 and hence by mathematical induction 


Eq. 182 should be valid for all n, as required. 


Note: Cauchy’s differentiation formula (in the form of Eq. 181) may also be obtained (more easily) 
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by differentiating Eq. 179 (using the method of differentiation under the integral sign) with respect to 
zo, that is: 


Wiese E f(z) dl 1 a” Ee ye f@) og 
f (0) = ax i270 Demet =a hs on zZ— 2 q =a & Goo! 


Similarly, Eq. 182 can be obtained by differentiating Eq. 180 with respect to z. However, the 
theoretical justification of this (ie. the use of differentiation under the integral sign in this case) may 
be more difficult (and possibly problematic). 

3. Evaluate the following contour integrals around the contours shown in Figure 28: 


Figure 28: Graphic representation of the contours of Problem 3 of § 4.3. 


4 4 z 
(a) fo, — dz. (b) c, 2 dz. (c) $e, stop dz. (d) $e, yaa 7 ee 
Answer: 
(a) Let f(z) = 224 and z =i. Now, f is analytic on and inside C; and 2 is inside C; and therefore 
we can use the integral formula (where f and zo in the formula are as defined here). Hence, from Eq. 
179 (noting that C is clockwise and thus a minus sign is added) we have: 


1 24 ; 
Ree 
2 4 
f ss -dz = —2i* x in =—i4da 
(On zZ—t 
(b) Here, the integrand 2a is analytic on and inside C) (noting that z = —7 which is a singularity 


of the integrand is not inside C;) and hence by Cauchy’s theorem (whose conditions are obviously 
satisfied) the integral should be zero. 

(c) C2 is not a simple curve but it can be split into two simple curves, i.e. the small (clockwise) loop 
which we label C2, and the large (anticlockwise) loop which we label C2, (where these loops share the 
point of intersection). Hence: 


e* e* e* 
Il=p ——a= dz 4 dz=I,+], 
f gona $. paar ee f Fak Ores 


Now, the integrand of I, is analytic on and inside C2, (noting that z = 4+ 72 which is a singularity 
of the integrand is not inside C2,) and hence by Cauchy’s theorem (whose conditions are obviously 
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satisfied) I, should be zero. Regrading Ip, let f(z) = e* and z = 4+i2. Now, f is analytic on and 
inside Cg, and 2 is inside Co, and therefore we can use the integral formula (where f and zp in the 
formula are as defined here). Hence, from Eq. 179 we have: 


1 e* 
dz = 4+ 72 
rh er a ee) 
f —— dz = e*t? x (Qn = i2re*t? 
Cy, 274-12 


Hence, I = I, + Ip =0+4 i2me*+*? = i2re4*+? ~ —311.9347 — 1142.7593. 

(d) Here, the integrand °5*, is analytic on and inside C3 (noting that z = 3+7 which is a singularity 
of the integrand is not inside C3) and hence by Cauchy’s theorem (whose conditions are obviously 
satisfied) the integral should be zero. 


4. Evaluate the following contour integrals around the contours shown in Figure 29: 


Figure 29: Graphic representation of the contours of Problem 4 of § 4.3. 


: 322 5 
a) $e, G28 dz. (b) fo, Gaba dz. (c) $0, cosh 2 dz. d) fp, aaa aoe “+6 tee. 
Answer: 
(a) If f(z) = sinz and zy = 2 then from Eq. 181 (noting that the conditions for applying Cauchy’s 
derivative formula are satisfied, i.e. f is analytic on and inside C) and 2 is inside C4, etc.) we have: 


d? sin z 5! sin z 

: a es g dz 
Pan ee i2n Jo, (2-2) 
5! sin Zz 

2= =P -— 4 
cos jan $ (z — 2)6 ‘ 
f SUE, MERE PEOOES 5 a 70 
A (z — 2)6 5! 60 


(b) If f(z) =e? * and z) =5+i then from Eq. 181 (noting that the conditions for applying Cauchy’s 


derivative formula are satisfied, i.e. f is analytic on and inside C2 and 29 is inside C2, etc.) we have: 
d2e3? 2! f e32" 
= — — dz 
ese i2n Jo, (2-5-1)8 


dz? 
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32? 
Ge?" + 36273" ae $ dz 
pate UTS eo A SiO)? 
32? : : : 
f @-5-03 = yee = in [Bese+)" + 36(5 + 4)7e3+8"| — me7?+#30(360 — 1870) 
Co (2-9-1 


where a minus sign is added because C2 is clockwise. 

(c) Here, the integrand coe is analytic on and inside C3 (noting that z = 0 which is a singularity 
of the integrand is not inside C3) and hence by Cauchy’s theorem (whose conditions are obviously 
satisfied) the integral should be zero. 

(d) If f(z) = 328 —iz? +6 and z =4+75 then from Eq. 181 (noting that the conditions for applying 
Cauchy’s derivative formula are satisfied, ie. f is analytic on and inside C4 and 2p is inside C4, etc.) 


we have: 
d(3z3 — iz? +6) ee | $ 323 — iz? +6 d 
dz aes  42n co, (2-4-—15)? 7 
1 BPs ped Le 
92? — i22 = - f Lae 
Die 12m Jo, (2-4-—15) 
323 — iz? +6 : baie 4 : 
§ God BP dz = i2n[9(4+ 45)? — i2(4+%5)] = —(704 + i142) 


. Explain and prove the mean value theorem which states that if f(z) is an analytic function on the 


closed disk |z — zo| < p then 
1 20 P 
i ”) dé 

Flea) = 55 flo pe) 
Answer: This theorem means that the value of f at the center of the disk zo is equal to the average 
value of f over its boundary, i.e. the circle C. that defines this disk. To prove this theorem let 
parameterize C, as z = z + pe’ (0 < 6 < 2m) and hence dz = ipe’*d0@. Now, from Cauchy’s integral 
formula (see Eq. 179) we have: 


1 i f(z) 1 of?" flzo-+ pe)... 46 jay et " 
— = - U (,) paras a fa 
) i2n Jo, 2— 20 da i2n Jo peo ipe'd on Ih f(z + pe’) d 


f (zo 


as required. 

. Verify the following statement: if f(z) is analytic over a region R in the z plane, then f is infinitely 
differentiable and its derivatives of all orders are analytic over R. 

Answer: Let zo be a point inside R.2°! Now, since f is analytic over R then f is analytic in a 
neighborhood N of z9. So, if C is a contour (say circle) inside N that encloses zp then f is analytic 
on C' and inside C' and hence by Eq. 181 we have: 


n! Zz 
f(z) = ae vy C ae dz (n = 1,2,--+) (184) 
Now, on inspecting and considering the motivation and rationale of the integral formula theorem (which 
led to Eq. 181), we can see that Eq. 184 holds for any z inside C, and this means that for any n > 1 
the function f~— is differentiable on a neighborhood of z inside C' and hence f("—!) is analytic at 
29.295] Noting that n = 1,2,--- and zp is arbitrary (i.e. it can represent the entire region R) we can 
conclude that f is infinitely differentiable and its derivatives of all orders are analytic over R. 


[204] Tn fact, we are considering R as an open region (or domain). 
[205] Tn this sentence we use n > 1 because the analyticity of f (i.e. fO = fa) which corresponds to n = 1) is given in 


the statement and hence it does not need to be established by this argument. However, if n in Eq. 184 includes 0 then 
we can use n > 1 which may make our argument more straightforward. Anyway, this is a trivial matter and hence it 
should not affect our argument at all. 
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Note: as indicated earlier and will be investigated further later on, analytic function can be represented 
by a Taylor series. Hence, we may obtain the result of the present Problem from the fact that Taylor 
series is infinitely differentiable (assuming no circularity or inter-dependency and this depends on the 
sequence of results and proofs). We should also not that a rather simpler argument (similar to the 
above argument) for establishing the above statement was presented in the text of the present section. 


4.3.1 Cauchy’s Inequality 


As we will see in the Problems, Cauchy’s inequality is a direct result of Cauchy’s differentiation formula 
which we investigated in § 4.3 (and this should explain why we put our investigation of Cauchy’s inequality 
as a subsection of § 4.3). This inequality is widely used in complex analysis to give a bound on (or an 
estimate of) the magnitude of derivatives of a given complex function at a given point in the complex 
plane. It is also used in the proofs of some theorems of complex analysis. 


Problems 


1. Apply Cauchy’s differentiation formula (i.e. Eq. 181) to a circle C of radius p and center zo to derive 
the following relation (called Cauchy’s inequality or Cauchy’s estimate) which puts an upper limit on 
the magnitude of the derivatives of f at zo: 


IM 
lf (20)| ge (185) 
p 


where Mc is an upper bound of |f(z)| over C. 

Answer: As stated in the question, the curve C in Cauchy’s differentiation formula here is a circle of 
radius p and center 29, i.e. |z — zo| = p. On taking the modulus of both sides of Cauchy’s differentiation 
formula and applying the rules of inequalities, we get: 


ini ft aa" 4 pb Gyre = 
mf HO) eet Me f \al=™ Mc 4 _ n!Mc 
a C 


™p 
1 
on C |z— ag on prt p” 


n! n! 


|F (20) = 


IA 


which is Eq. 185. We note that because this formula is based on Cauchy’s differentiation formula it 
inherits the definitions and conditions of that formula (which inherits the definitions and conditions of 
Cauchy’s integral formula). 
Note: although we were talking above about the derivatives of f, Cauchy’s inequality should hold 
even for f itself (ie. the zeroth derivative as indicated earlier in § 4.3) where the inequality of Eq. 185 
becomes | f(zo)| < Mc. In fact, this result can be obtained not only from Eq. 185 (by extending Eq. 
181 to include n = 0 as indicated in § 4.3) but can also be obtained directly from Cauchy’s integral 
formula (i.e. Eq. 179) following the same reasoning and derivation as above. It may also be obtained 
from the mean value theorem (see Problem 5 of § 4.3). 

2. Verify Cauchy’s inequality for the following n‘” derivatives of the given functions f at the given points 


ZQ: 
(a) = and f =e at25=0. (b) n=2 and f =z? at 2 =1+i. 
Answer: 


(a) We have f() = f() = e* and hence: 
|F(z0)| = |#©(0)| = le**] = [e®| = 1 
Now, let C be the origin-centered unit circle and hence |e*| on C is given by: 


le*| = |e” *| = |e”| |e”| = |e”| 4/ cos? y + sin? y = |e”| = e” (-1<a2<1) 
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which takes its maximum on C at x = 1, i.e. Mc =e. Hence, from Cauchy’s inequality we should 
have (noting that p = 1): 
2! xe 
lf (0) < p= 2e 
which is true since | f()(0)| = 1 (as we found above). 
(b) We have f() = 2z and f@) = 2 and hence: 


[F(20)| = |fP +8) =2 


Now, let C be the unit circle centered on zp and hence |z?| on C is given by: 


)27| = lz x 2] = [al x el = [2]? = 2? +9? (0<a<2, 0<y<2) 


2 
which takes its maximum on C at x = y=1+ ret ie. Mo = 2 (1 + 45) ~ 5.8284. Hence, from 
Cauchy’s inequality we should have (noting that p = 1): 


2 
~ 11.6569 


which is true since [fC + i)| = 2 (as we found above). 


4.4 Morera’s Theorem 


According to Morera’s theorem, if a complex function f(z) is continuous in an open region R and fo fd= 
0 for every closed contour C' within R then f is analytic throughout R. Morera’s theorem and Cauchy’s 
theorem are generally regarded as converses of each other, which is seemingly correct although rigorously 
it is not. The reality is that according to Cauchy’s theorem if f is analytic in such a region (within the 
other stated conditions) then bo f dz =0 for every closed contour C’, while according to Morera’s theorem 
if fo f dz = 0 for every closed contour C (within the other stated conditions) then f is analytic. So, 
what we have according to Cauchy’s theorem is the conditional statement P > Q (with P being “f is 
analytic” and Q being “ bo f dz = 0’), while what we have according to Morera’s theorem is the conditional 
statement Q — P. In other words, one theorem seems to be an “if” statement while the other theorem 
seems to be an “only if” statement and hence if they are combined together they seem to form an iff 
statement. So, apparently they are converses of each other according to this sense of “converse”. 

However, this claim ignores the detailed conditions and attributes of each theorem (e.g. with regard 
to the domain of definition). Moreover, it is based (at least with regard to Cauchy’s theorem) on taking 
their implications rather than exact form and statement. Accordingly, they are not converses in a rigorous 
sense (although they are converses in a rough sense) and hence they do not form (i.e. when combined) 
an iff statement. Anyway, the discussion of this issue (i.e. being converses or not) is provided here for 
the sake of clarification and information to highlight the relation between these theorems and improve 
the understanding of their contents. Otherwise, as long as each theorem is stated rigorously within its 
conditions and attributes and can be applied correctly the entire matter of being converses or not is 
irrelevant and useless (at least from a practical point of view). 

An important issue about Morera’s theorem is regarding its practicability because it seems very difficult 
(if not impossible) to show that ¢,, f dz = 0 for every closed contour? C (within the stated conditions) 
noting that we have no access to Cauchy’s theorem since the analyticity of f is what is required to establish 
rather than being established (as required by Cauchy’s theorem). However, Morera’s theorem has many 
useful applications in theoretical arguments and proofs although it may not be usable in solving familiar 


[206] We note that there is a potential relaxation on this condition (which may ease the situation a little bit), but we will 
not go through this. 
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practical problems. An example of the use of Morera’s theorem is outlined in the Problems and this 
should give an idea about how Morera’s theorem is exploited and employed in theoretical arguments. 


Problems 


1. Outline a proof of Morera’s theorem. 

Answer: We should note first that there are many technicalities and delicate details about a rigorous 
proof of this theorem. However, in this answer we present a simple version (or outline) of a proof that 
highlights the basic idea behind this theorem and why it should work. To ease the situation, let the 
region R be simply-connected (although we did not impose this condition in the statement).|?°7I Also, 
let accept (without proof) the intuitive claim that if a (continuous) function f has a primitive F’ then 
f is analytic. Now, let have two random points in R (which we label as z; and z2) and let C, be an 
arbitrary curve (within R) that goes from z; to z2 and C2 be another arbitrary curve (within R) that 
goes from 22 to z, (and hence the union C; U C2 forms an arbitrary closed contour C within R).°8! 
Now, according to the statement of Morera’s theorem we have fo f dz =0 for every closed contour C 
within R, and hence we can write: 


Cy C2 
fd = - f dz 
Cy C2 
fdz = fdz 
Cy C3 


where C3 is the opposite of C2 (i.e. it goes from 21 to zg along the same path). The last line means 
(noting that C, and C3 are arbitrary within R) that the integral on either side is independent of the 
path and hence it should solely depend on the end points z; and zg. This is equivalent to having a 
primitive F of f throughout R (noting that z; and zg are arbitrary within R), that is: 


fdz= f dz = F(z2) — F(a) 
Cy Cz 
and hence f should be analytic throughout R. 
Note: if C; and C intersect or touch each other then we can consider each individual loop separately 
(and hence the above proof is still valid). This similarly applies if the two curves share a common 
segment (or segments). 

2. The function f(z) = 1/2? is obviously not analytic at the origin since it has a pole there. However, 
fo f dz = 0 for every closed contour in a region R that contains the origin (see Problem 6 of § 4.2.1). So, 
despite the apparent fact that fo f dz =0 for every closed contour in R, f is not analytic throughout 
R, and hence this may be seen as a counterexample to Morera’s theorem. Discuss this issue. 
Answer: First, fe f dz = 0 does not apply to closed contours that pass through the origin and hence 
the condition “for every closed contour” is not satisfied. Second, this function is discontinuous at the 
origin and hence the condition “continuous” is not satisfied. Therefore, this is not a counterexample 
to Morera’s theorem. 

3. Give an example of the use of Morera’s theorem. 

Answer: For instance, let F(z) = ie f(t, z) dt (with a and b being constants) and we want to prove 


[207] Imposing the condition “simply-connected” will have an impact on the relation between Morera’s theorem and Cauchy’s 
theorem. In fact, imposing this condition is required if we should have an analytic antiderivative of f. The details 
should be sought in the literature (noting that many impose this condition in the statement of Morera’s theorem). 

[208] At this stage, we are seemingly suggesting that the two curves do not share any point (other than z1 and zg), i.e. they 
do not intersect or touch. However, this seeming restriction on the type of curves (which affects their arbitrariness) will 
be dealt with in the upcoming note. 
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the analyticity of F’ over a given region R (which satisfies the requirements of Cauchy’s and Morera’s 
theorems) given that F is continuous and f is analytic over the entire R. Now, if we integrate F' over 
an arbitrary closed contour C' within R and we assume that the given problem allows the change of 
the order of integration then we have: 


froa=$ i Hen ‘| a= [ f seo a 


At this point we can use Cauchy’s theorem because since f is analytic over R (as assumed above) then 
by Cauchy’s theorem the contour integral f,, f(t, z) dz is zero and hence we have: 


v F(z) dz =0 


Now, because C is arbitrary (i.e. it can represent every closed contour within R) then by Morera’s 
theorem F is analytic throughout R. So, we used Morera’s theorem to prove the analyticity of F’ over 
R. 


4.5 Liouville’s Theorem 


According to Liouville’s theorem, if f(z) is an entire function (i.e. analytic over the entire finite complex 
plane) and is bounded (i.e. over the extended complex plane) then f is constant over the entire (finite) 
complex plane (and even the extended complex plane).?°9! To put it in more simple terms, the constant 
functions are the only entire bounded functions of complex variables, so all entire non-constant functions 
are unbounded. Accordingly, the entire functions can be split into two mutually exclusive (or disjoint) 
categories: constant bounded and non-constant unbounded (with no existence of non-constant bounded, 
noting that constant unbounded is meaningless). This theorem (which may not seem intuitive) has a 
surprisingly simple proof, as we will see in the Problems (refer to Problem 3). 

It is important to note that being “entire” (i.e. analytic over the entire complex plane) is crucial 
for avoiding potential confusion (as well as for the validity of the theorem itself). For example, the 
trigonometric cosine and sine functions of real variables are “analytic’?!°l over the “entire real line” 
and they are bounded (since they do not exceed 1 in magnitude) and hence we seemingly expect them 
(according to Liouville’s theorem) to be constant. Nevertheless, they are not constants because they are 
not entire (i.e. analytic over the “entire complex plane”) since they are restricted (by definition) to the 
real line. 


Problems 


1. State Liouville’s theorem in simple words. 

Answer: Liouville’s theorem simply states that all entire bounded functions are constant. 

2. For a function to be unbounded it should blow up somewhere in the complex plane and this means 
having a singularity there and hence it cannot be analytic there. So, it seems that having “entire 
unbounded” functions is contradictory because “entire” implies having no singularity while “unbounded” 
implies having singularity. Discuss this issue. 

Answer: As indicated above and explained earlier (see note 2 of Problem 3 of § 1.5), entirety is 
restricted to the finite complex plane and hence “entire unbounded” functions blow up at infinity and 
thus they are entire (because they have no singularity in the finite complex plane) and unbounded 
(because they blow up at infinity) at the same time with no contradiction. 

Note: this seeming contradiction may also be avoided by imposing the condition “bounded” (i.e. in 
the statement of Liouville’s theorem) on the entire complex plane including infinity (as indicated in 


[209] We remind the reader that “extended complex plane” means the finite complex plane plus (the point at) infinity (see § 
1.5). 

[210] As indicated earlier, “analytic” here (and in similar contexts) should mean in the sense of real analysis and not in the 
sense of complex analysis. 
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the text by “extended”) and hence an entire function that is bounded (even at infinity) is constant. In 
fact, Liouville’s theorem may be stated as: a function that is analytic in the extended complex plane is 
constant (noting that being analytic in the extended complex plane implies boundedness everywhere 
because if it is not bounded at a point such as infinity then it is not analytic there; see part e of 
Problem 7 of § 1.9). 
3. Prove Liouville’s theorem. 
Answer: If Mc is an upper bound on | f(z)| then by Cauchy’s inequality (see Eq. 185) with n = 1 we 
have: ine A 
! = |e) | sy eS CEG. 

Lf" (20)1 = [fF ()| < 38 = 
Now, since f(z) is an entire function then this should be true for any zo and any p, and hence if we 
let p + co we get |f’(zo)| = 0 over the entire complex plane which means that f is a constant (i.e. 
throughout the complex plane). 


4. Verify Liouville’s theorem for the following entire functions: 


(a) Non-constant polynomials. (b) Exponentials. 
(c) Trigonometric and hyperbolic cosines and sines. 


Answer: All these are entire non-constant functions and hence Liouville’s theorem (or rather its con- 
trapositive) implies that they should be unbounded. 
(a) Liouville’s theorem is obviously true in this case because non-constant polynomials are unbounded 
(i.e. blow up at infinity). Also, see Figure 18. 
(b) Liouville’s theorem is obviously true in this case because complex exponentials split into a product 
of an exponential of a real number times trigonometric functions (i.e. e* = e* cosy + ie* siny) and 
hence the exponentials are unbounded (i.e. blow up at infinity) due to the presence of the exponential 
of real number (i.e. e”). Also, see Figure 20. 
(c) Liouville’s theorem is obviously true in this case because these functions are synthesized of expo- 
nentials (see Eqs. 131 and 133) and hence from the result of part (b) they should be unbounded (i.e. 
blow up at infinity). Also, see Figures 22 and 23. 

5. Prove the following propositions using Liouville’s theorem: 
(a) If f(z) is an entire function with a constant modulus |f(z)| then f is constant. 
(b) If f(z) is an entire function with |f(z)| > 1 everywhere in the complex plane then f is constant. 
(c) If w = f(z) = u+ iv is entire and u < x for all z = 4 + ty then w is a linear polynomial. 
(d) If w = f(z) =u+ iv is entire and x < v for all z = x + ty then w is a linear polynomial. 
Answer: 
(a) This is obvious because f(z) is an entire function and is bounded (since its modulus is constant) 
and hence f should be constant according to Liouville’s theorem. 
(b) Because f(z) is an entire function that does not vanish [since |f(z)| > 1], its reciprocal (i.e. 1/f) 
should be entire. Moreover, |1/f| < 1 because | f(z)| > 1. So, 1/f is entire and bounded and hence by 
Liouville’s theorem 1/f is constant over the entire complex plane. Therefore, f must also be constant 
over the entire complex plane (because the reciprocal of a non-zero constant is a constant). 
(c) We note first that e”~* is entire since it is a composition of an exponential function (which is 
entire) and a difference of two entire functions (which is also entire). Moreover: 

eu-@) 


=e < 1 


Jer? | = eae = 


ae) = ee 


where the last step (i.e. < 1) is justified by the presumption that u < x. So, e”~* is entire and bounded 
and hence according to Liouville’s theorem it is constant over the entire complex plane. Accordingly, 
the derivative of e”~* with respect to z should vanish for all z, that is: 


De pp sp dw dz w-z __ dw, w-z _ 9 
dz° ~\dz dz 7 ~~ \ dz - ~ 
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Now, since e”~* # 0 then oe —1=0, ie. oe = | and hence by integration we get w = z+C (with 


C being a complex constant). This means that w = f(z) is a linear polynomial, as required. 
(d) As in part (c), e**’” is entire because it is a composition of two entire functions. Moreover: 


jer] = ee, eilytu) 


= jee) 


where the last step (i.e. < 1) is justified by the presumption that x < v. So, e**™ is entire and bounded 
and hence according to Liouville’s theorem it is constant over the entire complex plane. Accordingly, 
the derivative of e*+*” with respect to z should vanish for all z, that is: 


d d 
4 etiw = (= +iZ) Coe (1 +iZ) erp 


dz dz dz dz 
Now, since e*t’” #0 then 1 + jie = 0, ie. me = 7and hence by integration we get w = iz + C (with 


C being a complex constant). This means that w = f(z) is a linear polynomial, as required. 

6. Use Liouville’s theorem to show that if f is a non-constant function in the complex plane then it should 
have at least one singularity. 
Answer: This is because either f has a singularity in the finite complex plane or not. In the former 
case f obviously has at least one singularity, while in the latter case f should be (according to the 
implication of Liouville’s theorem?! noting that in this case f is entire) unbounded and hence it has 
a singularity (i.e. at infinity). 


4.6 The Maximum Modulus Theorem 


According to this theorem (or principle) if f(z) is an analytic function over a connected and bounded 
region R and it is not constant in R then its modulus |f| has no relative maximum inside R and the 
absolute maximum of | f| is on the boundary of R.!?!?! It should be obvious that this theorem can also be 
stated for the minimum modulus (by replacing “maximum” by “minimum” in the above statement with 
some adjustments) and hence we get the minimum modulus theorem which will be investigated later (see 
Problem 2). 


Problems 


1. Prove the maximum modulus theorem. 
Answer: We note first that this theorem can be split into two parts: 
(a) If zo is a point inside R and |f| has a relative maximum at zp then f should be constant over the 
interior of R (and hence over the entire R). 
(b) The absolute maximum of |f| should be on the boundary of R. 
Therefore, we need to prove both these parts. However, before we start proving these parts we note 
that since f is analytic over a bounded region R then it must be continuous and bounded over R (see 
Problem 7 of § 1.9; also see Problem 9 of § 1.11).?13 
Regarding part (a), it can be proved by showing that if |f| has a relative maximum at zo then 
f(z) should be constant in a neighborhood of zp and hence it should be constant over the interior 
of R by extending this neighborhood in all directions and subsequently to the entire R including its 
boundary (as will be explained in the following). So, let | f| have a relative maximum at zp and hence 
for a sufficiently-small zo-centered disk |z — zo| < p that identifies a neighborhood of zo inside R we 


[211] According to Liouville’s theorem: if a function (i.e. entire) is bounded then it is constant. Accordingly, if a function 
(ie. entire) is non-constant then it is unbounded. So, we are actually using the contrapositive of Liouville’s theorem. 
[2121 To be more specific, f is analytic over the interior of R (assuming to be closed) and continuous over R including its 
boundary. However, we do not go through these (rather messy) technicalities and their implications although we will 
(implicitly) observe these conditions in the proof of the maximum modulus theorem (which will be given in Problem 1). 
[213] As indicated earlier, f should be continuous even on the boundary (see § 1.5 for the continuity on the boundary). 
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have;|214] 


lf(2)| < |f(o)| (186) 


Now, if we parameterize the circle C, that defines the boundary of this disk as z = zp +pe’? (0 < @ < 27) 
with dz = ipe’’d@ then we have: 


20 
|f(zo)| = ~ flzo+ pe) a (Problem 5 of § 4.3) 
T So 
20 
co f |sen+e)|a0 (is 
27 Jo 
20 
a (20) a8 (Eq. 186) (188) 
_ |f(Zo)l a 
Steps i: do 
)| 


= lf (20 


As we see, the above semi-inequalities are bounded on both sides by an equality to the same value, i.e. 
|f(zo)|, and hence these semi-inequalities should be equalities.!?!5| Accordingly, from the second and 
third lines (ie. Eqs. 187 and 188) we get: 


1 27 1 27 


mn | (zo + pe’) | do ae | f (zo)| dO 
0 


i  [LfCeo)| = Lf eo + oe!)|] a8 
0 


lI 
o 


Noting that the integrand in the last equation is continuous and it is non-negative (according to Eq. 
186), we can conclude from the last equation that the integrand is identically zero, that is: 


|f (zo + pe')| = |F(20)| (0 <0 <2n) 


As we see, the last equality means that the modulus of f on C, is constant since |f(zo)| is constant. 
Now, since f is analytic and | f (zo + pe"’)| is constant then f(zo + pe") is constant (see Problem 16 
of § 3.1). So in brief, f is constant on C.. By the mean value theorem (see Problem 5 of § 4.3) f(zo) 
is the average of f on C, and hence we should have f(z) = f(zo) on C, (noting that f is constant 
on C.). Now,|?!6l since the disk is no more than a series of zo-centered circles and because the above 
reasoning applies to each one of these circles li-e. f is constant on the circle and it equals f (zo)] then 
we should have f(z) = f(zo) on the entire disk (and not only on its boundary). Now, if we note that 
this disk can be used as a platform to launch similar disks centered on points on the disk (where these 
disks define neighborhoods to their corresponding central points) then we can extend this argument 
to the entire interior of the region R (to conclude that f is constant over the entire interior of R). We 
can finally argue that f is continuous over R (including its boundary) and hence this constant value 
on the interior of R should extend even to the boundary of R and therefore we can conclude that f is 
constant over the entire R including its boundary. 

Regarding part (b), f is bounded on R and hence its modulus | f| should have an absolute maximum 


[214] The reader should note that the disk “identifies” (rather than “defines”) a neighborhood of zo inside R and hence the 
boundary may or may not be included in this neighborhood. So, this does not contradict the terminology and concepts 
given in § 1.5. Moreover, the upcoming application of the mean value theorem (of Problem 5 of § 4.3) which is based 
on using a closed disk is fully justified. 

[215] This is because if a <b<a then a= 6b (noting that a < b << a means a < band a> bd). 

[216] The following argument to establish the constancy of f over the entire R is intuitive but non-rigorous. A rigorous 
argument can be made by using the fact that the zeros of (non-zero) analytic function are isolated (see part a of 
Problem 3 of § 7.1) where we exploit the fact that f(z) — f(zo) = 0 over C, and hence it should be zero over the entire 
R [considering the analyticity of f(z) — f(zo)] which should lead to the constancy of f over the entire R. 
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in R. Now, we have two cases: either f is constant over R and hence the absolute maximum of | f| is on 
the boundary of R (and indeed everywhere in R) or f is not constant over R and hence from the result 
of part (a) | f| cannot have a relative maximum (and by priority cannot have absolute maximum which 
is stronger) inside R and hence the absolute maximum should be on the boundary of R, as required. 
Note: in the proof of part (b) we actually use the contrapositive of part (a) because the statement 
in part (a) is “if |f| has a relative maximum inside R then f is constant over R” while in the proof of 
part (b) we use the contrapositive of this conditional statement, i.e. “if f is not constant over R then 
|f| has no relative maximum inside R”. 

2. State and prove the minimum modulus theorem. 
Answer: The minimum modulus theorem can be stated as: if f(z) is an analytic function over a 
connected and bounded region R and it is not constant in R then the minimum of its modulus |f| is 
either at a zero of f or on the boundary of R. 
This theorem can be proved as follows: if f has a zero in R then the minimum of |f| should be 
there (noting that |f| is non-negative); otherwise we take the reciprocal of f and apply the maximum 
modulus theorem to 1/f to conclude that the maximum of |f|~’ is on the boundary of R and hence 
the minimum of |f| is on the boundary of R. 

3. Find the value and location of the maximum modulus of the following functions on the identified 
regions R in the z plane: 


(a) f = z+23 with R being the square region defined by —2 <a <2 and —2<y< 2. 
(b) f = e* with R being the square region defined by —2 <a <2 and -2<y< 2. 
(c) f =2cosz with R being the square region defined by -1 <2 <1 and—-l<y<l. 


(d) f =e’* where R is the rhombus with vertices at 21 = 5, z2 = 73, 23 = —5 and z4 = —i3. 


Answer: We note first that all the functions and regions in this Problem satisfy the conditions and 
requirements of the maximum modulus theorem (refer to the statement of the theorem) and hence we 
should expect to find the maximum moduli on the boundary of the regions. 

(a) The modulus of f is: 


[fl =z + 03] = |x + ity + 3)] = Va? + (y +3)? 
So, the maximum modulus of f (noting that —2 < 2 < 2 and —2 < y < 2) occurs when 2? is maximum 
(i.e. when x = +2) and (y+3)? is maximum (i.e. when y = 2). Therefore, the maximum modulus of f 
over R is |f| = V29 ~ 5.3852 and it occurs at the two points z1,2 = +2+i2 which are on the boundary 


of R (as required by the maximum modulus theorem). This is graphically illustrated in Figure 30. 
(b) The modulus of f is: 


If = le*] = |e?***| = |e*| |e*| = |e*| =e? 
So, the maximum modulus of f (noting that —2 < x < 2) is e? ~ 7.3891 and it occurs on the line x = 2 
(with —2 < y < 2) which is on the boundary of R (as required by the maximum modulus theorem). 
This is graphically illustrated in Figure 16 (in part a of Problem 6 of § 1.11). 
(c) Noting that cos z = cosa coshy — isinx sinhy (see Eq. 137), the modulus of f is: 


|f| = |2cosz|= 2y/ cos? x cosh? y + sin? x sinh? y = 2y/ cos? « cosh? y + (1 — cos? x) sinh? y 


= 2y/ cos? x (cosh? y — sinh? y) + sinh? y = 2\/ cos? « + sinh? y 


So, the maximum of |f| occurs at the points where cos?x + sinh? y is maximum which is (noting 


that -1 < x < 1 and -1 < y < 1) when z = 0 (and hence cos? x = 1) and y = +1 (and hence 
sinh” y = sinh” 1). Therefore, the maximum modulus of f over R is |f| = 2/1 + sinh? 1 = 2cosh1 and 
it occurs at the two points z1,2 = +7 which are on the boundary of R (as required by the maximum 


modulus theorem). This is graphically illustrated in Figure 31. 
(d) The modulus of f is: 


fl =le**| = 


et (-ytiz) _ |e~¥| |e’"*| = |e~"4| =e 


eit (w+ty) | _ 
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Figure 30: Graphic illustration of the modulus |f| of the complex function f = z+ 3 over the square 
region in the z plane defined by —2 < « < 2 and —2 < y < 2. As we see, the maximum of the modulus 
(~ 5.3852) occurs at +2 + 22 (ie. at = +2 and y = 2) and the minimum of the modulus (= 1) occurs 
at —72 (i.e. at  =0 and y = —2). See part (a) of Problem 3 of § 4.6 and part (a) of Problem 4 of § 4.6. 


So, the maximum modulus of f (noting that —3 < y < 3) is e8” and it occurs at z4 (where x = 0 and 


y = —3) which is on the boundary of R (as required by the maximum modulus theorem). 

4. Re-solve Problem 3 but this time for the minimum modulus. 
Answer: We note first that all the functions and regions in this Problem satisfy the conditions and 
requirements of the minimum modulus theorem (refer to the statement of the theorem in Problem 2). 
Moreover, all these functions have no zero inside R. Hence, we should expect to find the minimum 
moduli on the boundary of the regions. 
(a) From part (a) of Problem 3 we have |f| = \/x? + (y+3)? (-2 < w < 2 and -2 < y < 2) and 
hence the minimum modulus occurs when x? is minimum (i.e. when x = 0) and (y+ 3)? is minimum 
(i.e. when y = —2). Therefore, the minimum modulus of f over R is |f| = 1 and it occurs at the 
point z = —i2 which is on the boundary of R (as required by the minimum modulus theorem). This 
is graphically illustrated in Figure 30. 
(b) From part (b) of Problem 3 we have |f| = e” (—2 < x < 2) and hence the minimum modulus 
occurs when x is minimum (i.e. when « = —2 and —2 < y < 2). Therefore, the minimum modulus of 
f over R is |f| = e~? and it occurs at the line = —2 (—2 < y < 2) which is on the boundary of R 
(as required by the minimum modulus theorem). This is graphically illustrated in Figure 16 (in part 
a of Problem 6 of § 1.11). 
(c) From part (c) of Problem 3 we have |f| = 2\/cos? 2 +sinh?y (-1 < # < 1 and -1 < y < 1) 
and hence the minimum modulus occurs when cos? z is minimum (i.e. when 2 = +1) and sinh” y is 


4.6 The Maximum Modulus Theorem 210 


Figure 31: Graphic illustration of the modulus |f| of the complex function f = 2cosz over the square 
region R in the z plane defined by —1 < x <1 and —1<y<1. As we see, the maximum of the modulus 
(~ 3.08616) occurs at +i (i.e. at « = 0 and y = +1) and the minimum of the modulus (~ 1.0806) occurs 
at £1 (ie. at c = +1 and y = 0). See part (c) of Problem 3 of § 4.6 and part (c) of Problem 4 of § 4.6. 


minimum (i.e. when y = 0). Therefore, the minimum modulus of f over R is |f| = 2cos1 ~ 1.0806 
and it occurs at the two points z3,4 = +1 which are on the boundary of R (as required by the minimum 
modulus theorem). This is graphically illustrated in Figure 31. 
(d) From part (d) of Problem 3 we have |f| = e~*¥. So, the minimum modulus of f (noting that 
—3 < y < 3) is e~*” and it occurs at z2 (where x = 0 and y = 3) which is on the boundary of R (as 
required by the minimum modulus theorem). 

5. Give some examples of the failure of the maximum modulus theorem due to the violation of some of 
its conditions. 
Answer: For example: 
e The function f(z) = 1/z does not take its maximum modulus at the boundary of the origin-centered 
unit disk because it is not analytic over the entire disk (due to the singularity at z = 0). 
e The function f(z) = 1+ does not take its maximum modulus at the boundary (specifically) because 
it is constant. 

6. Give some examples of the failure of having the minimum modulus on the boundary according to the 
minimum modulus theorem. 
Answer: For example: 
e The function f(z) = sin z does not take its minimum modulus at the boundary of the origin-centered 
unit disk because it has a zero inside this disk (i.e. at z = 0) and hence it takes its minimum modulus 
there. 
e The function f(z) = 2—75 does not take its minimum modulus at the boundary (specifically) because 
it is constant. 

7. Show that if f(z) is entire and lim,_,.. f(z) = 0 then f is identically zero, i.e. f(z) = 0. 
Answer: This statement can be seen as an application of the maximum modulus theorem because if 
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zo is a given point in the complex plane and D is an origin-centered disk of radius p that encloses zo 
then according to the maximum modulus theorem the maximum M of |f| over D is on the boundary 
of D and cannot be at zo and hence we should have |f(zo)| < M (where the equality holds if f is 
constant). Now, if + oo then f(z) > 0 [since limz_,.. f(z) = 0] and hence |f| + 0 and M > 0 and 
thus we get |f(zo)| < 0, i.e. | f(zo)| = 0 since | f(zo)| is non-negative. Noting that zo can represent any 
point in the complex plane, we conclude that f is identically zero on the entire complex plane. 

The statement may also be seen (rather more straightforwardly) as an application of Liouville’s theorem 
(see § 4.5) because since f is entire then it is bounded on the (finite) complex plane (see part c of 
Problem 7 of § 1.9) and since its limit at infinity is zero then it is bounded there as well and hence it is 
bounded on the extended complex plane. So, f is entire (on the complex plane) and bounded (on the 
extended complex plane) and hence it should be constant (i.e. zero since its value at infinity is zero) 
according to Liouville’s theorem. 

Note: the second proof (i.e. the one based on Liouville’s theorem) may seem conceptually problematic. 
However, it should become more acceptable according to some forms of the statement of Liouville’s 
theorem, e.g. “a function that is analytic in the extended complex plane is constant” (see Problem 2 
of § 4.5). 


Chapter 5 
Series Expansion of Complex Functions 


In this chapter we investigate series expansion of complex functions which bears a strong resemblance 
to the series expansion of real functions in real analysis. In fact, complex series is a big subject and 
hence what we present in this chapter is just a glimpse (where we rely in many cases and aspects on the 
presumed familiarity with real series from calculus). Accordingly, there are many gaps and lack of details 
in the investigation of this chapter. The inquisitive readers should therefore look for more specialized 
texts on complex series. 

In the following bullet points we outline some of the properties and issues of complex series: 
e An infinite complex series is convergent if the sequence of its partial sums has a limit as the number of 
terms tends to infinity.?!8! 
e The value of a convergent infinite series at any point in its domain of validity (i.e. where it converges) 
is the value of the limit which we mentioned in the previous bullet point. 
e A complex series, like any complex variable or function, is made of a real part and an imaginary part 
where each one of these parts is a real series. 
e A complex series is convergent iff its real and imaginary parts are convergent (where the real part series 
converges to the real part of the series and the imaginary part series converges to the imaginary part of 
the series). 
e As indicated above, most of the properties and rules of real series apply to complex series. For example, 
the convergence tests of real series (which are investigated in calculus) generally apply to complex series. 
Also, the types of convergence of a series (e.g. absolute convergence, conditional convergence, uniform 
convergence, pointwise convergence, etc.) generally apply to complex series as to real series where they 
have similar definitions and criteria in both cases (with some minor adaptations). We also have a Taylor 
(and Maclaurin) type series in the complex domain as in the real domain (although a Laurent type series 
is generally restricted to the complex domain for reasons that will become clear in the future). 
e As we will see, any convergent series represents a function whether this function has a known standard 
closed form (like e* or coshz) or not. Accordingly, when we talk about series expansion of complex 
functions (which is the title of the present chapter and is used in the text) “function” should be understood 
in this extended sense although we are generally interested in (and will deal with) only familiar standard 
functions of known closed forms (as well as their combinations and compositions). 
e Power series can be added and subtracted to produce a new series whose radius of convergencel?!! is 
the smaller of the radii of convergence of the added/subtracted series. 
e Two power series can be multiplied to produce a new series called the Cauchy product of the multiplied 
series (where the radius of convergence is also the smaller). 
e Power series can be differentiated and integrated termwise to produce new series representing the 
derivative and integral of the function represented by the original series (where the radius of convergence 
is the same as that of the original series) .|27°! 
e Power series generally converge absolutely and uniformly in their disk of convergence. 


[217] 


217] We note that some of these points are roughly-stated generalizations to give a basic idea about complex series and their 


properties and behavior and hence they may require some restrictions and polishing to be thorough and precise. 

It should be noted that the definition of “convergence of complex sequence” is similar to the definition of convergence 
of real sequence (as given in calculus). More specifically, a complex sequence 21, z2,--- ,2n,:-- is convergent to a given 
limit L if for any positive real number ¢ there exists a positive integer N such that |zn — L| << for alln > N. 
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219] Tf a complex function f(z) represented by a given complex power series around a given point zo in the complex plane 


has a singularity or singularities then the distance between zo and the nearest singularity of f is known as the radius of 
convergence of the series, i.e. the series converges to the function inside the zg-centered disk identified by that radius 
(and this disk is called the disk of convergence). Also see § 5.3. 


220] To be more accurate, uniform convergence is required (which is generally satisfied by power series). 
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5.1 Taylor and Maclaurin Series of Complex Functions 


In general, complex analysis follows the style and formalism of real analysis with regard to the Taylor 


and Maclaurin series of functions.??!] For example, in real analysis the cosine function has the Maclaurin 
co (- 1)" 4?” 


series cosx = D779 pal (V a € R) while in complex analysis it has the Maclaurin series cosz = 


pa a (V z € C) which is identical in form. Also, the convergence tests (such as the ratio 
test) of complex series are generally similar to those of real series (as we will see). However, certain 
characterizations and distinctions naturally arise between real and complex series due to the obvious 
difference between real and complex variables. For example, in real analysis the “radius of convergence” 
of a series identifies a 1D “interval of convergence” on a line (since the domain of real series is the real 
line) while in complex analysis the radius of convergence of a series identifies a 2D disk in the complex 
plane (since the domain of complex series is the complex plane). 

Accordingly, the standard expansion of the Taylor series of a given analytic complex function f(z) 
around a given point zo is:|??2! 


~~ {MZ '(z 
Fle) = Fe — so)" = (eo) + OY 


n! 1! 


| f" (20) 


2, f(z) 
2! 


3! 


(z — 20) (z—2z0)* +++» (189) 


(z — 20) 


where f(")(z9) is the n“” derivative of f at zp (with f©) being the function itself), the prime means 
derivative with respect to z (ie. d/dz), and ! stands for factorial. Similarly, the Maclaurin series of that 
function is: 


oO e(n) ! 
fle) =< LOO» £© 


2" = f(0) 4 OV ig TENS a (190) 


ie 
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which is no more than Eq. 189 with the replacement of z) by 0 since the Maclaurin series is just the 
Taylor series at zo = 0. Some examples for the application and use of these series expansions will be given 
in the upcoming Problems. 

However, before we go through these Problems we should draw the attention of the reader to the 
following important remarks: 
e Since the Maclaurin series is a special case of the Taylor series, any discussion of Taylor series in the 
future should include Maclaurin series (as a special case) even if it is not mentioned explicitly. 
e As indicated above, for a function f(z) to have a Taylor series expansion at a given point zo, f should 
be analytic at zg. This may be inferred from Eqs. 189 and 190 where derivatives of f at zo are required 
(also see the next point). 
e Because f(z) in the above formulation is assumed to be analytic at zo then (according to the result of 
Problem 6 of § 4.3) it is infinitely differentiable (with its derivatives of all orders being analytic) and this 
should guarantee the existence of its Taylor series as given by Eq. 189 (noting that other issues related to 
its Taylor series, such as the convergence of the series to f and the radius of this convergence, still require 
establishment and verification). 
e The Taylor series of a given function f(z) at a given point zo is unique and hence if it is found then that 
is it regardless of the method by which it is obtained. In other words, if we found “a” Taylor series (within 
the indicated specifications and restrictions) then we found “the” Taylor series (within these specifications 
and restrictions). 
e The point zo (or 0) in the above expansions of Eqs. 189 and 190 is the center of the disk of convergence 
of the Taylor series.223! This is graphically illustrated in Figure 32. 


[221] This similarity, in fact, will ease our task in presenting the subject of complex series since we rely on the presumed 
familiarity of the reader with the mathematics of real series. So, we will not go through many details in this regard 
because they are assumed to be part of the background knowledge. 

[222] We are assuming implicitly that f has a Taylor series (which is justified by assuming analyticity of f as will be explained 
next). This also applies to the upcoming Maclaurin series. More clarifications about these issues will follow. 

[223] As indicated earlier, the disk of convergence (or disk of analyticity) is the zg-centered disk D in the z plane where the 
Taylor series at any point in D converges to a definite value and this value is equal to the value of f at that point. This 
will be investigated and clarified further later on. 
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Figure 32: Graphic illustration of the disk of convergence (shaded gray) with radius of convergence R for 
a Taylor series expansion of a function f(z) at z = z (where for Maclaurin series expansion zo = 0, i.e. 
the origin of the complex plane). See § 5.1. 


e As indicated earlier, the Taylor series as a sum that has a given value for a given z is an analytic function 
(in itself) inside its disk of convergence (i.e. where it converges to a definite finite value) regardless of 
being representing a given function (of standard closed form such as e* or cosz) or not. Accordingly, 
it can be treated like any formal analytic function and hence it can, for instance, be differentiated or 
integrated as such. 

e The termwise derivative of the Taylor series of an analytic function (at a given point) is the Taylor series 
of the derivative of that function (at that point). 

e The Taylor series of a linear combination of two analytic functions (at a given point) is the linear 
combination of the Taylor series of these functions (at that point). 

e The Taylor series of the product of two analytic functions (at a given point) is the product of the Taylor 
series of these functions (at that point). 


Problems 


1. List the main elements that identify a Taylor series. 
Answer: We have: 
e The center of the series which is the point zo at which the series is generated (or expanded). 
e The disk of convergence which is the zo-centered disk inside which the series converges and outside 
which the series diverges. |?41 
e The circle of convergence which is the perimeter of the disk of convergence (where the series may or 
may not converge at individual points on it). 
e The radius of convergence R which is the radius of the disk of convergence and it can take any 
non-negative real value (including 0 when the series converges only at its center and co when the series 
converges on the entire complex plane). 

2. Propose a simple and general reason to justify why the complex series should have the same form as 
their corresponding real series. 


[224] Although the series diverges outside, the function represented by the series may still be analytic (and hence defined and 
convergent) there thanks, for instance, to analytic continuation (see § 1.5 and Problem 4 of § 7.1) by a series expansion 
around a neighboring point. 
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Answer: The justification of this is consistency because real numbers are a subset of complex numbers 
and hence if a complex series should apply to this subset (as to the set of complex numbers) then it 
should produce the same form when applied to this subset and this requires the corresponding complex 
and real series to have the same form. 

3. Give some properties of Taylor series that can be imported from real analysis to complex analysis (i.e. 
they apply to complex as to real). 

Answer:|??5| For instance: 

e The Taylor series of a given function at a given point is unique. 

e Two (or more) Taylor series (at a given point) can be added or subtracted or multiplied where the 
resultant series is convergent inside the common disk of convergence of the original series. Also, two 
Taylor series can be divided where the convergence of the resulting series depends on the convergence 
of the original series and the zeros of the denominator series (as well as if these zeros are shared by 
the numerator series or not with some extra conditions and details). 

e If S,(z) is a Taylor series convergent at z, and S> is a Taylor series convergent at the value of S; at 
zy li-e. Sy (z1)] then the series S obtained by substituting S$; into Sg converges at z, to the value of 
So at Si (21), i.e. S(21) = S'9($1(21)). 

e The Taylor series S of a given function f can be differentiated termwise where S’ (i.e. the termwise 
derivative) converges to f’ (i.e. the derivative of f) at their corresponding points (noting that S$’ 
converges to f’ inside the disk of convergence of S to f). Similarly, the Taylor series S of a given 
function f can be integrated termwise where [S (i.e. the termwise integral) converges to [f (ie. 
the integral of f) at their corresponding points (noting that {S converges to /f inside the disk of 
convergence of S to f). 

4. Give general criteria and conditions for expanding a complex function in a convergent Taylor series. 
Answer: In brief, any complex function f(z) that is analytic (although it may have some singularities) 
in a given region R within the complex plane can be expanded uniquely in a Taylor series around any 
(non-singular) point zo inside R where this series converges to f within a zo-centered disk of convergence 
that extends to the nearest singularity of f to zo. 

5. Give the complex version of some examples of common Maclaurin series found in the texts of real 
analysis. 

Answer: For example: 


Y a ie Be BO. ee 
= Daag Tar (ae (VzeEC) (191) 
oo - (—1)” 2n 2 Re 
ee Gar a ee (vzEC) (192) 
Bc — (-1)" Qnt1 _ re 
ne D7 Ga cai cae a a (VzEC) (193) 
1 = n 2 3 
ieee =ltzt2274+234+... (\z| <1) (194) 
co 1 n+l 2 3 
Ind +2) = oS ) Maz 5 tS oi (z| <1) (195) 
oe yan 7 2 
shz = =1l+>4+—+4+-- 1 
cosh z 2 Gay at a (VzEC) (196) 
; co g2ntl 23 2 


[225] The purpose of the question and answer is to have a taste of the common properties between real and complex Taylor 
series and hence some points lack sufficient details and restrictions. 
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6. Give some examples of the methods used to find the Taylor or Maclaurin series of a given function. 
Answer:!?26l For example: 
e We may use the general standard expansion of that series. For instance, the standard expansion of 
the Taylor series or Maclaurin series (as given by Eqs. 189 and 190) may be used to find the series of a 
given complex function f(z) at a given point zo. This method is general and flexible but it is normally 
lengthy and demanding. 
e We may use combination and composition relations in association with known standard series. For 
example, if we know the Maclaurin series of e* then we can simply generate the Maclaurin series of 
e* or e™ or e?**+ (and any similar Maclaurin series of an exponential function) by substituting these 
arguments (i.e. —z and iz and 2z + 1 which correspond to z) in the place of z in the known standard 
Maclaurin series. 
e We may use the series of another function which is related to the function of interest. For instance, 
we can find the series of the hyperbolic/trigonometric functions from the series of the trigonomet- 
ric/hyperbolic functions by exploiting the relations between these functions (as given and investigated 
for instance in Problem 5 of § 2.3). So, if we know the Maclaurin series of cos z and sinh z and we do 
not know the Maclaurin series of cosh z and sin z then we can generate these series as follows (see Eqs. 
192 and 197 as well as Eqs. 196 and 193): 


ae oo (1% (iz)?” j22? i424 2 Pe : oo yan 
coshz = cos(iz) = 5° (On)! =1 oe SR ot at aa 
n=0 n=0 
: Set ; << Ce ae aes 323 12 = 2 28 
sinz = —tsinh(iz) = ‘Dd Qe > Weta to foe: Sea iet = 
= 2 (-1)” gent 
(2n + 1)! 


n=0 


Similarly, if we know the Maclaurin series of e* (and hence we know the Maclaurin series of e’* and 
e~'*) and we do not know the Maclaurin series of cos z and sin z then we can generate the unknown 
series from the known series by using the relations cos z = ote and sin z = a (see Eq. 131). 
On the other hand, the (unknown) series of e’* can be obtained from the (known) series of cos z and 
sin z by using the relation e’* = cos z + isin z. 
e We may use termwise differentiation or integration of a series of a given function to obtain the series 
of the derivative or integral of that function. 
e We may express the function as an algebraic sum of simpler functions (using for example partial 
fractions) and use the series of these simpler functions to generate the series of the function. 
e We may use specialized methods that apply in the particular situation. For example, the series of 
we can be generated by applying the binomial theorem expansion on (1 — z)~! or by performing long 
division of 1 by (1 — z). 
7. Find the Maclaurin series expansion of the polynomial functions. 
Answer: The general form of an m*” order polynomial function is: 


m 
) Ope” =ag tt aae bess ts bag toe 
k=0 


where a,’s are constants (with a, 4 0) and m is a non-negative integer. Now, if we use the Maclaurin 
series expansion then we have: 


fO =a, SOS, Ff OVHMay <--> (VO =(m=DYlans, JM Oaman 


[226] We note that (unknown) complex series can in general be obtained from their corresponding (known) real series (and 
vice versa). However, this is not included or investigated in this answer because this is not a method but it is a kind of 
a rule. See Problem 2. 
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while all higher derivatives are zero. Hence, from the Maclaurin series (see Eq. 190) we get: 


= (n) nl an 
Cae 2 =p oe ny > PO n= a > 0 


n=m+1 n=0 n=m4+1 


= y Anz” = a9 4 ayz + agz7 +e) tam 2 | + m2 


This means that the Maclaurin series expansion of a polynomial function is itself. 
8. Generate the Maclaurin series of the following complex functions: 


(a) f(z) = 7h. (b) f(z) = cos z?. (c) f(z) =In(1 — z). (d) f(z) = sinh z. 
(e) f(z) =n ee. (f) f(z) = aaa (g) f(z) = arctan z. (h) f(z) = 722- 


Answer: In this answer we just consider the form of the series without any other consideration such 
as its radius of convergence. Moreover, the main purpose of this Problem is to demonstrate the various 
methods used to generate power series and hence some of the methods used may not be the best for 
generating the given series. 

(a) We can, for instance, use the standard Maclaurin series expansion, that is: 


1 1 1x2 n! 
0) = —— = 1 (0) = ——_—- = 1! "(Q) = — = _ = 2! (n)(g) = —_ = 
Hence, from the Maclaurin series expansion (see Eq. 190) we get 
LO OD a aa? “Doe =1l4+z4+274 234... 


which is as given by Eq. 194. 
(b) The simplest way is to replace z in the Maclaurin series for cos z (see Eq. 192) by 27, that is: 


co px n foe) = n 4 8 
cosz? = SS 1) (yr =o! 1) AN a fa ey 
rer ! ! 


n=0 


(c) We simply replace +z in the series of In(1 + z) which we gave earlier (see Eq. 195) by —z, that is: 


iy) 2n+1 OO gn 2: 3 
In(1 — z) =In(1+ =o 1) > aera = ee - =-z 5 5 
n=1 n=1 n=1 


(d) We can, for instance, use the definition of sinh z (see Eq. 133) in conjunction with the series of e”, 
that is: 


— eae Lf Q(z) 1S ( , (-tt 
ue 2 -3 (05 2 n! aX n! 


n=0 ~ n=0 


1 z 2 2 Bp 5 CO 2n+1 
Ni) ATOR, Sai SN I OREN cS ce Re, ee 
3 (9 ee eg her ) a ay tage >» Gata 


which is as given by Eq. 197. 
(e) From the rules of logarithm (see Problem 5 of § 2.2) we have: 
1l-z 

sail +z 


Now, the Maclaurin series of In(1 + z) is given by Eq. 195, while the Maclaurin series of In(1 — z) can 
be obtained from Eq. 195 by replacing +z by —z (as done in part c). Hence: 


= In(1 — z) —In(1 + z) 


oe) = n+1 oe) =a n+1 lo.) = 2n+1 —] n+2 
i S- (=) n S- ( ) ip a S- (=1) _ (=) 2 
n=1 n=1 n=1 
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n 


ae eo eye ee 
= fe — 2 = 2 oe as coca 
2d n e apes noua 
1 
I 


(f) aoa? is the derivative of ae and hence the Maclaurin series of (azz can be obtained by termwise 
ett 


differentiation of the Maclaurin series of 


(which is given by Eq. 194 and obtained in part a), that 


1-z 
is: 
1 d ( 1 ) d ( = ‘ — n-1 2 3 
— = = Dae Syne =14+224+327+42°+--- 
(1-2) dz \1l-z da cas 


1 
1+2? 
can be obtained by termwise integration of the Maclaurin series of 


(see Problem 6 of § 2.4) and hence the Maclaurin series of arctan z 
1 
Tz 
be obtained from the series of ce (which is given by Eq. 194 and obtained in part a), that is: 


(g) arctan z is the integral of 


At 1 
Now, the series of ipa can 


1 1 = n = n nm 
Tag t= (2) =P = ayn ati at hte 


n=0 n=0 


Hence: 


arctanz = a =) (1-n"") dz = y(-1)" / Pra] 


n=0 n=0 
_ s (1) a 2 2 gt a 
oe De a ee 


(h) On splitting f by partial fractions and using the series of part (a) we get: 


2 1 1 1 1 en = Z 
(ae 2 fae ae dee a7 CS") + (Ee2") 


n=0 n=0 
= os [1+ (-1)"]J2*7 = 250 2? =2 (14-27 +244 2°4+---) 
n=0 n=0 


9. Generate the Taylor series of the following complex functions around the given points zo: 
(a) f(z) =4 at 2 =-1. (b) f(z) =coshz at z =i. (c) f(z) = a5 at 29 = 1. 
Answer: Again, we consider only the form of the series without any other consideration. 
(a) We can, for instance, use the Maclaurin series for +. which we gave and generated earlier (see 


1-z 


Eq. 194 and part a of Problem 8) with some algebraic manipulation, that is: 


1-1 -1 -1 = 
= == = = 1)" =-1- 1) - 1)?—--- (198 
(= Bee ee (2+ 1)-(@+1) (198) 
We can also use the standard Taylor series expansion at z = —1, that is: 
1 -1 1x2 (-1)" n! 
)=—=-1, f'(-1)= ==1!, f’(-l= =-2!, f™(-1)= = —n! 
f( ) —] ’ f ( ) (—1)? ’ f ( ) (—1)8 ’ f ( ) (—1)r+1 n 


Hence, from the Taylor series expansion (see Eq. 189) we get: 
co 


fo =n! 
Cae . Die 4 Wee tyr Gtr 
n=0 : 


z 


n=0 n=0 
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(b) We can, for instance, use the standard Taylor series expansion at zp = 7, that is;|227] 


f(t) = coshi=cosl 
fi) = sinhi = isin1 
f"(i) = coshi = cos1 
f"@ = sinhi=isin1 
—1)"+4+1 —1)"*141 —1)"+1 —1)Pti 44 
ow) = OP cosh’ ¢ "soni =! 5 zs cos 1 4 iS “ us sin 1 


Hence, from the Taylor series expansion (see Eq. 189) we get: 


fey= cosh 2 = YO Gg — yt = [EF oo 4 I aint (2 4)" 
n=0 


n! 2 n! 


1 in 1 1 
cos1+isin1(z—1%)4 = (z—-i)? 4 i= (z —i)* 4 5] (z—i)* +... 


(c) We can, for instance, use the binomial theorem with some algebraic manipulation, that is: 


I 


1 1 1 i 1 20)" 
— — — = 1 
F(z) z+2 34+(z-1) 8 asa] ;| +( 3 )| 
Soils ee ea EDSe) (gad 7 (-1)(=2)(-3) (2-1)° , 
Agi hes: «at 3 2! 3 | 3! 3 
nips pas NO oes (ye pte Ye ey Sie 8 
3 2 ) ( 3 ) d go eg 9 | OF 81 
We may also use the Maclaurin series for 4 which we gave and verified earlier (see Eq. 194 and part 


a of Problem 8) with some algebraic manipulation, that is: 


1 1 1 1 1s (1=2\" 
f(z) =~ Aa omta les} at 2 


1 a f@-1\" SC” n_ 1 (z-1) , (-1)? (2-138 | 
= socom GF) -“o gre Seg igs Oe a 


n=0 


10. Explain briefly the ratio test. 
Answer: The ratio test for examining the convergence of a series }> a, (whether real or complex) 
states that: if 

dnt 

an 


L= lim 


noo 


then the series converges if L < 1 and diverges if ZL > 1, and the test is inconclusive if LZ = 1 or the 
limit does not exist. We note that a, and a,4; in the limit of the ratio test represent the general 
expression of the n“” and (n + 1)" term of the series. We also note that when we talk about the 
convergence of a series (in the context of the ratio test and other similar convergence tests) we mean 
the convergence of the series to the function that it represents, i.e. the series will yield the same value 
as the function that it represents (e.g. )>>° 9 a will yield the same value as the function e* for a given 
z within its radius of convergence). 

Note: there is a more general version of the ratio test, but we do not need it in this book. 


[227] See Problem 5 of § 2.3 for the relations between the trigonometric and hyperbolic functions. We should also note that 
symbols like f’(i) means f’(z) at z =i which may also be symbolized as f’(z)|z=: or f’(z = 1). 
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11. Which of the following series is convergent: 


(a) D2 (2-a)”. (b) Oo air: (c) 9 (4)”. (d) Dey SPY. 


Answer: From the ratio test we can see that all these series are convergent except (a), that is: 


aae 2-4 n+1 
fe, eal | See pi || Os teiciagh aya ea 
noo An noo (2 _— i)” noo 
aa (1 —4 n+1 1 
(b) lim |“ A tescaitee | SS| y | =a 
nc] An noo} 7/(1— 2) noo ]1—1 2 
sl tl pct, Oa * G2) td 
Sy el ee GO cee 
(a) lim |} = tim ca eee itty [ES ee 
nc] Gn noo} (n+1)! (1+i2)” n>o}]n+1 


12. Use the ratio test (see Problem 10) to determine for which values of z the following complex series 


converge: 
z CO gt fore) —1)" _2n oe) n 
(a) 6? =>) 0 Sr (bcos = 55g ae (c) 4 = 2”. 
. co gentt foe) a=jj)rrt % 
(d) sinh z = Ramee Qn! (e) In(1 + 2) = Ds Cy" z 5 
Answer: 
(a) a 
lim |"tt| — es ia =0<1 
n+0 |] On n—roo |(n +1)! 2” n>oo|n +1 


As we see, this limit (which is < 1) is independent of z (i.e. it applies to any z). Hence, the complex 
series of e* converges for all values of z (i.e. on the entire complex plane C). 


2 
; z 
lim 


Ere? Gah |. 
~ n=soo | (Qn + 2) 2n +1) 


(2n+2)!  (-1)" 22" 


[=0<1 


n—->co 


Again, this limit (which is < 1) is independent of z. Hence, the complex series of cos z converges for 
all values of z (i.e. on the entire complex plane C). 


(c) 


= lim |z| = |2| 
n—->co 


Hence, the complex series of oe converges for all values of z with |z| < 1 (ie. on the interior of the 
origin-centered unit disk). 


(d) 2n+3 ! 2 
ze” 2n+ 1)! Zz 
( |= im 


~ n-300 | (2n + 3) (2n + 2) 


= lim 


lim woes | Qn+3)! 22ntl 


n—->co 


[=0<1 


This limit is independent of z and hence the complex series of sinh z converges for all values of z (i.e. 
on the entire complex plane C). 

(e) 

(ait gient n 


n+l ae a yn 


An+1 
Gn 


= lim 


n—->oco 


lim 
noo 


a |=k 


= Hom 
noo 


Hence, the complex series of In(1 + z) converges for all values of z with |z| < 1 (i-e. on the interior of 
the origin-centered unit disk). 

13. There seems to be a consensus in the literature that analytic functions and Taylor series are equivalent, 
i.e. each analytic function can be represented by a Taylor series and each Taylor series represents an 
analytic function (although it may not be of standard form). Discuss this issue. 
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Answer: We have some reservations on such generalizations. For example: 

e A Taylor series that converges only on its center (e.g. J >>, n!z”) cannot represent an analytic 
function since it is defined only on a single point. So, to avoid this we should restrict the Taylor series 
(that represents an analytic function) to be of positive radius of convergence. 

e Taylor series (or at least Taylor-like series) can be generated at removable singularities (e.g. the series 


1- = + = —.--+ which represents the function Sinz 
hence we can claim that we have a “Taylor series” at a singular point.|??8] So, to avoid this we should 


consider removable singularities as “analytic points” (i.e. points at which the function is analytic). 


which has a removable singularity at z = 0) and 
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As indicated earlier (see § 5.1), for a function f(z) to have a Taylor (or Maclaurin) series expansion at 
a given point zo f should be analytic at zo. Moreover, this series is convergent only inside its disk of 
convergence (which is confined by the singularity nearest to the center of the series). So, if we need a 
series expansion of a complex function at a singular point or/and we need a series expansion beyond the 
nearest singularity then we should look for another type of series expansion (because we have no Taylor 
series in these cases). This other type of series expansion is the Laurent series which is a power series 
expansion that applies within an annular region (in the complex plane) centered on a given point zo (where 
zo is possibly singular).!??91 To be more formal, let have a complex function f(z) and let C; and C2 be 
two circles centered on a given point zo (which is possibly a singularity of f) where these circles define a 
zo-centered annular region. Now, if f(z) is analytic over the annulus and C is a closed curve surrounding 
zq and it is inside the annulus (i.e. Cis between C; and C2) then the Laurent series expansion of f(z) at 
zo is given by: 


1 z 
On = Fo v G cere dz (n = 0,41, +2,---) (200) 
Referring to Eq. 181, we can see that a, = f‘”/n! and hence Laurent series is identical in form to 
Taylor series (see Eq. 189) provided that we can extend n to negative values (which requires a non-trivial 
generalization of f‘ and n!). 

It is important to be aware of the following remarks about the Laurent series expansion (and related 
issues): 
e The above expansion of f(z) (as given by Eqs. 199 and 200) is valid (i.e. it converges to f) inside the 
annulus of analyticity (or the annulus of convergence). In fact, if the center of the annulus (i.e. 2) is 
the only singularity of f (assuming zo to be a singularity of f) inside the annulus then the annulus of 
analyticity becomes a punctured disk. Moreover, if zo is the only singularity of f in the complex plane 
then the annulus of analyticity becomes the entire complex plane (excluding 29). 
e If a function f(z) has a number of singularities at different distances from the center of the series zo 
then these singularities will divide the domain of f to concentric annuli where the Laurent series in each 
one of these annuli of analyticity is generally different from the series in the other annuli. 
e The Laurent series (whenever it exists) for a given function around a given point and in a given annulus 
of analyticity is unique, and hence if it is found by any method then that is it, regardless of the method 
used to obtain the series (i.e. when we find “a” Laurent series we actually find “the” Laurent series). 
e The Laurent series expansion is a (non-trivial) generalization of Taylor series expansion (as indicated 
above in the reference to Eq. 181 next to Eq. 200), and hence Taylor expansion can be seen as a special 


[228] We should also note in this context what will be indicated later that is removable singularities do not define the radius 
of convergence of a Taylor series (see footnote [241] on page 233). 

[229] We should note that we use “power series” here in a rather non-technical (or non-conventional) sense. However, the 
meaning should be clear. 
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case of Laurent expansion (noting that Maclaurin is a special case of Taylor and hence it is also a special 
case of Laurent). 

e Although Laurent series is introduced (in part) as a demand for a series expansion around singular 
points (as well as a demand for a series expansion beyond the nearest singularity), Laurent series can also 
be obtained around non-singular points (as it should be obvious from the above introduction). In fact, this 
provides the link between Taylor (including Maclaurin) and Laurent and illuminates the relation between 
them because at a singular point we have a Laurent series but we do not have a Taylor series while at 
a non-singular point we have both Laurent and Taylor series (which are the same within the immediate 
neighborhood of the point), i.e. the Laurent series at a non-singular point is the same as the Taylor 
series at that point (and this should provide more clarification to the previous remark).|?3°1 However, we 
should remember that beyond the nearest singularity we have only Laurent series (regardless of zo being 
singular or not). In fact, Laurent series (in its strict sense as opposite to Taylor series) is conditioned by 
the existence of a singular point inside the annulus (i-e. in the “hole” of the annulus not in the annular 
region itself) whether the series is centered at that point or not. So, for Taylor series to exist (ie. as a 
special case of Laurent series in its general sense that includes Taylor series) there should be no singularity 
within the region of convergence (or the “annulus” of analyticity which becomes a disk in this case). This 
is illustrated graphically in Figure 33. 
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Figure 33: Graphic illustration of the annuli of analyticity (i.e. A1, Az, A3) of an analytic function f (with 
singularities at s1, 52,83) which is expanded around the point zo where if zp is a singular point of f then 
f has Laurent series in all the annuli Ai, A2, Az while if zo is an analytic point of f then f has Laurent 
series in the annuli Az, A3 and a Taylor series (which is the same as the Laurent series) in A; (with A, 
being a disk, rather than annulus, of analyticity in this case). See § 5.2. 


e The above formulation of Laurent series (as given by Eqs. 199 and 200) is mainly of theoretical value 
since the generation of the Laurent series by Eqs. 199 and 200 is messy and not very practical (if it is 
viable at all). Hence, in reality the Laurent series is usually generated by more practical methods; mainly 
by combining and mixing known Taylor series with other functions and series.!?3!] This is justified by the 
fact that Taylor series (which is unique for a given function at a given point) is a special case of Laurent 


[230] We are assuming that the conditions for these series are met at the indicated points. 
[231] Yes, the above formulation is needed when other methods are not available or they are not less complex than the above 
formulation. 
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series and hence if a function can be expressed as a Taylor series or as a combination of Taylor series with 
other functions and series (as will be clarified in the Problems) then the obtained series should be the 
Laurent series for that case due to the uniqueness of the Laurent series expansion (as well as the fact that 
Taylor series is a special case of Laurent series as stated above). 

e The part of the Laurent series with negative powers of (z — zo) is called the principal part while the 
other part is called the analytic part. It should be noted that the number of terms in the principal 
part can be infinite or finite or zero (where in the latter case the Laurent series becomes a Taylor series 
representing an analytic function, or at least a function with a removable singularity, and hence it may 
not be called Laurent series). Similarly, the number of terms in the analytic part can be infinite or finite 
or zero. So in brief, the number of terms in both parts can be infinite or finite or zero (individually or 
together with some details that can be worked out easily). 

e Based on the above explanation about the convergence of Laurent series within zp-centered annuli of 
analyticity (which are disk or punctured disk in the immediate neighborhood of z9), the concept of “radius 
of convergence” does not apply to the Laurent series (i.e. in the sense of Taylor series) unless the Laurent 
series is actually a Taylor series (i.e. in the immediate neighborhood of zg). Yes, the “radius of convergence 
of Laurent series” may be defined within the annuli of analyticity. Anyway, this “radius of convergence of 
Laurent series” can be infinite or finite or zero (like the radius of convergence of Taylor series). 

e If the lowest negative power in the Laurent series is —n (with n being a positive integer) then f has a 
pole of order n while if the principal part is made of an infinite number of terms then f has an essential 
singularity (which may also be called essential pole or pole of infinite order; see § 3.3). As indicated above, 
if the principal part is missing then the function is analytic (or has a removable singularity). 

e The coefficient a_; in the Laurent series of Eq. 199 is called the residue of f(z) for reasons that will be 
explained later (see § 5.4; also see 4.2.2). The residue of analytic function (or with removable singularity) 
is zero (noting that it may also be zero otherwise). 

e For a function that has singularities at separate points in the complex plane, the Laurent series of the 
function around a given point should consider the different annuli over which the function is analytic 
where these annuli are defined by the singularities (see Figure 33 and Problem 9). In other words, the 
Laurent series should be generated separately for each annulus of analyticity and hence in general we have 
a distinct Laurent series for each annulus. 


Problems 


1. Let a given function f(z) be analytic in a region R except at zo (inside R) which is a pole of order m. 
Derive the Laurent series of f around zo (for this case) and hence justify some of our observations and 
remarks in the text. 

Answer: Since zo is a pole of order m then g(z) = (z — 20)’ f(z) is analytic in a zo-centered disk in 
R (including zo) and hence g should have a Taylor series (valid in the disk) around zo, that is: 


oo a(n) (y 
g(z)= >> go), — 29)" (Eq. 189) 
n=0 . 
0 a(n) (x 
(2 — 20)" (2) = > GO) e — agyn late) = (2 20)" F2)] 
n=0 i 
(220) f(z) = 2X. E- v E ee as (z — 20)” (Eq. 181) 


= 1 fl) z| (z— 20)” z)=(z-—29)"f(z 
19)= 0 [ab Goer | O90 lolz) = (e- 2)" F2)] 
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From this result we note the following: 
e This series has the form of the Laurent series of Eq. 199 with 


1 z 

Or ae oN E ae dz (n=—m,—m+1,---) (201) 
noting that for finite m (as in our case) all the terms in Eq. 199 with indices lower than —m are zero. 
e As a generalization of Taylor series expansion, Eq. 201 may give sense to the derivatives of negative 
orders divided by the factorials of negative integers (since a, in Eq. 201 correspond to f‘”/n! in the 
Taylor series noting the difference in the range of indices). 

2. Let z be a point in the z plane and f(z) be a complex function having a Laurent series around Zo. 
Use the Laurent series (in its extended sense that includes Taylor series) to investigate the nature of 
f at 2. 

Answer: We have the following main cases (considering the terms of the principal and analytic parts 
of the Laurent series): 

e If the principal part has an infinite number of terms then f is singular at zo with zo being an essential 
singularity (or essential pole). 

e If the principal part has a finite (non-zero) number of terms then f is singular at zo with zo being a 
pole of order m (where m is a positive integer with —m being the lowest index in the principal part). 
e If the principal part is missing then f is analytic at zo (or zo is a removable singularity of f). Now, 
if ao (in the analytic part) is not zero then f has no zero at zo; otherwise f has a zero of order k > 0 
at z) where k is the index of the first non-zero term in the series. 

3. Find the Laurent series of the following functions around the given points zp using known Taylor series: 
(a) f(z) = & at zo = 0. (b) f(z) = S&F at z= 1. (c) f(z) = pou at zp = 74. 
Answer: As we said, the legitimacy of this method is based on the fact that if Laurent series is found 
then it is found regardless of the method used. 

(a) As we see, f(z) is analytic over the entire complex plane except at 2 where it has a triple pole 
there and hence it can be represented by a Laurent series around zp. On using the Taylor series for e* 
(which is analytic everywhere even at zg) we get: 


e* ce ies 1 ur 1 1 z zg 2 
HO Blog le a as eo a a 
n=0 n=0 
which is the Laurent series of f at zo = 0 with a principal part made of only three terms (i.e. 


2s + 4 + gs) and an analytic part made of infinite number of terms (i.e. the rest). 

(b) As we see, f(z) is analytic over the entire complex plane except at zg where it has a simple 
pole there and hence it can be represented by a Laurent series around z 9. Now, if we transform the 
coordinates by moving the origin to z9 then f can be expressed as f(Z) = a) (where Z = z-1 
represents the new coordinates) and hence we can use the Taylor (i.e. Maclaurin) series for cos(Z + 1) 


at Z = 0 |ie. where the singularity of f(Z)], that is: 


— cos(Z+1) 1G f(-l)"+1 PS en Gee ice gt | Gaeaiere Zn 
f(Z) = 7 | 3 (-1)"? cos 1 4 , (—1) sin 1} 
— [(-1)" +1 —1)"t141 gies 
= [Ear ost ee ( 1? sin] 
ram 2 2 n! 
_— cosl cos 1 snl, cosl,, sinl,, cosl,;  sinl,¢  cosl_, 
ea Supt aia Bene Por et aig ei agi age Cee gin 


Now, if we go back to the original coordinates (by replacing Z by z — 1) then we get: 


cos . cos 1 _ sini 2, cosl 3 
f(z) -= oa sin 1 I (z-1)4 31 (z-—1)*4 rm (z —1) 
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cos 1 
8! 


sin 1 
(z—1)°4 7 G@=1)'4 


cos 1 
6! 


sin 1 
5! 


(Cae (2-1)! 


which is the Laurent series of f(z) at zo = 1 with a principal part made of a single term (i.e. 
and an analytic part made of infinite number of terms (i.e. the rest). 

(c) As we see, f(z) is analytic over the entire complex plane except at zo where it has a double 
pole there and hence it can be represented by a Laurent series around zo. Now, if we transform the 
coordinates by moving the origin to zo then f can be expressed as f(Z) = sinh 7) (where Z = z—i4 
represents the new coordinates) and hence we can use the Taylor (i.e. Maclaurin) series for sinh(Z +74) 
at Z = 0 |ie. where the singularity of f(Z)], that is: 


_ sinh(Z +74) 1 GQ f(-I)" +1. (Tyra a 
f(Z) = Za =o dX | > sinh(i4) + —,—— cosh(i4)] = 
= [(-D" +1 —1"tt+1 gene 
= S- |! ‘is isin 4 4 eo a cos 4 
mam 2 2 n! 
a» sin4  cos4 4 sin 4 | cos4 5 | j8m4 72 : cos 4 3 | join 4 4 | cos 4 55 ae 
ZL? Z 2! 3! A! 5! 6! 7! 
Now, if we go back to the original coordinates (by replacing Z by z — 74) then we get: 
_ , sind cos 4 sind | cos4 ; sin 4 .4\2_, cos4 ing 
DO). A egaye paahy Oy ah en gy ee 
sin 4 cos 4 


iF (z — i4)* 4 7 (2-4) +... 


which is the Laurent series of f(z) at zo = 74 with a principal part made of two terms (i.e. ip + 


cos 4 
z—i4 
4. Show that the Laurent series of the following functions around zp) = 0 are the same as the Maclaurin 
series of these functions: 
(a) f(z) =In(1 + 2). (b) f(z) = 2. 
Answer: In this answer we just consider the form of the series without any other consideration such as 
its radius of convergence. However, because of “Maclaurin series” in the question, it should be obvious 
that the question is about the series in the first “annulus of convergence” (i.e. the disk of convergence) 
which is the closest to the origin. 
(a) The Maclaurin series of f was given earlier (see Eq. 195). So, all we need to do is to generate the 
Laurent series around zp = 0 and compare the two series to see if they are identical or not. Referring 


to Eq. 200 we have: 
ee i $ f(z) i= sl $ In(1 + z) x 
i2n Jo (2 — 20)rtt i2n Jo ent 


Now, if C is an origin-centered circle of radius p < 1 and n < 0 then the integrand of the last integral 
is an analytic function over C and the entire region surrounded by C' and hence by Cauchy’s theorem 
(see § 4.2) the integral is zero.?°71 This means that the principal part of the Laurent series of In(1+z) 
is zero and hence all we need to do is to find the analytic part (which is represented by the terms with 


n > 0). Now, if we compare Eq. 200 to Eq. 181 we can see that ay, = sr" Go) which means that the 
coefficients a,, for the analytic part (corresponding to n = 0,1,2,---) are the same as the coefficients 
of the Maclaurin series (whose standard form is given by Eq. 190). Accordingly, the Laurent series of 
In(1 + z) around zp = 0 is the same as the Maclaurin series of this function (noting that Eq. 199 will 


(n) 
reduce to Eq. 190 considering that the terms with n < 0 are zero, z9 = 0 and ay, = £* Co), 


) and an analytic part made of infinite number of terms (i.e. the rest). 


[232] We note that the condition p < 1 (which is justified by the existence of a singularity of f at z = —1) is inline with the 
radius of convergence of the series of In(1 + z). 
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(b) The Maclaurin series of f was given and generated earlier (see Eq. 194 and part a of Problem 8 
of § 5.1). So, all we need to do is to generate the Laurent series around zo = 0 and compare the two 
series to see if they are identical or not. Referring to Eq. 200 we have: 


ae! f ae: ¢ 
ome mf: (z — 29)r+1 oe in Jo grt ae 


Now, if C is an origin-centered circle of radius p < 1 and n < 0 then the integrand of the last integral 
is an analytic function over C' and the entire region surrounded by C' and hence by Cauchy’s theorem 
(see § 4.2) the integral is zero.!?33] This means that the principal part of the Laurent series of 1/(1—z) 
is zero and hence all we need to do is to find the analytic part. Now, if we compare Eq. 200 to Eq. 
181 we can see that a, = i" Go) which means that the coefficients a, for the analytic part are the 
same as the coefficients of the Maclaurin series. Accordingly, the Laurent series of 1/(1 — z) around 
zo = 0 is the same as the Maclaurin series of this function. 

5. Find the Laurent series of the following functions around the given points zp using the standard Lau- 


rent series expansion and verify the results by using known Taylor series: 

(a) f(z) =% at 2 =0. (b) f(z) = S82 at 2 =1. (c) f(z) = Sake at 2 = i4. 
Answer: The standard Laurent series expansion is given by Eq. 199 where the coefficients a, are 
given by Eq. 200. So, in this answer we use these equations to generate the Laurent series of the given 
functions at the given points. 

(a) Noting that f = e*/z3 and z = 0, we have: 


1 ere 1 e* 
? i2n f gt “9g f grea 


where C' is a closed curve surrounding zo. Now, for n < —3 the integrand of the last integral is analytic 
over C and the entire region surrounded by C and hence by Cauchy’s theorem (see § 4.2) the integral 
is zero, i.e. all the terms of the Laurent series corresponding to n < —3 are zero. Regrading the 
remaining terms (i.e. those corresponding to n > —3) a, # 0 in general since C encloses a singularity 
so we need to calculate a, for these terms. Now, from Cauchy’s derivative formula (Eq. 181) we have 
(noting the meaning of f here): 


Z 12 12 12 
f ae Were maa ee Oe e eae ean 
C . . 


Hence: 


a f e* fies 1 . wn 1 
On 720 co ent °* on (n+3)! (n+3)! 
Accordingly, for n > —3 we have: 


aw ae a8 = a2 3h 7 1 
ee igit t2- 7 = en es OES yy 
On inserting these coefficients into Eq. 199 we get: 
e* 1 1 1 1 Be ee ee Swe 
PO as ea oe oe ar at BL ee eee nl 


which is identical to the series of this function that we obtained in part (a) of Problem 3 by using 
known Taylor series. 


(b) Noting that f = 9S and zp = 1, we have: 


oe Zz $ cos z/(z — 1) re E $ cosz 
i2nm Jo (2-1)! i2n Jo (2-—1)"t? 


[233] Again, the condition p < 1 (which is justified by the existence of a singularity of f at z = 1) is inline with the radius of 
convergence of the series of 1/(1 — z). 
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where C' is a closed curve surrounding zo. Now, for n < —1 the integrand of the last integral is analytic 
over C and the entire region surrounded by C and hence by Cauchy’s theorem (see § 4.2) the integral 
is zero, i.e. all the terms of the Laurent series corresponding to n < —1 are zero. Regrading the 
remaining terms (i.e. those corresponding to n > —1) a, 4 0 in general since C encloses a singularity 
so we need to calculate a, for these terms. Now, from Cauchy’s derivative formula (Eq. 181) we have 
(noting the meaning of f here): 


COS Z 127 127 38nT 38nT 
= (n+1) _ . ; 
g e-2 ert cS GSI sin ( 5 ) c0s1 cos ( ; ) sin] 


Hence: 


a, = ! f oe dz = : x ue sin (=) cos 1 — cos (=) sin | 
12m Jo (2—1)"*? i2n (n+1)! 2 2 
sin (322) cos 1 — cos (332) sin 1 
= (n+1)! 


Accordingly, for n > —1 we have: 


cos 1 sin 1 cos 1 


a_; =cosl dp = —sinl a, = I 


On inserting these coefficients into Eq. 199 we get: 


cos 1 : cos 1 sin 1 2, cosl 3 
Te sin 1 I (z-1)+ 31 (z-1)°4 rm (z—1) 


which is identical to the series of this function that we obtained in part (b) of Problem 3 by using 
known Taylor series. 


c) Noting that f = 2252, and z = i4, we have: 
8 (2-74) 


1 sinh — id)? 1 inh 
ae $ sin ae i4) ei ¢ $ = ee ps 
i2n Jo (¢-14)rt1 i2n Jo (z—i4)r+3 


where C' is a closed curve surrounding zo. Now, for n < —2 the integrand of the last integral is analytic 
over C and the entire region surrounded by C and hence by Cauchy’s theorem (see § 4.2) the integral 
is zero, i.e. all the terms of the Laurent series corresponding to n < —2 are zero. Regrading the 
remaining terms (i.e. those corresponding to n > —2) a, # 0 in general since C encloses a singularity 
so we need to calculate a, for these terms. Now, from Cauchy’s derivative formula (Eq. 181) we have 
(noting the meaning of f here): 


sinh z 120 120 nT nt 
re (n+2) (54) — . : _ : 
p (cider dz= in +2)! x f (i4) = in +2)! [cos 5 sinh(74) + |sin 5 | cosh(i4)| 
Hence: 
1 sinh z 1 127 nT, ; _ nn : 
Oh: ae f Gaines dz = on * in +2)! [cos 5 sinh(74) + sin | cosh(i4)| 
|cos ne | sinh(i4) + |sin ne | cosh(74) _ |cos ne | isin4d + |sin ne | cos 4 
(n+ 2)! (n + 2)! 
Accordingly, for n > —2 we have: 
oe eee _ sind _ cos4 _ sind 
a—2=7slm a—, = COS ag = an ay = 31 ag = carla 
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On inserting these coefficients into Eq. 199 we get: 


sin 4 cos 4 _sin4 = cos4 : sin 4 
1 


f(z) =1 + i | (z — 74) 4 m 


(2-14)? ° (z-i4) "2! 31 (ee 4h)? ees 


which is identical to the series of this function that we obtained in part (c) of Problem 3 by using 
known Taylor series. 

6. Define the three types of singularity (i.e. removable, pole and essential which were investigated in § 
3.3) in terms of the Laurent series of their functions. Also, give an example of each type. 
Answer: Let 2 be an isolated singular point (or singularity) of a given function f(z) which has a 
Laurent series expansion around zo. Now, we have three main cases (considering the Laurent series of 
f in the annulus of analyticity next to z): 
(a) The Laurent series of f around zo has no principal part (i.e. it does not contain any negative-power 
terms). In this case, we have a removable singularity. An example of this type of singularity (at zo = 0) 


jg;[234] 
sinz wr (-1)” 4 z z 
= a eas (ee ee 
zZ dX (Qn+1)!* ait Bi 


(b) The Laurent series of f around zo contains a finite number of negative-power terms (i.e. the 
principal part of the series has a finite number of terms). In this case, we have a pole of order m 
(where m is a positive integer with —m being the lowest power in the Laurent series). An example of 
this type of singularity (i.e. a pole of order 2 at zp = 0) is: 


. co n 
sin z —1 1 1 
: => (—1) yin-2 _ ee 
z roa (2n + 1)! z 3! OS! 
(c) The Laurent series of f around zo contains an infinite number of negative-power terms (i.e. the 
principal part of the series has an infinite number of terms). In this case, we have an essential singularity 
(or a “pole of infinite order”). An example of this type of singularity (at zo = 0) is: 


To SEE gee ee ee ee ee ee 
7 “ining 8 gon ais ae 

7. Given that a complex function f is analytic on the punctured disk 0 < |z| < p and its modulus |f| is 
bounded on this punctured disk, does f have a limit at the origin? 
Answer: Since || is bounded on the punctured disk then the Laurent series of f around the origin 
does not include negative-power terms.!?8°! So, any potential singularity at the origin cannot be a pole 
or an essential singularity (see Problem 6). In other words, the origin is either a removable singularity 
or an analytic point. Accordingly, f has a limit at the origin (see § 3.3). 

8. Determine the location and type of the singularities of the following functions f(z) using their Laurent 
series expansion around these singularities: 


(a) f(z) =sinh (3). (b) f(z) = SS. (c) f(z) = BE (\2| <1). 
(d) f(z) = 22. (e) f(z) = SF. (f) f(z) = Ge 
Answer: 


(a) f has a singularity at z = 0. The Laurent series of f around z = 0 is (see Eq. 197): 


1 es 1 Eye a 1 1 
inh { — | = ieee ea = none 
a (=) Ss (2n + 1)! (=) Ba 3126 % 51z10 as 


n=0 


[234] As we see, this actually is a Taylor series and hence 


sin 2 is effectively “analytic” at zo = 0 despite this singularity. 

[235] This is because as we approach the origin from any direction, any negative-power terms in the series of f will cause f 
to shoot up causing |f| to exceed any bound (when we are sufficiently close to the origin). In fact, the Laurent series 
of f should have only an analytic part (with no principal part) and hence in effect it is a Taylor (or rather Maclaurin) 
series. 
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As we see, the principal part of the series has an infinite number of terms. Hence, f has an essential 
singularity at the origin. 
(b) f has a singularity at z = 0. The Laurent series of f around z = 0 is (see Eq. 192): 


cosz—-1 1 . (-1)” \ ae ae 
eee SS nm 1 = } ates 
23 23 ( > (2n)! ‘ Qlz 4! 6! a 
As we see, the principal part of the series has a single term whose z-power is —1. Hence, f has a simple 
pole at the origin. 


(c) f has a singularity at z = 0. The Laurent series of f around z = 0 is (see Eq. 195 noting the 
condition |z| < 1): 


il as lS hd 
z ee n 7 2° 3 


As we see, the series has no principal part. Hence, f has a removable singularity at the origin. Also, 
see part (d) of Problem 2 of § 5.3. 
(d) f has a singularity at z = 0. The Laurent series of f around z = 0 is (see Eq. 193): 


pes /E (=1)" Ee eee fe 2 eo es ees: 
ZA e <= (2n + 1)! zt 3! zo Biz 5! 


As we see, the lowest z-power in the principal part of the series is —3. Hence, f has a triple pole (i.e. 
a pole of order 3) at the origin. 
(e) f has a singularity at z = 1. The Laurent series of this function around z = 1 was obtained earlier 
(see part b of Problems 3 and 5). On inspecting the Laurent series we see that the principal part of 
the series has a finite number of terms and the lowest power of (z — 1) in the principal part is —1. 
Hence, f has a simple pole at z= 1. 
(f) f has a singularity at z = i4. The Laurent series of this function around z = i4 was obtained 
earlier (see part c of Problems 3 and 5). On inspecting the Laurent series we see that the principal 
part of the series has a finite number of terms and the lowest power of (z — 74) in the principal part is 
—2. Hence, f has a double pole at z = 74. 

9. Find the Laurent series of the following functions f(z) around the given points in the different annuli 
of analyticity around these points: 


(a) f(z) = <4 around z = 0. (b) f(z) = GHG around z = 0. 
(c) f(z) = sty around z = 0. (d) f(z) = Wee around z = 2. 
Answer: 


(a) f has only one singularity at z = 1 and hence it is analytic on the open disk |z| < 1 and on the 
annulus 1 < |z| < co. So, we need to consider these two regions separately. As for the disk |z| < 1, the 
function is analytic on the entire disk and hence it is represented by its Maclaurin series (as given by 
Eq. 194) which is its “Laurent” series on this “annulus”. As for the annulus 1 < |z| < oo, we manipulate 
the function and use Eq. 194 (with the replacement of z by 1/z), that is: 


1 1 1Ta/1\" 1 1 1 1 
=a A) =>(+) Ty ge gk (z] > 1) 


n=0 


(b) f has a singularity at z = —4 and a singularity at z = 7 and hence it is analytic on the disk |z| < 4, 
on the annulus 4 < |z| < 7, and on the annulus 7 < |z| < co. So, we need to consider these three 
regions separately. On splitting f by partial fractions we get: 


—3z — 34 2 5 


IO Gama FA gy 


Accordingly, the Laurent series of f around z = 0 is the sum of the Laurent series of f,; = aa around 


5 


=-7 around z = 0. 


z =0 and the Laurent series of fo = — 
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As for the disk |z| < 4, f; and f2 are analytic (because they have no singularity in this disk) and hence 
the Laurent series of f; and fo are their Taylor series (or Maclaurin series noting that the center of 
the series is z = 0) that is: 


232 ee 2 ee a ee ee | Z\"  Bynz\ 
f(z) = a ee 7 241 zg LF (-2) 1 Z aI 7) +7) 


= S- (-1)" 2-@r+) on 4.5 oo 7-(nt1) yn S- [(-1)" 9-(2n+1) 45 qi) wn 
BE) n=0 n=0 


where we used the Maclaurin series for + (see Eq. 194) in the fourth equality. As we see, this is a 


Maclaurin series (as it should be) noting that f is analytic on the entire disk |z| < 4. 

As for the annulus 4 < |z| < 7, fi has a singularity inside this annulus (i.e. at z = —4) and hence we 
use its Laurent series while f2 is analytic on the entirety of |z| < 7 and hence we use its Maclaurin 
series (which is its “Laurent” series), that is: 


f@) = = a=? [a] +? [4] -?2( 2G: 


n=0 n=0 
= S- (pe g2n+1,—(n+1) ae 5\O 7-(mt+1) ,n 
n=0 n=0 


where we used the Maclaurin series for + (see Eq. 194) in the third equality. 
As for the annulus 7 < |z| < co, both f; and f2 have a singularity inside this annulus (i.e. at z = —4 


for f; and at z = 7 for f2) and hence we use their Laurent series there, that is: 


a = ails >|] -22( ai a): 


| 


n=0 n=0 
= a Cit g2n+1,—(n+1) _ 5 ye 7 y— (M41) — oa [(-)” g2ntl 5 y 7" ao (nF) 
n=U n=0 n=0 


where we used the Maclaurin series for ~+, (see Eq. 194) in the third equality. 

(c) f has a singularity at z = 0 and a singularity at z = 1 and hence it is analytic over the annulus 
0 < |z| < 1 and over the annulus 1 < |z| < oo. So, we need to consider these annuli separately. On 
splitting f by partial fractions we get: 


1 1 —1 1 1 


e—z z(z-1) 21-2) z Tog Ath 
Accordingly, the Laurent series of f around z = 0 is the sum of the Laurent series of f; = —1 around 
z =0 and the Laurent series of fo = -—4 around z = 0. 


As for the annulus 0 < |z| < 1, fi has a singularity inside this annulus (i.e. at z = 0) and hence we use 
its Laurent series while fy is analytic on the entirety of |z| < 1 and hence we use its Maclaurin series 
(which is its “Laurent” series). Now, if we note that the Laurent series of f; around z = 0 is itself then 
we have: 


1 1 1 ee) lee) lee) 
f(z) = 1 7 ~"=-) a =—) grt —z) 1-27-27 -— 23 
@ nate m n=0 n=-1 n=0 


where we used the Maclaurin series for ~+, (see Eq. 194) in the second equality. 
As for the annulus 1 < |z| < co, both f; and f2 have singularities inside this annulus (i.e. at z = 0 for 


fi and at z = 1 for f2) and hence we use their Laurent series there, that is: 


[oe) 


1 1 ee 1 fai 1 = il 
F(z) z l1l-z Zz ~|-5| eg a +o? Zz e 


n=0 n=1 
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co co 
= ee ae ae Rh gS i Os 
n=1 n=2 


where we used the Maclaurin series for eo (see Eq. 194) in the third equality. 

(d) f has a singularity at z = 0 and a singularity at z = 2 and hence it is analytic over the annulus 
0 < |z—2| < 2 and over the annulus 2 < |z — 2| < oo. So, we need to consider these annuli separately. 
On splitting f by partial fractions we get: 


1 1 1 1 1 
Gs G2" 4G-22 Se). 2 Pe 


Accordingly, the Laurent series of f around z = 2 is the sum of the Laurent series of fi, fo, fs, fi 
around z = 2. 

As for the annulus 0 < |z — 2| < 2, fi, fe, fg have a singularity inside this annulus (i.e. at z = 2) and 
hence we use their Laurent series while f4 is analytic on the entirety of this annulus and inside it and 
hence we use its Taylor series (which is its “Laurent” series). Now, if we note that the Laurent series 
of fi, fe, fg at z = 2 are themselves then we have: 


f2@) = fitht fs : =a edo ds = ; aay ee Gree ne ay) (=) 
‘ 1 (23) r= 
7 1 1 1 oJ ree Cec ee 
= bas aG=ap + ea 2 L)Pt1Q-(n+4)(z — 9) 
a s (Dey es 2" 
n=-3 
= 1 1 1 t Ae= 2). ole 2)? (22)? 
~ 9@-28 ae-22*8e-2) 16 32 64. 128 


As for the annulus 2 < |z — 2| < oo, all fi, fa, fs, fa have singularities inside this annulus (i.e. at z = 2 
for fi, fo, fg and at z = 0 for f,) and hence we use their Laurent series there. Now, the Laurent series 
for f1, fo, fg at z = 2 are themselves while the Laurent series for f, at z = 2 is: 


= ~~ 8 = 2) \4— (2 ) 7 a = (=) i 3 oO alae dae ae a 


z—-2 =0 n=0 
Hence: 
1 1 1 29 
f(z) = a + pyrtt on-3(, _ 9)-(n+1) 

z—2)38 aed)?" B22) »( ) (z — 2) 
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10. Outline the method used in Problem 9 to generate the Laurent series of a given function around a 
given point over different annular regions of analyticity. 
Answer: We do the following: 
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e We find the singularities of the function and hence find the annular regions (separated by the 
singularities) over which the function is analytic. 

e We split the function into its partial fractions form (if this split is required) noting that the Laurent 
series of the function in each annular region is the sum of the Laurent series of the individual terms of 
the partial fractions in that annular region. 

e We find the Laurent series (i.e. around the given point) of the individual terms of the partial fractions 
for each annular region noting that if the term is analytic over the entirety of the annular region and 
its interior (ie. the annular region does not contain a singularity for that term inside it) then we use 
the Taylor series of that term (i.e. around the center of the series). 

e We add the Laurent series that we found in the previous point and simplify the final expression of 
the series as far as we can (i.e. we put the result in its simplest form) to obtain the Laurent series of 
the function in that annular region around the given point. 
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As indicated earlier, the radius of convergence of a complex power series (which represents a given complex 
function f) is the radius of the disk (or circle) in the complex plane inside which the series is valid (i.e. it 
converges to the function represented by this series).?°°! For example, the radius of convergence of the 
complex (Maclaurin) series >>, 2” is 1 because this series converges to the complex function ;+; (which 
this series represents according to Eq. 194) only inside the origin-centered unit disk |z| < 1. On the other 
hand, the radius of convergence of the complex (Maclaurin) series }>?°_, a is infinite because this series 
converges to the complex function e* (which this series represents according to Eq. 191) over the entire 
complex plane. Some power series do not converge at all (except at their center such as Seem n! z” which 
“converges” only at z = 0; see part f of Problem 1) and hence their radius of convergence is zero. 

It is important to take notice of the following remarks about the radius of convergence (and some related 
issues): 
e The power series of a complex function converges inside its circle of convergencel?*"! and diverges outside 
it. However, it may (or may not) converge on its circle of convergence (i.e. the perimeter of the disk of 
convergence).!?3*! For example, the Maclaurin series of f(z) = In(1 + z) converges for all values of z 
with |z| < 1 (see Eq. 195 and part e of Problem 12 of § 5.1). Moreover, it converges at z = 1 (which is 
on the circle of convergence) as well but it does not converge at z = —1 (which is also on the circle of 
convergence).|?39| 
e The disk (or circle) of convergence of the Maclaurin series of a function is centered on the origin, while 
the disk of convergence of the Taylor series of a function f is centered on the point which the series is 
generated at, i.e. the point zo in Eq. 189 where f and its derivatives are evaluated for the generation of 
the series.!?401 For example, the disk of convergence of the series S~°°_, 2” (which represents the function 


— according to Eq. 194) is centered on the origin because it is a Maclaurin series, while the disk of 


= 

convergence of the series )>°°_) —(z + 1)" (which represents the function f = Cen = + according to 
Eq. 198) is centered on the point —1 because it is a Taylor series of f at the point zo = —1 (see part a of 
Problem 9 of § 5.1). 

e For the power series of a complex function that has only one singularity, the radius of convergence of the 
series is the distance between this singularity and the point which the series is generated at. For example, 


the function = has only one singularity (which is at z = 1) and hence the radius of convergence of the 


236] Accordingly, this disk (or circle) may be called the disk (or circle) of convergence. We may also call the center of the disk 


of convergence the center of convergence (and this center is the point around which the series expansion is obtained). 
As we will see, the radius of convergence is a non-negative real number (which could be zero when the series does not 
converge at all except at its center and could be infinite when the series converges over the entire complex plane). 

237] Tf the radius of convergence is zero then the circle of convergence is the center of the series only, i.e. the series converges 
only at its center. 

This usually occurs at individual points on the circle of convergence. 


2391 Tn fact, f(—1) = In(0) is not defined regardless of the series. 
240 
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The point which the series is generated at may be called the expansion point (or the point of expansion). 
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Maclaurin series (which by definition is generated at zo = 0) of this function is the distance between these 
points (which is 1). 

e For the power series of a complex function that has more than one singularity, the radius of convergence 
of the series is the distance between the closest singularity and the point which the series is generated at. 
In other words, the radius of convergence is the smallest of the potential radii of convergence (where each 
radius is determined by the distance to one of the singularities). For example, the function f(z) = +3; 
has one singularity at z = 0 and another singularity at z = 3, and so if we have a Taylor series expansion 
of f at z = —1 (ie. —1 is the center of convergence of the series) then its radius of convergence is 1 
because z = 0 is the closest singularity to —1 and hence the radius of convergence is determined by the 
distance between —1 and this singularity (which is 1).1?44) 

e The radius of convergence of a power series that represents an algebraic sum or a product of complex 
functions is the smallest of the radii of convergence of the series representing the individual functions 
involved, i.e. it is determined by the distance to the singularity nearest to the center of convergence.|?4?] 
For example, the function f = 4, — as (which is an algebraic sum) has one singularity at z = i2 and 
another singularity at z = —5, and so if we have a Taylor series expansion of f at z = 1+7 then its radius 
of convergence is /2 because z = i2 is the closest singularity to 1+i and hence the radius of convergence 
is determined by the distance between 1 +i and this singularity (which is 2). 

e The radius of convergence of a power series representing the Cauchy product of two power series is the 
smallest of the radii of convergence of the multiplied series. 

e The radius of convergence of a power series obtained by differentiating or integrating another power 
series is the same as the radius of convergence of the original series. 

e External extensions (based on the particular cases and circumstances) may expand the radii of conver- 
gence as identified above. 

e Laurent series (as opposite to Taylor and Maclaurin series) converge in their annuli of analyticity 
according to the rules and conditions that we investigated in § 5.2, and hence they do not have a radius 
of convergence in the sense of power series (i.e. Taylor and Maclaurin series). 


Problems 
1. Investigate the radius and disk of convergence of the following power series:!?4*] 
ce ;\n n CO. pit Ate oo gt tl 
(a) note ae ens (b) Yen=o #2”. (C) Lin=0 tT: 
(d) Oe SS. (e) Cao S- @) yeas 


Answer: We use the ratio test (see Problem 10 of § 5.1) for this investigation. 


(a) 


(2 ic rea aa 
(2 a, g)rtlgnt2 


= lim |(2—4)z| =|(2—4)z| =|2-a]|z| <1 
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Hence, this series converges for all values of z with |z| < pal = wit i.e. on the interior of the origin- 
. . . , Le, 

centered disk with radius ve 

(b) 
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Hence, this series converges for all values of z with |z| < 1, ie. on the interior of the origin-centered 


[241] However, removable singularities do not count in this regard. For example, a function whose radius of convergence with 
respect to a removable singularity is 1 and with respect to another (non-removable) singularity is 2 has a radius of 
convergence 2. This is because removable singularities are effectively “analytic points” (see § 3.3). 

[242] The individual series of the functions involved are supposed to have the same center of convergence. 

[243] Ty questions like this (where a series is given without associating it with a function), the convergence means the 
convergence of the given series to a definite finite value which represents the value of the function that the series 
supposedly represents (noting that a convergent series represents a function regardless of having a known standard 
closed form or not; see § 5.1). Anyway, the purpose of questions like this is practicing the application of the techniques 
of complex series such as using the convergence tests (like the ratio test) regardless of any other consideration. 
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unit disk. !?441 


(c) 


= |z| <1 
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z 
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Hence, this series converges for all values of z with |z| < 1, ie. on the interior of the origin-centered 
unit disk. 


(d) 
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Hence, this series converges on the interior of the unit disk centered on the point 2 — 76. 


(e) 
grt n! 


(n +1)! Xm 


= lim <1 
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Hence, this series converges for all values of z with |z| < oo, i.e. on the entire (finite) z plane (which is 
consistent with the fact that this is the Maclaurin series of the exponential function e* which is entire; 
see Eq. 191). 

(f) 

(n+1)!z"t} 


n! 2” 


= lim 


n—->co 


= lim |(n+ 1) 2| =|o2z|<1 


Hence, this series converges for all values of z with |z| < + =0, i.e. nowhere in the z plane (according 
to this test). However, it should be convergent at its center z = 0 (see Problem 3), as can be verified 
by direct test: 


Co 
) nl 2” 
n=1 


= (1x 0')+(2x 07) + (6x 0°)+---=04+04+0+4+---=0 
z=0 


2. Find the series expansion (around the given center zo) and the radius and disk of convergence of the 
power series representing the following complex functions: 
327 


(a) f(z) = 73; ~— around 2 = 0. (b) f(z) =(e¢-1)Inz around z = 1. 

(c) f(z) =zlnz around zp = 1. (d) f(z) = ea) around 2 = 0. 

Answer: 

a) Here, f is a product of 3z? and —4-. Now, the (Maclaurin) series expansion of 32? (which is a 
1—3z 


polynomial) is itself (see Problem 7 of § 5.1) while the series expansion of ;+;- can be obtained from 


the Maclaurin series expansion of + (see Eq. 194 and part a of Problem 8 of § 5.1) by replacing z 
by 3z. Hence: 


3 2 lo) co 
f=] 5 = 327 (d=) = So arttynt? = 327 4.3728 4 3324 4 342h +... 
— IZ 


n=0 n=0 


Regarding the radius of convergence, 32? has infinite radius of convergence (because it is a polynomial 


which converges to itself over the entire complex plane), while the radius of convergence of io is 


[244] We have |2?| = |z|? (see part a of Problem 4 of § 1.8.7) and hence from |2?| < 1 we get |z|? <1 which on taking the 
square root of its sides becomes |z| < 1 which represents the interior of the origin-centered unit disk. 
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determined by |3z| < 1 (see Eq. 194 noting that z there corresponds to 3z here), i.e. |z| < 1/3. Hence, 
the radius of convergence of the series of f is 1/3 (which is the smallest of the two radii). This can 
also be obtained from the ratio test, that is: 


On+1 gnt2 nts 


An 


grrTont3| = im, Bel <1 


Hence, the complex series of f converges for all values of z with |z| < 1/3, ie. on the interior of the 
disk with center z = 0 and radius R = 1/3. 

(b) Here, f is a product of (z — 1) and Inz. Now, the series expansion of the polynomial (z — 1) is 
itself (see the upcoming note 1) while the series expansion of In z = In(1+ z—1) can be obtained from 
the series expansion of In(1 + z) (see Eq. 195) by replacing z by z — 1. Hence: 


co a n+1 o-) me n+1 
fe) = @-yinzee-vy! ) @-yr=> ae — "4 
_ » (z-1)3 (z-1)* (z-1)° he 1)® - @=1y" 
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Regarding the radius of convergence, (z—1) has infinite radius of convergence (because it is a polynomial 
which is entire), while the radius of convergence of In z is determined by |z — 1| < 1 (see Eq. 195 noting 
that z there corresponds to z — 1 here). Hence, the radius of convergence of the series of f is 1 (which 
is the smallest of the two radii). This can also be obtained from the ratio test, that is: 
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Hence, the complex series of f converges for all values of z with |z — 1| < 1, i-e. on the interior of the 
disk with center z = 1 and radius R = 1. 

Note 1: unlike part (a) where we considered the Maclaurin series of the polynomial (following Problem 
7 of § 5.1), in the present part (ie. part b) we should consider the Taylor series of the polynomial 
(noting that zo = 1) because the center of convergence of the series of both (z — 1) and Inz should be 
the same. In fact, the Taylor series of (z — 1) around 29 = 1 is itself. This can be easily obtained by 
applying the standard form of the Taylor series (as given by Eq. 189 with z) = 1), that is: 


f(l) =0 fQ)=1 fA) =0 (m>1) 


where f here represents the polynomial (z— 1). Hence, from Eq. 189 we get f(z) = (z— 1). 

(c) Here, f is a product of z and In z. Now, the series expansion of the polynomial z around zg = 1 is 
1+ (z-—1) (see the upcoming note 2) while the series expansion of In z = In(1+ z— 1) can be obtained 
from the series expansion of In(1+ z) (see Eq. 195) by replacing z by z — 1. Hence: 
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Regarding the radius of convergence, z has infinite radius of convergence (because it is a polynomial), 
while the radius of convergence of In z is determined by |z — 1| < 1 (see Eq. 195 noting that z there 
corresponds to z—1 here). Hence, the radius of convergence of the series of f is 1 (which is the smallest 
of the two radii). This can also be obtained from the ratio test, that is: 


(-1)"** (z-1)"*? —_ n(m—1) 
n(n +1) (-1)"(z-1)” 


Hence, the complex series of f converges for all values of z with |z — 1| < 1, ie. on the interior of the 
disk with center z = 1 and radius R = 1. 

Note 2: as indicated in note 1 of part (b), the center of convergence of both series (i.e. of z and In z) 
should be the same and that is why we considered the Taylor series of z which is 1+ (z — 1). This 
can be easily obtained by applying the standard form of the Taylor series (as given by Eq. 189 with 
zo = 1), that is: 


fAjy= 1 eal f™(1)=0 (m>1) 


where f here represents the polynomial z. Hence, from Eq. 189 we get f(z) =1+(z-1). 
(d) Here, f is just In(1 + z) divided by z and hence the series of f is the Maclaurin series of In(1 + z) 
divided by z (noting that zo = 0), that is (see Eq. 195): 
nie tay 4 z 
= = nm As Sy = 1 ao — — eee 
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Regarding the radius and disk of convergence, they are the same as those of In(1+z) but with a possible 
exclusion of z = 0 (because z = 0 is a singularity of f). However, as we see z = 0 is a removable 
singularity and hence if we define f at z = 0 by its limit (which is 1) then the above series converges 
to f even at z = 0. As a result, the complex series of f converges for all values of z with |z| < 1, ie. 
on the interior of the disk with center z = 0 and radius R = 1. Also, see part (c) of Problem 8 of § 5.2. 
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3. Show that every Taylor series (including Maclaurin) should converge somewhere in the complex plane, 
i.e. at least at its center. 
Answer: According to the Taylor (or Maclaurin) series expansion (see Eqs. 189 and 190), the series 
at its center z (or 0) reduces to f(z) [or f(0)] and hence it should be convergent there noting that 
f(z) should be defined at least at the center, ie. f(z) [or f(0)] should have a definite finite value. 

4, Give an example of a complex series that converges nowhere in the complex plane (including its center). 
Answer: For example, the series >~_, uu converges nowhere even at its center (which is 0). However, 
we should note that this is a Laurent (or Laurent-like) series and not a Taylor or Maclaurin series. 
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The coefficient a_; in the Laurent series of Eq. 199 is called the residue of f(z) (i.e. corresponding to 
the Laurent series expansion of f around zj). The reason is that if we contour-integrate f(z) around a 
simple closed curve C' that encloses zo (with f being analytic on C and inside it except at zo which is a 
singularity of f)!?45! then the integral evaluates to i27a_1, that is (see Problem 1): 


f f(z) dz = i2ma_1 (202) 
Cc 


This equation (or rather the statement that associates this equation) is commonly known as the residue 
theorem (sce § 4.2.2). This theorem can be easily extended to the case where C encloses a finite number 
of singularities of f (with f being analytic on C and inside it except at these singularities) where in this 
case we have: 


f f(adz= ian S > pa. = 127 (ya_y + 2a_4 +--+ + nG_1) (203) 
C k=1 


where n is the number of singularities inside C' and ,a_, is the residue of f corresponding to its Laurent 
series expansion around the k*” singularity. It is noteworthy that Cauchy’s theorem (i.e. fo fdz=0 
when f has no singularity inside C) is a special case of the residue theorem (as represented by Eqs. 202 
and 203) since the residue of analytic function (i.e. a function that is analytic at the expansion point of 
its series) is zero because its series expansion has no principal part since it is a Taylor series (see § 5.1 and 
§ 5.2), 12461 

As we will see, the residue theorem is very powerful and is commonly used to evaluate difficult definite 
integrals (where the use of this theorem reduces the difficulty of evaluating these integrals).!?47! In fact, 
the residue theorem is used even to evaluate real integrals that cannot be evaluated by the techniques of 
real analysis. However, a major handicap in using the residue theorem is the requirement of having the 
Laurent series of the function f (due to the requirement of having the residue a_, which is contained in 
the series) and the series in most circumstances is not easy to obtain. This difficulty is alleviated by the 
fact that the residue a_; of a function f can be obtained without the calculation of the Laurent series 
of that function. In brief, if C is a simple closed curve and f(z) is an analytic function on and inside C 
except at a point zo inside C (where f has a pole of order n there), then the residue of f at zo can be 
calculated from the following limit: 


a_; = lim la 7 fA 20)" f}] (204) 


where ! symbolizes factorial and a symbolizes the (n—1)” derivative (noting that in the case of n = 1 


we have 0! which equals 1 and ae which means no derivative should be taken). 


[245] In fact, being a singularity is because we are considering this case noting that this may be extended to non-singularity 
(where a_; = 0 in this case) and hence we retrieve Cauchy’s integral theorem. 

[246] Th this regard, removable singularities are like “analytic points” (see Problem 3). 

[247] This should justify the use of “The Calculus of Residues” in the title of this section. We should also note that the 
residue theorem is also commonly used to evaluate contour integrals in general (see for instance Problem 4). 
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It should be noted that as the residue theorem is extended (i.e. by moving from Eq. 202 to Eq. 203), 
the above method for computing the residue (as given by Eq. 204) is extended to the case when C 


encloses a finite number m of poles each of order nz (k = 1,--- ,m) where in this case the m residues 
,a_1 (k = 1,--- ,m) corresponding to the m poles at z, (kK =1,---,m) are computed from the following 
limits: 
1 dre—t 
a a paid (np — 1)! dzr*—! {@ n) sl nD) 200) 


Some examples will be given in the Problems to clarify these issues further. 

We should now draw the attention to the following useful remarks: 
e The residue(s) of a function can be evaluated by different methods (apart from being obtained directly 
form its Laurent expansion). In fact, in some cases Eqs. 204 and 205 may not be the best (or even viable 
such as when the singularity is easential) for calculating the residue(s) although they have the advantage 
of being more general in application than other methods (and hence we use them persistently despite 
being non-ideal occasionally). 
e If the singularity of f at zo is removable the residue of f at zo is zero (since the principal part of the 
Laurent series of f around zo is missing and the function is effectively analytic at that point; see Problem 
3 as well as Problem 6 of § 5.2). 
e The result that we obtain from evaluating any real integral by the calculus of residue (or by any other 
complex technique) should be real and this should be taken as a first initial check on the validity of the 
obtained result (i.e. the result should be discarded immediately if it is complex or imaginary). 


Problems 


1. Verify Eq. 202. 
Answer: If we represent f by its Laurent series around 29 (as given by Eq. 199) then we have: 
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where the integrals of the third equality are evaluated by the result of Problem 6 of § 4.2.1 which is 
based on the extended Cauchy’s theorem. As we see, the integral of f removes everything except a_1 
(multiplied by 727) which resides and hence it is the residue of f (when integrated as above). 
Note: it is obvious that Eq. 203 is a simple extension of Eq. 202 when C’ encloses n singularities since 
by the extended Cauchy’s theorem the integral over C' is equal to the sum of n integrals over closed 
contours each of which encloses one (and only one) of the n singularities (see Eq. 175). In fact, Eq. 
202 is a special case of Eq. 203 corresponding to n = 1. 

2. What you notice about the residue formula (i.e. Eq. 204)? 
Answer: We note the following: 
e This formula is restricted to poles. In other words, the order of the pole n should be finite and hence 
this formula is not usable for “poles of infinite order” (i.e. essential singularities) where in this case the 
residue should be determined from the Laurent series of the function or by another method. 
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e The formula should become increasingly impractical as the order of the pole increases due to the fact 
that obtaining the (n—1)"” derivative usually becomes harder and harder (although this does not apply 
to functions whose derivatives of various orders have a certain simple pattern, e.g. the exponential 
or the cosine and sine functions). So again, the residue in these cases should be determined from the 
Laurent series of the function or by other methods which are more practical to use with poles of high 
order. 

3. At which type of singularity the residue of a function is necessarily zero? 
Answer: The residue of a function is necessarily zero at its removable singularities because the Laurent 
series of a function around a removable singularity has no principal part (see Problem 6 of § 5.2). At 
the other two types of singularity (i.e. pole and essential) the function must have a principal part 
which may contain a 1/z term and hence its residue is not zero (although if the principal part has no 
1/z term then the residue is also zero). So in brief, the residue at a removable singularity is necessarily 
zero while the residue at a non-removable singularity (i.e. pole and essential) may and may not be 
Zero. 
Note: it should be obvious that the “residue at an analytic point” (assuming this terminology applies) 
is zero because at an analytic point the “Laurent” series around the point (and in its immediate 
neighborhood) is actually a Taylor series (with no principal part). See Figure 33. 

4. Evaluate the following contour integrals around the given curves C' using the residue theorem: 


(a) §, S¢dz where C is the circle |z| = 1. 
(b) f, S84 dz where C is the circle |z — i| = 2. 


z—-1 
(c) f, oar dz where C is the circle |z — 1 — 13] = 7. 
Answer: In all parts of this Problem C’ is a simple closed curve enclosing a single singularity and f is 
analytic on C and inside the region surrounded by C (except at the singularity) and hence the residue 
theorem is applicable. 
(a) From part (a) of Problem 3 of § 5.2 (as well as part a of Problem 5 of § 5.2) we have a_; = 1/2. 
Hence, from the residue theorem we get: 


dl 1 
f —g dz = idm = in 
Cc 


(b) From part (b) of Problem 3 of § 5.2 (as well as part b of Problem 5 of § 5.2) we have a_; = cos 1. 
Hence, from the residue theorem we get: 


f One dz = i2mcos1 ~ 13.3948 
ga 1 

(c) From part (c) of Problem 3 of § 5.2 (as well as part c of Problem 5 of § 5.2) we have a_; = cos4. 
Hence, from the residue theorem we get: 


f eae dz = 127 cos4 ~ —i4.1070 
co (z— 74)? 

Note: as we see, the evaluation of contour integral is trivial if we have the residue. For example, let 
evaluate the seemingly easiest of the above contour integrals (i.e. the integral of part a) by one of the 
conventional methods of contour integration (which were investigated in § 3.2) and compare the effort 
required by the two methods. If we use a parameterization approach then the curve C' (which is the 
origin-centered unit circle) can be parameterized as z = e’? (where 0 < 6 < 2m) with dz = ie’°d0 and 


we have: 
id i0 


27 Oe 27 We 

e* e ot ; e 
—dz= ag te dd =i 5p 10 

cz 0 ¢& 0 eé 


As we see, this is a complicated integral and difficult to evaluate analytically (as well as numerically) as 
it needs special functions. So, assuming that we have the residue or we can obtain it easily, the residue 
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theorem method for evaluating contour integrals is superior compared to the conventional methods. 
This also applies to other types of integrals (e.g. certain types of real definite integrals) some of which 
cannot be evaluated analytically by any method other than the residue theorem (or similar methods 
of complex analysis). 

5. Verify the residues of the functions f(z) of Problem 3 of § 5.2 (as well as Problem 5 of § 5.2) by using 
Eq. 204. 
Answer: 
(a) Here, f has a pole of order n = 3 at zo = 0 and hence from Eq. 204 we have: 


1 @ { 3c _fl@s, PRY (ces (eee ne oe 
eae 5 ie {* 5} = tim [5 fe} = oe 52 9 
which agrees with what we obtained in part (a) of Problems 3 and 5 of § 5.2. 
(b) Here, f has a pole of order n = 1 at zo = 1 and hence from Eq. 204 we have: 


; 1 d COS Z ; 
a_y = lim i 70 tc yh = lim [cos z] = cos 1 


which agrees with what we obtained in part (b) of Problems 3 and 5 of § 5.2. 
(c) Here, f has a pole of order n = 2 at z) = i4 and hence from Eq. 204 we have: 


: 1d _vg Sinhz ad. . . 

a1= iim, E a {(: id) \) - lim E {sinh a = iim, [ cosh z] = cosh(i4) = cos 4 
which agrees with what we obtained in part (c) of Problems 3 and 5 of § 5.2. 

6. Evaluate the following contour integrals around the given curves C’ using the residue theorem: 


a) fo 2 


b) — dz where C is the ellipse 4 a4 ve =1. 


—z44423— 4 ; : : : ; : 
bo ae Se at2) dz where C is the triangle with vertices at z_ = —i5, z = —2+% 


7 dz where C is the origin-centered circle with radius p > 1. 


and z, =2—-— i3. 

Answer: In all parts of this Problem C' is a simple closed curve enclosing some singularities and f 
is analytic on C and inside the region surrounded by C (except at the surrounded singularities) and 
hence the residue theorem is applicable. 

(a) The integrand f has two simple poles (i.e. at zj = —1 and at z2 = +1) and C encloses both of 
them. The residues of f corresponding to these poles (according to Eq. 205) are: 


) 
te, [an {+9 af] = Perle 
ee sion [5 rat Vaajl- as [2 i= 


Hence, from Eq. 203 we get: 


: ta 
f 7 a dz = i2r (14-14 + 2a_1) = 7127 (-5 + 5) —(0 


This result is identical to the result that we obtained for this contour integral in part (a) of Problem 
8 of § 4.2.1 using the extended Cauchy’s theorem (i.e. directly). 

(b) The integrand f has two simple poles, i.e. at 21 = 3 and at zg = —i. However, C' encloses only the 
pole at zg. The residue of f corresponding to this pole (according to Eq. 204) is: 


1 4. 1z— 234722 ; 7z —23+i2z —i7 — 2342 
a, = Jim + i) = ji = 
0! dz® (z — 3) (z +7) z—8 -—i-3 


l 


14-1 


ie does 


=7 


Zt 
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Hence, from Eq. 202 we get: 


f TSE ee Bade =127 x 7=1140 
o (2-3) (z+4) 


This result is identical to the result that we obtained for this contour integral in part (b) of Problem 
8 of § 4.2.1 using the extended Cauchy’s theorem (i.e. directly). 

(c) The integrand f has a double pole at z; = 0, a double pole at z2 = 1, and asimple pole at z3 = —i2. 
However, C' encloses only the poles at z; and z3. The residues of f corresponding to the poles at z1 
and z3 (according to Eq. 205) are: 


: 1 di 9 24 +423 — 32? + 24% (42? — 424 2) 
1a, = lim z - 
1! dz 22(z — 1)?(z + 72) 
= 28 + (3 — id)o4 — (5 — s12)29 + (1- 120)2 + (8+ H4)z] _ 
@= 182+ BP = 


0 44423 — 3224 247(427 4242 
ee =, Bis aa {tei z z z z i (4z z i) 


z—0 


z—0 


= i | 


2-2 | 0! dz? 27(z— 1)?(z +12) 


—24 + 423 — 322 +244 (42? — 424 2) 


=-1l 
22(z—1) 


= lim 
Z—>—-12 


Hence, from Eq. 203 we get: 


4 3 2 (452 
—2Z° + 42° — 32° +244 (42* —42+2 
f i a hee et?) dz = 12m (ya_1 + 34-1) = 127(0 — 1) = —i20 
Cc 


22(z —1)?(z + 72) 
This result is identical to the result that we obtained for this contour integral in part (c) of Problem 


8 of § 4.2.1 using the extended Cauchy’s theorem (i.e. directly). 
7. Find the residues of the following functions that correspond to their singularities: 


(a) f(z) = whe (b) (2) = conte (c) f(@) = aan 
(d) f(z) = cot z. (e) f(z) =csez. 

Answer: 

(a) We have f(z) = — = ECE Hence, f has a pole of order ny = 1 at z; = 0, a pole of 


order ng = 1 at zg = —3 and a pole of order n3 = 1 at z3 = 3. So, from Eq. 205 the residues of f that 
correspond to the poles at 21, Z2, z3 are: 


2. foe 1 =¥ ae eee 
10-1 = +0 [OL dz? 172392 f | 220|22-9| 9 
; 1 d° 1 : 1 1 
ae pana E dz° {(: oe _ =<} 7 Passe E _ a ~ 18 
: 1 1 : 1 1 
me oF Pee E dz {(: 3) 23 —9z \ a 5 E a ~ 18 
(b) Here, f has a pole of order n; = 2 at z; = —i and another pole of order ng = 2 at z2 = 4. So, 


from Eq. 205 the residues of f that correspond to the poles at z1, zg are: 


we [34 {e+ canteen {eco} 
= lim, = ae He) _ iel(-i- 4)? - 2(-i-4)e+ _ (240 + 161) e 


(z—4) (-i—4)4 ~ 4913 


I 


14-1 
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7 r 1 d 4° e’2 2 F da e’2 
ee nee ey ace ae (@+i2(z—42f|~ 2544| dz [+o 
ne je +4)? —2(z2+ a) _ te#(44 i)? —2(4+ ile (32 + 1349) e% 


l| 


z+44 (z+i)4 (4+ %)4 7 4913 
(c) Here, f has a pole of order ny = 1 at z, = 1 — i2 and another pole of order ng = 3 at zg = —5 — i. 
So, from Eq. 205 the residues of f that correspond to the poles at z1, 22 are: 
1 sinh(3z) sinh(3z) 
2 li 1+ 72 = ii ——___ 
i 241-12 i dx {é G1 t DG +S LO 2i-i2 | (z +5403 
sinh(3 — 76) sinh(3 — 76) —isin(6+73) 107-7198 . : 
(1-—i2+5+4%)8 (6 —i)8 (6 — 2)8 50653 
~ 0.03166 + 10.03132 
te sa? sinh(3z) 1 d? f{ sinh(3z) 
a a i gre Os 48 = li 
are tim 5 dz {(e+5-+i) (2—-1+4i2)(2+5+i 2+-5-i| 2! de |z-14+22 
7 9(z — 1+ i2)? sinh(3z) — 6(z — 1 + i2) cosh(3z) + 2 sinh(3z) 
= im 
2-5-5 2(z—-1+42)° 
_ 9(6 — 1)? sinh(15 + 3%) — (36 — 46) cosh(15 + 32) + 2 sinh(15 + 32) 
7 2(6—i)° 


~ —1085504.02794 — 76137.4692 


(d) Here, f has an infinite number of simple poles at z = ka where k is an integer (see part i of 
Problem 3 of § 3.3). So, from Eq. 205 the residues of f that correspond to these poles are: 


| d° 
cae E do 


= lim ((¢— kr) cot(z)] = Jim Ee ~ a 5] 


ka. = 


{(— kr) eot(2)}| (k = 0,+1,+2,---) 


Z—>kr z—okr Zk 


z—kr z—kn 
_~ cos(z) —— limz-4kr cos(z) == cos(krr) 
zsh | Sin(z)—sin(kr) | lim sin(z)—sin(kt) ~~ dsin(z) 
z—knr z—kn z—kr =e = - 
Z=KT 


So, the residue of cot z at each singularity (i.e. at z = km = 0,+7,+27,---) is 1. 

(e) We have f = cscz = 1/sinz and hence f has an infinite number of simple poles at z = km where 
k is an integer (noting that sin z has zeros at these points according to the result of part b of Problem 
14 of § 2.3 and these zeros are simple since the derivative of sin z does not vanish at these points). So, 
from Eq. 205 the residues of f that correspond to these poles are: 


. 1 d° 
pat = Jim E ga (le ~ km) se(2)}| (k = 0, +1, +2,---) 
ip i ee oe ae 1 
> seat (2 7 7) ese(z)| ~ Sane ot) = se eG} 


sty ah 1 7 1 7 1 
~ she | Sinl@)—sin(m) | ~ Fin, SinG@)—sin(en) ~ “dsin(2) 


z—kr z—knr dz 


z=kn 
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iL 1 


cos(z) a 


20 


So, the residue of csc z at each singularity (ie. at z= ka =0,+7 wr) is (-1)*. 
8. Verify Eq. 204. 
Answer: If f has a pole of order n at zp then g(z) = (z — zo)" f is analytic at zp and hence it should 


have a Taylor series:|?48 


9 


gz) = (2—2)"f =ao+ar(z— 2) +++» + Oni (z — 20)! + an(z — 2)" +-+- (206) 
here peg (k =0,1,---) 
wher => —— = 
<— k! dzk Z=Z209 a 


Also, from the Laurent series of f (see Eq. 199) we have: 


(z—z0)"f = (z-20)” [a—n(2 — 29)" +a pane — 29) Ot eee + 


G_2(z — zo)? +.a_1(z — 29) | +a9 + a1(z — 2%) +-°- 
= Ain td—n4yi(Z — 2) tee + 


a_o2(z i zo)” + a_1(z = zo)” | t ao(z zo)” t ay(z er aie ena (207) 


: 1 qr-1 o 
ce ae (n— 1! dz"—1|z=29 pase FF 1)! dzr-t {2 20) i} 


where we took the limit because zo is actually a (removable) singularity of g (since zo is a pole of f) 
noting that this limit does exist (see § 3.3). 

9. Evaluate the following real definite integrals using the residue theorem and check the results by the 
techniques of real analysis (i.e. analytically or numerically). 


Qn 27 2m sin? 
(a) = 0 aos 0. (b) f= (0) among 10. (c) [= te oad. 


Answer:|?49l 

(a) We link this integral to a contour integral around the origin-centered unit circle |z| = 1 (which we 
label C). Accordingly, on this circle we have z = e’® (0 < @ < 2m) with dz = ie'®d0 = izd0. Now, if 
we use the definition of cos@ (as given by Eq. 131) then we get: 


[ 1 10 = (¢ 1 0 = [ 9 do = 9 dz 
0 cos6+2 oe ie Ste +2 go ef +e-M 440° Jo (zt+2-1+4) iz 


2 1 2 1 
A eerste Sees JGt24va (208) 


As we see, the integrand of this complex contour integral has two poles of order 1: one at z = 
~2+ V3 ~ —0.2679 (which is inside C) and one at z, = —2— V3 ~ —3.7321 (which is outside C). So, 
if we have to apply the residue theorem to evaluate the integral in the last equality of Eq. 208 then 
we should use Eq. 202 (since C' encloses only one pole). As we see, the use of Eq. 202 requires the 


I 


[248] To be more precise, zo is a removable singularity of g and hence g is effectively analytic at zo and thus g has a 
(Taylor-like) power series at zo. 

[249] The method that we use here to evaluate the integrals in parts (a) and (b) applies to any integral of a rational function 
of cos @ or sin@ with 6 ranging between 0 and 27 and the denominator does not vanish at any point within this range. 
This method can also be used to evaluate integrals of this type over the range 0 < 6 < 7a if the integrand is symmetric 
with respect to 6 = 7. Regarding part (c), the integrand has removable singularities at 0 and 27 and hence the integrand 
remains bounded over the stated range. 
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calculation of the residue (corresponding to the pole at zo) of the integrand by using Eq. 204, that is: 


tae ole r= V3) = lim | | 
2-24-73 | O! dz? | (z+2—V3)\(2+24+V3) [| 2s-2velze+24+v3)] 273 


Accordingly, from the last equality of Eq. 208 (in conjunction with Eq. 202 and the value of a_, that 
we just obtained) we get: 


Qn 
/ 1 gg =? (ing 1) = 2m ~ 3,62759872846844 
9 cos6+2 a 2/3 3 


On evaluating the real integral numerically (using a numerical integrator) we get I ~ 3.627598728468 
which confirms the result obtained by the residue theorem. 

(b) We link this integral to a contour integral around the origin-centered unit circle |z| = 1 (which we 
label C). Accordingly, on this circle we have z = e’® (0 < @ < 2m) with dz = ie'’d0 = izd0. Now, if 
we use the definition of sin @ (as given by Eq. 131) then we get: 


21 20 20 . 
1 1 12 
| sind+7 C= / ete 1?) df = | ei — e- 4 iD dé 
0 ) OUT 0 


a 


12 dz 2 d 
— = z 
co (2-271 +12n) iz co 27 +i2az-1 


2 
ee 1)] [z i( T fie 1)] 
As we see, the integrand of this complex contour integral has two poles of order 1: one at z = 
i(—m+ V7? —1) ~ —i0.1634 (which is inside C) and one at z, = i(—7t—V7?—1) ~ —i6.1198 
(which is outside C). So, if we have to apply the residue theorem to evaluate the integral in the last 


equality of Eq. 209 then we should use Eq. 202 (since C encloses only one pole). As we see, the use 
of Eq. 202 requires the calculation of the residue (corresponding to the pole at zg) of the integrand by 


using Eq. 204, that is: 
2 c =p i( eat ee a ml 


a-j = 


| 


dz (209) 


I 


a_1 


2 1 
= lim = 
z a( T+) 12 1) . i ( T fie " Vr2—1 


Accordingly, from the last equality of Eq. 209 (in conjunction with Eq. 202 and the value of a_, that 
we just obtained) we get: 


20 . 
| agg op A 1097800019064 
9 sind+a7 Vr2—-1 Vn? —1 

On evaluating the real integral numerically (using a numerical integrator) we get I ~ 2.1097342012296 
which confirms the result obtained by the residue theorem. 

(c) We link this integral to a contour integral around the origin-centered unit circle |z| = 1 (which we 
label C). Accordingly, on this circle we have z = e’ (0 < 0 < 2m) with dz = ie’°d0 = izd0. Now, if 
we simplify the integrand|?°° (by using the identity cos? § + sin? @ = 1) and use the definition of cos @ 
(as given by Eq. 131) then we get: 


27 +2 27 2 27 27 10 —i0 
sin’ 0 1 — cos“ 6 ev +e 
—— df = ———_ d= 1 30) d@ = 1 + — WW } dé 
| 1 —cosd i 1 —cosd i eee | (14 2 


[250] In fact, the integrand has removable singularities at the two limits (since it is 0/0) which are removed by this simplifi- 
cation. 
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pipet 1 dz 1 2 1 
= — 2+6% 4+ ¢-”) dg= f Q+z24+2z71 = f + 1 d 
si ees) 2 > ( pe ee i2Jo\z se ° 


As we see, the integrand of this complex contour integral has one pole at z9 = 0 (which is inside 
C). Moreover, the residue of the integrand (corresponding to this pole) is a_; = 2 (because a_; by 
definition is the coefficient of the + term). Accordingly, we apply the residue theorem immediately 
(using Eq. 202) with no need for evaluating a_, (by using Eq. 204), that is: 


27 - 2 : 
sin* 0 1 idn 
i Tang 8 = 5 (i2ma-1) = SF = 2m ~ 6.28318530717959 


On evaluating the real integral numerically (using a numerical integrator) we get I ~ 6.2831853071795 
which confirms the result obtained by the residue theorem. We may also evaluate the real integral (in 
its simplified form) analytically, that is: 


27 
| (1 + cos @)d0 = [@+sin6]>" = [27 + sin 27] — [0 + sin0] = [27 + 0] — [0 +0] = 27 
0 


10. Let f(z) be an analytic function with a simple pole at a given point zo and let C be a zo-centered 
circle (of radius p) on and inside which there is no singularity of f other than zo. Obtain a formula 
for the value of the contour integral of f along a circular arc C; that is part of C. 
Answer: The circle C is represented by z = z + pe’? (0 < @ < 27) with dz = ipe’*d0. Because inside 
C f has only one simple pole, f can be represented by a zo-centered Laurent series as (see Eq. 199): 


f(z) =@-1(2— 20) 1 +S an(z = 20)” = a-1(z — 20) + A(z) 
n=0 


On contour-integrating f along C' we get: 


v foie f fans(z— 0)! + A(e)]dz = a1 ple Sd: g AD G64 ple aeartas 


where in the third equality we used the fact that A(z) is analytic on and inside C' and hence the 
integral ¢, A(z) dz is zero according to Cauchy’s theorem (see § 4.2). Now, if C2 is the other arc of 
the circle (i.e. C = C, UC.) then we have: 


f f(z)dz = a4 f (z— 2) 'dz=a_1 f (pe) ipe’?d0 = ia_y f dé 
C Cc Cc Cc 


1a_} if do +f a = ia. | dé + 1a_y dé = ia_1O, + ia_ 15 
Cy C2 C1 C2 


where 6;,02 are the angular measurements (in radian) of C),C2 (ie. C,C> are the circular arcs 
subtending the central angles 61,62). As we see, the value of the contour integral of f along C) (as 
well as along C2) is proportional to its angular measurement with a proportionality factor of ia_y, 
that is:[?54 


(z) dz = ia_10, (210) 
C71 
Note: the result of Problem 6 of 4.2.1 (with n = 1 and a_, = 1) can be seen as an instance of the 
result of the present Problem corresponding to 6, = 27 and 62 = 0 (when the circular arc C, represents 
the entire circle C). 


[251] We note that the angular measurement of a circular arc should include even the sense of the angle (i.e. + for anticlockwise 
and — for clockwise). 
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11. 


12. 


Show that if f(z) and g(z) are two analytic functions with f having a simple pole with residue a_ at a 
given point zo but g is analytic at zo then the residue A_, of f(z)g(z) at zo is given by A_; = a_1 g(Z0). 
Answer: Because at z) f has a simple pole while g is analytic, their product fg should have a simple 
pole at zp). Hence, from Eq. 204 [with A_, replacing a_, and with f(z)g(z) replacing f] we have: 


1 di-t 
1—1)! dz!-1 


Ag = dim | {(2~ 20)f(2)o(2)}] = Jim, [(@- 20) al2) 


ZZ 


= (zim [(2- 20)$(2)]) x (zim (921) = a_1 X g(%0) = 4-1 9(20) 


Z Zo 


Evaluate the following contour integrals around the given contours C: 


(a) I= Sen dz where C is the (anticlockwise) circle |z — 3] = 5. 


(b) l= f, eee) dz where C is the (anticlockwise) circle |z — | = 2. 

Answer: For solving this Problem we apply a number of theorems and techniques as will be explained 
in the following.?°?! It is noteworthy that these integrals satisfy the conditions and requirements of 
the theorems and techniques that we will apply (e.g. the integrands are analytic on and inside C 
except at the enclosed singularities, etc.) and hence to save space and time we will not mention these 
conditions and requirements in detail although by using these theorems and techniques we implicitly 
assume the satisfaction of these conditions and requirements. 

(a) The integral has a simple pole at z; = 4, a simple pole at z2 = 5 and a simple pole at z3 = —i7. 
However, the pole at z3 is not enclosed by C' and hence it does not contribute to the integral. So, 
according to the extended Cauchy’s theorem (see § 4.2.1 and Eq. 175 in particular) we can write: 


-_ a) , 242 ‘ 
ais f, @—De— e+)“ +, C=DE=s Ci) * 


(ciitin) ., ¢ (ttn) 

z—5)(z47 2z—A)(z+i 

- f (2-5) (2477) de + (24) (2417) ey oes 
C1 C2 


(2-4) (z—5) 


where C, is a tiny circle surrounding z, only and C is a tiny circle surrounding z2 only and where in 
line 2 we just manipulated the integrands. So, all we need to do now is to evaluate J; and Iz which 
can be done by using more than one technique. For example, we can use Cauchy’s integral formula 
(see Eq. 179) and hence:!?53! 


42 42 ~i36n 
; a as CLG mr Te 
5742 1540 
gS EO) aera. Sat 


We may also use the residue theorem where: 


. 1 qd? e4+2 ‘ w4+2 —18 
i es) i dz jae} = tim | ~ 4447 

: 1 d° e4+2 : w4+2 27 
a aie: i dz {<= + a} meee — Ee =| ~ 5 +a7 


[252] Tn fact, this Problem is not specific to the calculus of residues. However, we put it here because (as indicated above) we 


use in the solution a number of theorems and techniques (including the calculus of residues) and hence it should come 
after full investigation of these theorems and techniques (i.e. in its current position). 


[253] In the following, f in each line represents the function in the numerator of the integrand of the corresponding integral, 


. _ +2 = 2492 
ie. f= Gaye) for Ij and f = GGT for Ia. 
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—i3670 
A+i7 


1540 
5+17 


—13670 1547 2961 + 13447 
A+i7 5+i7 2405 
(b) The integral has a double pole at z; = 0, a simple pole at z2 = 12 and a simple pole at z3 = —i2. 


However, the pole at z3 is not enclosed by C' and hence it does not contribute to the integral. So, 
according to the extended Cauchy’s theorem (see § 4.2.1) we can write: 


Hence, Ih =i2T ja_-1 = and Ip =i2T 2a, = 


Accordingly: 


(as before). 


l=h4+h= T ~ 3.8679 + 14.5027 


sin z sin z 
—— dz 4 d 
$, 2?(z2 + 4) 7 27(z2 + 4) 
(38) (stn) 
= f a dz | f ( siz) dz — I + Ip 
Ci z Co ia | 


where C is a tiny circle surrounding z, only and C4 is a tiny circle surrounding z2 only and where in 
line 2 we just manipulated the integrands. So, all we need to do now is to evaluate I; and Iz which 
can be done by using more than one technique. For example, we can use Cauchy’s integral formula for 
derivatives (as given by Eq. 181 including n = 0) and hence:!?54) 


2 . 
Zep e yes a3 (z* + 4) cos z — 2z sin z eres er 
I, i2af) (0) = i2a (2 +42 bese ime t5 
i sin(i2) 1 T 
In = i2nf(i2) =i27——"*_| = oS past (eee cay 
2 inf? (42) =4 "e+ ee (22 + 12) : sin (72) iz sin 


We may also use the residue theorem where: 


i 1 d { sinz i (z? + 4) cos z — 2zsin z 1 
1 = lim = lim = 
ee z+0|(2—1)! dz | 2244 2-40 (2? + 4)? 4 

i 1 sin z i sin z sin(i2) sinh 2 

= = 1m = hm = = 
2-4 2-12 | 0! dz | 22(z 4 2) 2412 |22(z4+12)| 216 16 
Hence, 1) =i2m ;a_1 = 715 and Ip =i2m 2a_, = —i} sinh2 (as before). 
Accordingly: 
1 inh 2 
| ne ee is es i= sinh 2 ~in € = ) ~ 40.1465 


Note: as we see, the above techniques (which are supposedly different) are essentially the same 
although they may look different (superficially). 


[254] In the following, f in each line represents the function in the numerator of the integrand of the corresponding integral, 


ie. f= aw for y and f = FG HID) for Ia. 


Chapter 6 
Complex ‘Transformations 


Earlier in the book, we presented (rather casually) a number of examples of specific transformations of 
objects (such as straight lines) from the z plane to the w plane (see for instance § 1.11). These trans- 
formations (which may also be described as mappings) are achieved by using certain complex functions 
and relations. In the present chapter, we extend our previous investigation by examining complex trans- 
formations more thoroughly and generally (taking account of the available space and scope). However, 
before we go through the details of this investigation let have some useful background remarks about the 
subject of investigation and how it is approached and handled: 

e In general, any transformation has a geometric aspect which is represented by the action used in its 
realization such as rotation or reflection, and an algebraic (or mathematical to be more general) aspect 
which is represented by the mathematical relation used in its representation and implementation such 
as w(z) = 2% —i. Accordingly, complex transformations can be seen as representations of complex 
functions!?5°! and hence they follow in their categorization and classification the types of functions to 
which they belong. For example, a linear/quadratic/cubic/trigonometric transformation is a mapping 
conducted (or represented) by using a linear/quadratic/cubic/trigonometric mathematical relation (or 
function). 

e A matter related to the previous remark is that “functions” and “transformations” may be used in- 
terchangeably and hence the attributes of transformations may be ascribed to their functions and vice 
versa. 

e In this chapter we will tackle the issue of transformations in the complex plane by complex functions from 
two sides. One side is the geometric nature of transformations and their relation to their mathematical 
representations (considering the effect of transformations on a general point in the complex plane), and 
the other side is the geometric effect of transformations on specific geometric objects (like straight lines 
and circles) in the complex plane.!?°6! In other words, one side is about the geometric nature of the 
transformation as an action inflicted on a point (any point) in the complex plane, while the other side is 
about the specific geometric effect inflicted by the transformation on selected subsets of the complex plane 
such as the effect inflicted on a straight line to make it (or map it on) a parabola. In fact, the former is 
essentially about the geometric nature of the transformation itself (since it essentially reveals its effect on 
a single point), while the latter is essentially about the nature of the transformed geometric objects (since 
it essentially reveals its effect on a selected set of points and their geometric relation to each other, e.g. 
being part of a straight line or being part of a circle). 

e Some transformations have simple geometric nature and effect and hence they can be described by 
simple words. For example, the transformations w(z) = —z and w(z) = z +7 can be simply described as 
rotation by 7 and translation by 1 unit up. These transformations are generally based on simple algebraic 
operations (or combinations of such operations). Other transformations have more complex geometric 
nature and effect and hence they cannot be described by simple words. For example, it is not easy to 
describe the geometric nature and effect of sin z or tan z or Inz. These transformations are mostly based 
on transcendental mathematical operations (or combinations of such operations) and hence they do not 
represent actions that we are familiar with in our daily life. Accordingly, most of the examples related 
to the geometric nature of transformations belong to the previous category where we can provide simple 
and comprehensible verbal descriptions. 


[255] To be more general, we should use “relations” instead of “functions” since complex transformations may be conducted by 
using mathematical relations that are not functions (in the technical sense of function). However, we tolerate this laxity 
for simplicity and because the overwhelming majority of complex transformations are conducted by using functions. 

[256] For an example of the former side we refer to Problems 2 and 3 of § 6.2, while for an example of the latter side we refer 
to Problems 4 and 5 of § 6.2. 
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e Curves and shapes (including regions) in the complex plane have two types of mathematical representa- 
tions: real form and complex form. In the real form the curves (like straight lines) and shapes (like circles 
or disks) are represented by mathematical relations that involve real variables only such as y = f(a) or 
v = g(u), while in the complex form the curves and shapes are represented by mathematical relations 
that involve complex variables such as w = f(z). For example, in the real form an origin-centered circle 
is given as x? + y? = R? while in the complex form it is given as |z| = R. The complex form may not 
involve complex variables (such as z and w) explicitly but it is facilitated by the use of the imaginary unit 
i (beside real variables like x and y). For example, a straight line (which is usually given in the real form 
as y = ax +b) may be given in the complex form as «+ i(ax +6). In general, we use (here and elsewhere) 
whatever convenient for the problem at hand and we may even shift from one form to another using the 
relations between the two forms. 

e For the sake of simplicity we dumped the types of general transformations into a single list (represented 
by the sections of the present chapter) although they actually belong to different classifications and 
categorizations. For instance, linear and non-linear transformations (which are investigated in § 6.1 
and § 6.2) belong to a comprehensive and unique classification but conformal transformation (which is 
investigated in § 6.4) is a non-comprehensive type of transformation that can be linear or non-linear and 
hence it does not stand as distinct or opposite to linear or non-linear transformations. This similarly 
applies to Schwarz-Christoffel transformation (see § 6.5) which is generally a type of conformal non-linear 
transformation and hence it does not stand (as such) as distinct or opposite to linear or non-linear or 
conformal transformations. 

e As a matter of terminology, we use “source” (or “inverse image”) to refer to an object (in the z plane) 
that is subject to a transformation, while we use “image” to refer to its map (in the w plane) under that 
transformation. For example, when we transform a straight line in the z plane to a parabola in the w 
plane then the straight line is the source (or inverse image) and the parabola is the image. 

e Transformations are generally not commutative (i.e. the overall effect depends on the order) and 
hence in principle the effect of transformation A followed by transformation B is not the same as the 
effect of transformation B followed by transformation A. Accordingly, when we deal with composite 
transformations (i.e. those made of basic or sub-transformations) it is important to identify the order of 
the basic transformations. 

e A fixed point zo of a given complex transformation w(z) is a point that is mapped by that transformation 
on itself, ie. w(zo) = 2. Some transformations have no fixed points while other transformations have 
fixed points which could be finite or infinite in number. For example, the identity transformation w(z) = 
z has infinite number of fixed points since it fixes the entire transformed object (which could be the 
entire complex plane) due to its geometric nature as “do nothing” operation. Similarly, the reflection 
transformations across straight lines (some examples of which are given in Problem 1) fix the points on 
the line of reflection and hence they also have infinite number of fixed points. On the other hand, some 
transformations do not have fixed points at all. This is seen in particular in the transformations that 
involve translation due to the nature of translation which moves the points of the transformed object. For 
example, the transformation w(z) = z+1 has no fixed points since it translates every point in the z plane 
one unit to the right (i.e. in the positive direction of the real axis) and hence all the points in the z plane 
that are subjected to this transformation are moved. Many other transformations (such as most types of 
polynomial transformations) have a finite number of fixed points (see for instance Problems 5 and 6). As 
we will see (refer to Problem 4), the fixed points of a given transformation w(z) can be easily found (if 
they exist) by solving the equation w(z) = z (and hence the transformation has no fixed points if this 
equation has no solution). 

e Complex transformations is a big subject and hence what we provide in this chapter is just a glimpse. 
Therefore, the readers who are interested in acquiring detailed knowledge on this subject should look for 
more extensive and specialized textbooks and papers. 


Problems 


1. Make a short list of some basic geometric operations with their corresponding mathematical operations. 
Answer: For example: 
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e Scaling up or down by a factor |a|: multiply by |a|, ie. w = Jal z. 

e Rotation (around the origin) by 7: multiply by —1, ie. w = —z.1?57) 

e Rotation (around the origin) by +7/2: multiply by +i, ie. w = tiz. 

e Rotation (around the origin) by +(2n + 1)z: multiply by —1, ie. w = —z. 

e Rotation (around the origin) by +2nz: do nothing (or multiply by 1), i.e. w = z. 
e Rotation (around the origin) by 6: multiply by e”, i.e. w = e’?z. 

e Translation by + |a| along the real axis: add +|a|, ie. w= z+ jal. 

e Translation by + |a| along the imaginary axis: add +i |al, ie. w= z+i|al. 

e Reflection in the real axis: take conjugate, i.e. w = z*. 

e Reflection in the imaginary axis: take negative conjugate, i.e. w = —z*. 
e Reflection in the origin: multiply by —1, ie. w = —z. 

Note: more complicated operations are made by combining the above basic operations (and their 
alike). We should also note that for the aforementioned specific rotations around the origin [i-e. by 


m, #1 /2, +(2n + 1) and +2n7] it may be more explicit (and even more appropriate in some cases) 
in /2 i(2n+1)r 


to use the polar form representation of these rotations, i.e. multiplying by e’, e e€ and 
e+2n (as done for the general rotation around the origin by 6 through multiplying by e’). 

2. In the transformation of curves, how can we determine the direction (or sense) of tracking (ie. when 
we track a source curve in a given direction, in what direction its image is tracked)? 

Answer:|?°8l For open curves (i.e. both the source and image curves are open), we take two distinct 
points (say A and B) on the source curve in the z plane and determine their images (say A’ and B’) 
on the image curve in the w plane.|?59! We can then assume (correctly) that as we go in one direction 
on the source curve (say from A to B) we should go in the corresponding direction on the image curve 
(i.e. from A’ to B’). We may confirm this by transforming a point between A and B and determining 
its image which should be between A’ and B’. 

For closed curves (i.e. both the source and image curves are closed), we take three distinct points (say 
A, B and C) on the source curve in the z plane and determine their images (say A’, B’ and C’) on 
the image curve in the w plane. The sense of tracking the source curve along the sequence A+B->C 
(i.e. clockwise or anticlockwise) should then determine the sense of tracking the image curve along the 
sequence A’-+B’->C’. For example, if the circle |z| = 1 is mapped onto the circle |z| = 2 by a given 
transformation where the points A(1,0), B(0,1) and C(—1,0) are mapped onto the points A’(2, 0), 
B’(0,2) and C’(—2,0) then it is obvious that as the source curve is tracked in a given sense the image 
curve will be tracked in the same sense. On the other hand, if the points A(1,0), B(0,1) and C(—1, 0) 
are mapped onto the points A’(2,0), B’(0, 2) and C’(—2, 0) then it is obvious that as the source curve 
is tracked in a given sense the image curve will be tracked in the opposite sense. 

Note: the three-point method is also used if the source and image curves are different (ie. one open 
and the other is closed). In fact, the three-point method can be used in all cases (including when both 
are open). We should also note that in the above we are generally considering simple curves, and hence 
more elaborate tests may be needed to determine the sense of tracking in the transformation of more 
complicated curves (e.g. curves with loops). 

3. In the transformation of curves and shapes, how can we determine the mapping of regions bordered 
by these curves and shapes (e.g. a circle is mapped onto another circle by a given transformation and 
we want to know if the region inside the source circle is mapped by this transformation onto the inside 
region or the outside region of the image circle)? 

Answer: We may take a given point (or general point) inside the source region and determine its image 
under this transformation assuming (correctly) that the region to which the source point belongs will 
be mapped onto the region to which the image point belongs. For example, if we mapped a straight 
line onto a circle by a given transformation and we want to know if the half-plane to the left of the line 
will be mapped onto the inside region or the outside region of the circle, then we can take a point inside 


[257] As we will note, multiplying by unity in polar form to represent rotation transformations around the origin may be 
more appropriate and intuitive. 

[258] In this Problem (and its alike) we consider continuous curves transformed by continuous functions. 

[259] Considering the two end points may be the most appropriate for conducting this test. 
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the half-plane and determine its image under this transformation and hence if the point is mapped 
inside /outside the circle then the half-plane is mapped by this transformation onto the inside/outside 
region of the circle. 
In some circumstances, the direction (or sense) of tracking the border curves may be used to determine 
the mapping of regions where it is assumed that the mapping should follow a certain style. For example, 
if we mapped a circle onto a circle then we may assume that the region to the left/right of the source 
circle when it is tracked in a certain sense (say clockwise) will be mapped onto the region to the 
left/right of the image circle when it is tracked in the corresponding sense (whether clockwise or 
anticlockwise). 

4, How to find out if a given transformation w(z) has fixed points or not, and how to find these points 
(if it has)? 
Answer: By definition, a fixed point zp of w(z) is a point that satisfies the relation w(zo) = 2p. 
Therefore, to find out if w(z) has fixed points or not we need to see if the equation w(z) = z has 
solution (and hence w has fixed points) or not (and hence w has no fixed point). Accordingly, the fixed 
points are found (assuming this equation has solution) by solving this equation. 

5. Show that the non-identity transformation w(z) = P,(z) where P,, is an n“” order polynomial (n > 1) 
has at most n fixed points. 
Answer: Referring to § 2.1, an n*” order polynomial has the form a,,z"+ay_12"~!+- + -+a9z?+a,z+a9. 
Now, having a fixed point means that we have w(z) = @n2" + dn_12™ 1 +++: +a227 + a1z2+ 49 = 2, 
ie. 

On 2” + Ani) +e + ae2? + (a1 — Dz +a9 =0 (211) 


As we see, this (in principle) is an n“” order polynomial equation and hence it has n roots (see Problem 
1 of § 7.1). Accordingly, (in principle) we should have n fixed points. However, some of these roots 
can be repetitive and this should reduce the number of fixed points, i.e. we have at most (but possibly 
less than) n fixed points. Moreover, when n = 1 with a; = 1 (ie. when the polynomial is linear of the 
form z+ ao) we get (from Eq. 211) aj = 0. Now, if ao is zero then w(z) is the identity transformation 
(which we excluded from the question), while if ap is not zero then ap = 0 has no solution and hence 
there is no fixed point. Accordingly, we conclude that a non-identity polynomial transformation of 
order n > 1 has at most n fixed points. 

Note: it should be obvious from the above answer that the identity polynomial transformation, i.e. 
w(z) = 2, has infinite number of fixed points, while some (non-identity) polynomial transformations 
have less than n fixed points (including 0 fixed points). So to sum up, we can say: the number of fixed 
points of a polynomial transformation can be 0 or finite or infinite. We may also say: the number N 
of fixed points of an n” order polynomial transformation (where n > 1) is either infinite (i.e. N = 00) 
or finite but less than or equal n including 0 (i.e. 0 < N < n) and hence it cannot be finite and greater 
than n.|?60 


6. Find the fixed points of the following polynomial transformations: 


(a) w(z) =z +7. (b) w(z) =2z+%. (ce) w(z) = (1—2)z. (d) w(z) = 227+ 7z +6. 
(e) w(z) = 2743241. (f) w(z) = 2. (g) w(z) = 24 +27 +z. 
Answer: 


(a) As we see, z + i = z has no solution (noting that 1 4 0). This result should be intuitive because 
this linear transformation includes translation (by 7) with no rotation or magnification and hence it 
has no fixed points. 

(b) If we have a fixed point then 2z +7 = z, ie. z+7=0. Hence, we have exactly one fixed point, i.e. 
z= -t. 

(c) It is obvious that z = 0 is a fixed point since w(0) = 0. Because it is (non-identity) linear trans- 
formation it has at most 1 fixed point, i.e. this transformation has exactly 1 fixed point. This should 


[260] Tt should be noted that the above is based on considering n in general. However, if we consider individual n’s then we 
should say: ifn > 1 then 1 < N < n while if n = 1 then we have three cases: N = 0 (when aj = 1 and ag #0), N = 00 
(when a; = 1 and ap = 0), and N = 1 (when a; #1). 
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be obvious because this linear transformation (which can be represented by w = V2e~'*/4z) is a com- 
bination of rotation by —2/4 around the origin and magnification by /2 (with no translation) and 
hence it should fix only the origin. 

(d) If we have a fixed point then 227 + 7z+6 = z, ie. 227 +6z+6=0. From the quadratic formula 


we have: 
—6 + 36 — 48 6+ /—-12 34iVv3 


aan 4 = a = 

So, these are the fixed points of this transformation (which are the only fixed points because this 
transformation is quadratic and hence it has no more than two solutions). 
(e) If we have a fixed point then z?7+3z+1 =z, ie. 2?+2z+1=0. This is equivalent to (z+1)? =0 
which has only one solution. So, we have only one fixed point, i.e. zg = —1. 
(f) If we have a fixed point then z* = z, i.e. 23 — z = 0. This obviously has three solutions which are 
0, 1 and —1. So, we have exactly three fixed points (noting that this is cubic and hence it cannot have 
more than three solutions). 
(g) If we have a fixed point then 24 + 2? +2 = z, ie. 24+ 27 = 0. On factorizing this we get 
2 (2? + 1) = 0 which has three (distinct) solutions: 0, 7 and —i. So, we have three fixed points. 

7. What is the transformation that maps the interior of the origin-centered unit disk onto its exterior 
and vice versa? 
Answer: It is the reciprocal transformation w(z) = 1/z (which also maps the perimeter of the disk 
onto itself although not as an identity map). Also, see Problem 2 of § 1.8.9.[?°1) 
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Linear transformations are given by the relation w = az + b where a and b are complex constants (which 
could be real or imaginary as special cases) and a £ 0. This type of transformation represents a magnifi- 
cation of magnitude |a| associated with a rotation by an angle arg(a) around the origin and followed by 
a translation by 0.26] For example, if we have w = (1 +7%)z + (2 — 15) then this transformation maps a 
point zo in the z plane onto a point wo in the w plane where wo represents a magnification of point zp (as 
a position vector) by a factor of |a] = 2 associated with a rotation of point zp (or rather the magnified 
zo) around the origin by an angle 7/4 plus a translation (of the magnified and rotated image) of point 2 
by (2-5), ie. 2 units in the positive x direction (ie. along the real axis) and 5 units in the negative 
y direction (i.e. along the imaginary axis). The different kinds of linear transformation are thoroughly 
investigated in the Problems. 


Problems 


1. As explained in the text, a linear transformation can be split into three main sub-transformations: 
magnification, rotation and translation. How are the identity elements of these sub-transformations 
represented? What is the identity linear transformation? 

Answer: The identity of magnification is 1, the identity of rotation is 0 (or 2nq if we consider non- 
principal values), and the identity of translation is 0. Accordingly, the identity linear transformation 
is w = z (which represents a magnification by 1, a rotation by 0, and a translation by 0). 

2. Justify the above claim that in the linear transformation w = az +b the multiplication of z by a 
represents a magnification of z by |a| associated with a rotation of z by arg(a). 

Answer: This should be obvious if we use the polar form of a (i.e. a = |al e’?*8%)) where it is evident 
that the effect of multiplying z by a is to magnify z by |a| and rotate z by arg(a) around the origin. 

3. The linear transformation w = az+0 is made of the three sub-transformations: scaling by |a|, rotation 
by arg(a) and translation by b. Identify (and justify) the order of these sub-transformations. 
Answer: The linear transformation w = az + b means scaling by |a| and rotation by arg(a) in any 
order, followed by translation by b. This is because z (which represents the source) is first multiplied 


[261] The reciprocal transformation is commonly called inversion. 
[262] Magnification in this context should mean scaling up or down or by identity depending on the magnitude of |al, i.e. 
ja| > 1 or ja] < 1 or ja] = 1. 
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by a (which means the combination of scaling and rotation) and then translated by 6 (or rather the 
scaled and rotated image of z is translated by b).|?°31 So, when we talk about a linear transformation as 
scaling and rotation and translation we mean scaling and rotation (in any order) followed by translation. 
Accordingly, if we want translation by b followed by scaling and rotation then we should use the linear 
transformation w = a(z + b) = az + B where B = ab is the actual translation in this case. 

4, Give examples of types of transformations that are not linear (and hence they cannot be represented 
by the relation w = az + b). 
Answer: Common examples are: the reflection in the real or imaginary axes (i.e. z* and —z*) or 
squaring (ie. z?) or taking the square root (ie. \/Z) or reciprocation (i.e. 1/z) or subjecting to 
exponential/trigonometric/hyperbolic operations (e.g. e*,sin z, cosh z). These transformations will be 
investigated in § 6.2. 

5. Determine the geometric nature of the following transformations whose general form is w = az + b: 


(a)a=0and b=0. area (c)aAO0and b=0. 
(d) w = 2z (e) w nee 

(g) w= -iyrz (h) w Pe (i) w= (1+ iv7)z. 
(j) w = (-1+4)z +3. (k) w = iez + (6 — 19). (1) w =(2 — 16)z — ie”. 
(m) w = (11+ iV3)z + (1-4). (n) w = (4+4)24+ (5+ in). (o) w=z+4+ (8+) 

(p) w= 2z/(1+2%). (q) w = 3i3(z —3 +74). (r) w=e'"(z +7). 


Answer: All these transformations are linear except the transformations of parts (a) and (b) which 
are not linear because in these transformations a = 0. In the following, “rotation” means around the 
origin and we consider the principal argument (for specified rotations). 
(a) A mapping of the entire z plane onto the origin of the w plane (i.e. w = 0)./?64! 
(b) A mapping of the entire z plane onto the point b. 
(c) A scaling by |a| with a rotation by an angle arg(a). 
(d) A scaling by 2 
(e) A scaling by 5 with a rotation by 7. 
(f) A scaling by 6 with a rotation by 7/2. 
(g) A scaling by \/z with a rotation by —7/2. 
(h) A scaling by Ve? + a? with a rotation by arctan(m/e) ~ 0.8575. 
(i) A scaling by V8 with a rotation by arctan (—/7/[—1]) ~ —1.9322. 
(j) A scaling by V2 with a rotation by 37/4 followed by a translation by 3 in the positive x direction. 
(k) A scaling by e with a rotation by 1/2 followed by a translation by (6 — i9).|?6 
(1) A scaling by 40 with a rotation by ~ —1.2490 followed by a translation by —e” in the y direction. 
(m) A scaling by 124 with a rotation by ~ 0.1562 followed by a translation by (1 — i). 
(n) A scaling by 17 with a rotation by ~ 0.2450 followed by a translation by (5+ iz). 
(o) A translation by (8 + 7). 
(p) We have w = 75 = (45*) z and hence this is a scaling by 1/2 with a rotation by —1/4. 
(q) A translation by —3 + 74 followed by a scaling by 3 and a rotation by —7/2 (or 37/2). 
(r) A translation by i followed by a rotation by 7. 
r 


- 


ite mathematical relations (i.e. w = az + b) representing the following linear transformations: 
a) Rotation by —87. 

b) Scaling by 3 units followed by translation by 5 units downward. 

c) Translation by 5 units downward followed by scaling by 3 units. 

d) Reflection in the origin of coordinates. 


[263] Th fact, the saying “z is first multiplied by a and then translated by b” reflects the precedence of the algebraic operations 
(i.e. multiplication and addition) in the expression az + b. 

[264] In such context, “mapping of the entire z plane” should mean mapping of the entire transformed object which could be 
the entire complex plane. 

[265] When we say “a translation by (6 — i9)” we mean a translation by 6 units in the positive « (or real) direction and by 9 
units in the negative y (or imaginary) direction. This also applies to other similar translations. 
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(e) Scaling by 2 and rotation by 37/2 followed by translation by 7 units up and 6 units left. 
(f) Reflection in the origin of coordinates with rotation by 37 followed by scaling by 10. 

(g) Rotation by —37/4 with scaling by 16 followed by translation by 2 units along the line y = —x 
(from upper left to lower right). 


> 
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(a 

(b) w = 3z— ‘5. 

(c) w = 3(z — 15) = 3z — 115. 

(d) w = —z. 

(e) w = 2e"/2z 4 (in — 6) = —i2z + (in — 6). 

(£) w = 10(—e*z) = 10z. 
(g) w = 16e—87/4z +4 (4/2 — in/2) = —8,/2(1 4 é)z + (V2 —iv2). 
Note: as indicated earlier, the order of sub-transformations is important in general (e.g. translation 
followed by rotation is not the same as rotation followed by translation). This can be easily seen by 
comparing (b) and (c). 

7. Determine how the following curves, shapes and regions are transformed from the z plane to the w 
plane by the given linear transformations: 
(a) The straight line y = 3x — 7 by the transformation w = 2z + 45. 
(b) The circle |z| = 2 by the transformation w = iz — 6 +1. 
(c) The half-plane 2y + 8% — 10 > 0 by the transformation w = —8z + 11 — iz. 
(d) The disk |z — 1 — i2| < 3 by the transformation w = (2 —1) z +7. 
Answer: 
(a) This straight line in the z plane can be represented by the complex equation z = «+iy = x+i(3x—7). 
On applying the transformation w = 2z + 75 on a general point on this line we get: 


w =2[e+i(3e —7)| + 15 = 2x + 1(62 — 14) +715 = 224 + i(64 —9) =ut+iv 


So, we have u = 2x and v = 6x — 9 which can be combined (by eliminating x) to obtain v = 3u — 9 
which is an equation of a straight line in the w plane. This straight line can be represented by the 
complex equation w = u+iv =u+t i(3u — 9). 

(b) The equation of this circle is |z| = \/x? + y? = 2 and hence y = +V4— x?. Therefore, this circle 
can be represented by the complex equation z = x+iy = v+iV4— x”. On applying the transformation 
w =iz—6+70n a general point on this circle we get: 


w=i(etiv4 2?) 64+i=inF V4—-2? 6+i=(F 4 — x? 6) +i(e@+ 1) =utiv 


So, we have u = #V4— 2? —6 and v = «+1 which can be combined to obtain (u + 6)” = 4—(v— 1)’, 
that is (u +6)? +(v — 1)” = 4 which is an equation of a circle (in the w plane) with center w = —6 +4 
and radius R = 2. 

(c) The equation of the border line of this half-plane is 2y + 8% — 10 = 0 and hence y = 5 — 4a. 
Therefore, the border can be represented by the complex equation z = x +iy = a2+i(5—4z). On 
applying the transformation w = —8z + 11 — iz on a general point on this border line we get: 


w = —8 [a +71(5 — 4x)]+11—in = —8x +i (32a — 40) +11—in = (11 — 8x) +7 (322 — 40 — 7) = ut+iv 


So, u = 11 — 8x and v = 32x — 40 — 7 which can be combined to obtain v = 32 (4=") — 40-7 = 
—4u+ 4-7 which is an equation of a straight line in the w plane. So, the half-plane in the z plane is 
mapped by this transformation onto a half-plane in the w plane. However, we still need to determine 
which of the half-planes in the w plane is the image, i.e. u+4u—4+27>0o0rv+4u—4+4+7 <0. 
So, let take a specific point in the z half-plane and determine onto which w half-plane this point is 
mapped. For example, if we take the point z = 1 +72 (which satisfies the inequality 2y + 82 — 10 > 0 
that represents the z half-plane) then this point is mapped by this transformation onto the point 
w = —8(14+12)+11-—in =3-1(16+ 7) = u+ iv which is in the w half-plane v + 4u—4+7 < 0. 
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So, the z half-plane 2y + 8a — 10 > 0 is mapped by the transformation w = —8z + 11 — iz onto the w 
half-plane v + 4u—44+7 <0. 
(d) The equation of the boundary circle of this disk is: 


lz —1—2| = |x + iy — 1 — 22] = |(@— 1) +i(y—2)| = Vw - 1)? + Y- 2) =3 


and hence y = 2+/9 — (a — iD ee Therefore, the boundary can be represented by the complex equation 


z=atiy=r+i(24+)/9-(a- 1). On applying the transformation w = (2 — 1) z+7 on a general 


point on this boundary curve we get: 


w= @~i)[e+i (2a 9-(@-1)] +7=2@-0) 41-3) (2 9- (=I) +7 


(+92 9— (a 1) -i( x4 1429 (@-1)) 
So, u = 2a +9+ 4/9 —(@—1) and v = —2 +44 24/9 — (a — 1)” which can be combined to obtain 


(u— 11)? + (v— 3)” = 45 which is an equation of a circle (in the w plane) with center w = 11 + 13 
and radius R = V/45 = 3/5. This circle is represented by the complex equation |w — 11 — i3| = V/45. 
It is obvious that the interior of the z disk should be mapped onto the interior of the w disk. How- 
ever, we can check this by transforming a point inside the z disk to see if it is mapped inside or 
outside the w disk. For example, if we transform the point z = 0 (which is inside the z disk since 
0—1-—i2| = V5 < 3) by the transformation w = (2 —i)z+7 we get w = 7 (which is inside the w 
disk since |7 — 11 — i3| = |-4 — i3| = 5 < V45). So in brief, the z disk |z — 1 — i2| < 3 is mapped by 
the transformation w = (2 — i) z +7 onto the w disk |w — 11 — i3| < V/45. 
Note: for obvious pedagogical reasons, we followed in the above solutions the standard method in 
solving this type of problems. However, linear transformations are obviously characterized by pre- 
serving the basic shapes of the transformed objects (see Problem 1 of § 6.2) and hence we can solve 
linear transformation problems by more simple methods using this fact. For example, we can solve the 
problems of straight lines and their alike (such as half-planes) by mapping two points and connecting 
them by a straight line. Similarly, we can solve the problems of circles and disks by mapping the center 
and guessing the mapped radius. For instance, we can solve part (d) of the present Problem by arguing 
that a disk transformed by a linear transformation (from z plane to w plane) should be mapped onto 
another disk where the center of the z disk is mapped onto the center of the w disk while the radius 
of the w disk is a scaled version of the radius of the z disk where the scaling factor comes from the 
applied transformation. Accordingly, the center of the w disk is the image of the center of the z disk 
(i.e. z = 1+ 42) under the above transformation, i.e. w = (2 — 7) (1+72) +7 =11+4 73. Moreover, the 
factor (2 — 7%) in the transformation w = (2 — 7) z +7 represents a scaling by a factor 5 and hence 
the radius of the z disk (which is 3) should be scaled by V5 to obtain the radius of the w disk. This 
means that the image of the z disk is a w disk with center w = 11+ 73 and radius R = 3V5 (which 
can be represented by the complex equation |w — 11 — i3| < /45 as obtained above). 
8. The following are images obtained by the given linear transformations. Determine the sources (or 
inverse images) of these images. 
(a) The straight line v = 5 — u obtained by the transformation w = z — 3 — 22. 
(b) The circle |w — 74| = 2 obtained by the transformation w = 5 + i2z. 
Answer: 
(a) We have w =ut+iv = z-—3-i2 = (4 -—3)+i(y—-2), ie. u=x-—3 and v=y-—2. So, the source 
of the straight line v = 5 — u should be y — 2 = 5 — (a — 3), ie. the straight line y = 10 — x which in 
complex form is z = x +1(10—). This can be easily verified by transforming the line y = 10 — x by 
the given transformation to obtain the line v = 5 — u. 
(b) We have w= u+iv = 5+4+12z = 54 12a — 2y = (5 — 2y) + i2x. So, the source of the circle 


I 
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|w — 74| = 2 should be |(5 — 2y) + 12a — 74| = 2, that is: 


|(5—2y)+i(2e-—4)| = 
\(5-—2y)+i(2e—4))? = 4 
(5—2y)? + (22-4)? = 4 


(5-v) +2 = 1 


(w -2)? + (v8) 


This is a circle of radius 1 and center (2, 3), So, the source of the circle |w — 74| = 2 under the given 
| = 
2 


II 
e 


transformation is the circle |z S24 1. This can be easily verified by transforming the circle 


|z —2- i3| = 1 by this transformation to obtain the circle |w — i4| = 2. 


6.2. Non-Linear Transformations 


There are many types of non-linear transformations and hence this is a generic and general category. 
For example, there are non-linear polynomial transformations which are transformations conducted by 
using non-linear polynomial functions like quadratic or cubic (see § 2.1). Non-linear transformations 
may also be of trigonometric or hyperbolic or exponential or logarithmic types (among other types). In 
brief, complex transformations (or mappings) follow in their categories the types of functions used in their 
realization. Hence, from this aspect the category of linear transformations is not different from other types 
of transformations apart from its geometric and mathematical simplicity as well as wide applicability and 
usability (also see Problem 1). 


Problems 


1. Considering their geometric aspect, what distinguishes linear transformations from non-linear trans- 
formations when used to transform geometric objects (such as straight lines or circles) from the z plane 
to the w plane? 

Answer: Linear transformations are distinguished by preserving the basic shape of these geometric 
objects since scaling, rotation and translation do not affect the main characteristic features of these 
objects. For example, by linear transformations we map straight lines onto straight lines, circles onto 
circles and so on. This is not the case in the non-linear transformations which usually (but not neces- 
sarily) distort the basic shapes, e.g. a straight line may be mapped onto a parabola or a circle may be 
mapped onto an ellipse and so on. 

Note: as indicated above, some non-linear transformations (such as reflections across lines) may also 
preserve the basic shapes. Hence, linear transformations preserve the shape while non-linear transfor- 
mations may or may not preserve the shape. 

2. Find the mathematical relations [i.c. w = f(z) or w = f(x,y)] that represent the following non-linear 
transformations:|?6 

(a) Reflection in the real axis. 

(b) Reflection in the imaginary axis. 

(c) Mapping points in the z plane onto their magnitude in the w plane (i.e. on the positive u axis). 

(d) Mapping points in the z plane onto their negative magnitude in the w plane. 

(e) Mapping points in the z plane onto their (positive) magnitude on the v axis. 

(f) Mapping points in the z plane onto their negative magnitude on the v axis. 

(g) Reflection in the line y = x. 

(h) Reflection in the line y = —z. 

(i) Reflection in the line x = a (with a being a real constant). 


[266] Tt should be noted that the transformation in part (k) is essentially linear but it is included here for structural and 
practical considerations. 
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(j) Reflection in the line y = b (with 6 being a real constant). 

(k) Rotation by a given angle @ around a given point in the z plane. 

(1) Projection onto the real axis. 

(m) Projection onto the imaginary axis. 

(n) Projection onto the line y = ax + b (with a and b being real constants). 

(0) Reflection in the line y = ax + b (with a and b being real constants). 

Answer:!?67| 

(a) w = z*. This can also be seen as a rotation by an angle —2arg z.?8! 

(b) w = —z*. This can also be seen as a rotation by an angle m — 2arg z (i.e. a combination of part a 
and a reflection in the origin). 

(c) w = |z| = Vz2*. This can also be seen as a rotation by an angle — arg z. 

(d) w = —|z| = —Vzz*. This can also be seen as a rotation by an angle 7 — arg z. 

(e) w =1i|z| = iV zz*. This can also be seen as a rotation by an angle — arg z+7/2 (i.e. a combination 
of part c and an anticlockwise rotation by 7/2). 

(f) w = —i|z| = —iVzz*. This can also be seen as a rotation by an angle —argz— 7/2 (ie. a 
combination of part c and a clockwise rotation by 7/2) or m — argz + 7/2 = 3n/2 — argz (ie. a 
combination of part d and an anticlockwise rotation by 7/2). 

(g) w = Im(z) + iRe(z) = as + pete This is an exchange of the real and imaginary parts. 

(h) w = —Im(z) — iRe(z) = at - gate" This is an exchange of the negatives of the real and 
imaginary parts as if we reflect in the line y = x with a rotation by 7. 

(i) w = — [Re(z) — a] + a + iIm(z) = [2a — Re(z)] + iIm(z). This is a translation of the real part by 
—a |ie. Re(z) — a] followed by a reflection in the imaginary axis (i.e. — [Re(z) —a]) followed by a 
translation of the real part by a (i.e. +a) to annul the effect of the previous translation. 

(j) w = Re(z) — i[Im(z) — }] + 2b = Re(z) + ¢ [2b —Im(z)]. This is a translation of the imaginary 
part by —b [i.e. Im(z) — ] followed by a reflection in the real axis (i.e. — [Im(z) — 6]) followed by a 
translation of the imaginary part by 6 (i.e. +b) to annul the effect of the previous translation. 

(k) As seen earlier (refer to Problem 1 of § 6), a rotation of a point z; by an angle @ around the origin 
is achieved by multiplying z; by e’”. So, to achieve a rotation around a given point z 2 we simply 
translate the origin to zg (to make zg a new origin), rotate z; around the new origin (i.e. z2) then 
translate the origin back to its original position in the complex plane, that is: 


w = €9(z, — 22) + 2 = (cos6 + isin) (x1 + iy, — £2 — iyg) + to + iyo 


= (x2 +21 cos — x2 cos 6 — y; sin é + yo sin 8) + 7 (y2 + yi cos @ — yo cos 6 + x1 sin @ — x2 sin @) 


(1) w = Re(z) = ate , i.e. taking the real part (or component). 
(m) w = iIm(z) = at a , i.e. taking the imaginary component. 


(n) If zo is the projection of a point z, onto the line y = az + then the line C that connects z; and z2 
should be perpendicular to the line y = ax +b. Noting that the product of the slopes of perpendicular 


lines is —1, we conclude that the equation of C is: 


y= ee (B is real constant) 
a 
Now, since C' passes through z; then we have y; = —*+ + B and hence B = y; + = and the equation 
of C becomes y = —* + y; + “+. Moreover, 22 is on both lines and hence we have: 
y2 = Ya 
x x 
+E SS py 
a a 


[2671 To enhance clarity and improve presentation, we used in some parts indexed variables to represent the general variable 
z. More specifically, in parts (k), (n) and (0) 21 = x1 +iy1 stands for z = x+7y in the relation w = f(z) or w = f(z, y). 

[268] Although the transformations in parts (a)-(f) can be seen as rotations, this does not qualify them to be linear transfor- 
mations because arg z is variable in general and hence these transformations cannot be represented by w = az +b (with 
a and b being constants). 
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x x 
arya+— = eee | 
a a 
a ( 21 b) ay, +21 —ab 
av = T — 
3 ati" a a2 +1 


Hence, using the equations of the two lines respectively we have: 


a*y, + ax, — a7b a*y, +ar, +b 


Bae eae a2+1 Tee a2 +1 
“ary aat £1 ay, + 2, —ab—y,a(a?+1)—2,(a?7+1) a?y, +ar,4+5b 
or y = —-—*t! yyy t= : = : 
a a a(a? + 1) a* +1 


— fayitai—ab\ , » (a? yitaxi+b 
Therefore, w = ( sql ) +4 qi : 


(o) If a point 23 is the reflection of a point z; in the line y = az+0 then z3 can be obtained by rotating 
z, around its projection zg on the line y = ax + b by an angle a. So, all we need to do is to combine 
the results of parts (k) and (n), ie. by rotating z; around zz by a to obtain z3 (according to part k) 
where 22 is obtained by projecting z1 onto the line y = ax + b (according to part n), that is: 


LQ + 21 cost — £2 cosT — y1 sinm + yo sin) +7 (yo + yi cosm™ — y2cosm + x1 Sinz — x2 sin7T) 
= (2-21 +22) +i (yo—y1 + yo) = (Qr2 — 21) + 4 (2y2 — yr) 

(A + 2”, — 2ab ) (4 + 2axr 1 + 2b ) 
— a1) +2 Y1 


WwW. = 


az+1 az+1 
Qay, + x1 — 2ab— a?x, (ary, + 2ar, +2b- yy, 
a a vh 
az+1 az+1 


. Determine the geometric nature of the following non-linear transformations (with zo being a given 


number): 
2 


(a) w = —62* — i2. (b) w=1/z (c) w = 1/(z— 20) (d) w= |z|°. 

(e) w= Vz. (£) w = 27. (g) w = 2°. (h) w= z+ 2. 
(i) w = (2 + 20)? (j) w = Vz — 2 (k) w = 62? — ez (l) w = Wz. 

(m) w = V5z. (n) w = 54/2. (o) w=7Vz-i (p) w = */2z02. 


(q) w= Vz4+2?. (r) w = 62? — 3/2. 
Answer: We note first that in the parts that contain roots we consider in our answer the principal 
root only. 
(a) This is a combination of a reflection in the imaginary axis (i.e. —z*; see part b of Problem 2) asso- 
ciated with a magnification by 6 (i.e. x6) followed by a translation by 2 along the negative imaginary 
axis (i.e. —i2). 
(b) We have: 

1 a 


Z Zz* 


As we know, the transformation w = z* is a reflection in the real axis (see part a of Problem 2). 
Moreover, zz* is the square of the modulus of z, i.e. zz* = \z|?. So the transformation 1/z maps a 
point in the z plane onto its reflection across the real axis in the w plane but scaled by the reciprocal of 
its squared modulus. For example, the point z = 2+73 will be mapped onto the point w = (2—73)/13, 
i.e. the reflection represented by taking the conjugate (2 — 13) combined with the scaling by 1/13. 

(c) This is essentially the same as the transformation of part (b) but before conducting the transfor- 
mation of part (b) the transformed point is translated by —zo. For example, if zo = (2 — 15) then the 
point z = 1 +7 will be mapped by this transformation onto the point: 

1 1 —1-— 76 


W >= — 


(1+i)-(2-%5) —1+%6 37 
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i.e. the point z = 1+47 is first translated 2 units left and 5 units up to be mapped on the point z; = 
(—1+i6) which will then be mapped by the transformation of part (b) onto the point w = (—1—76) /37. 
(d) In this transformation we take first the modulus |z| (which is equivalent to the rotation of z by an 
angle — arg z so that it maps on the positive real axis; see part c of Problem 2). We then square the 
modulus to obtain |z|? (which is equivalent to scaling |z| by |z|). For example, the point 7 — i6 in the 
z plane is first mapped onto its modulus V7? + 36 on the real axis. This modulus is then scaled by 
Vx? + 36 to map finally onto the point 7? + 36 on the real line in the w plane. 

(e) Using the polar form of z we have: 


ey ee (rei)? — pi/2Qi0/2 _ ei? — po)/2p¢i(6-9/2) 
Tr 


So, this transformation simply scales the modulus of z by r~!/? and reduces its argument by half. 
(f) Using the polar form of z we have: 


sated . : 
w= (re’®) = p22 = rretOt+9) 


So, this transformation simply scales the modulus of z by r and doubles its argument. 
(g) Using the polar form of z we have: 


w= (re’*) = 3 e398 =: pe pelO+28) 


So, this transformation simply scales the modulus of z by r? and triples its argument. 

(h) This is the same as the transformation of part (e) but before applying that transformation we 
translate z by Zo. 

(i) This is a translation of z by zo followed by applying the transformation of part (f). 

(j) This is the transformation of part (e) followed by a translation by —zo. 

(k) This is a combination of a non-linear transformation 62? (which is the transformation of part 
f followed by scaling by 6) and a linear transformation —ez (which is a scaling of z by e with a 
rotation by 7). In brief, the geometric effects of these two transformations are added up to make this 
transformation.|?®! 

(1) Using the polar form of z we have: 


3 ; -9\ 1/3 ; r A be (0 
es ae ee (re’®) 3. p/3 10/3 _ ett — p—2/3pei(9—20/3) 
Tr 


So, this transformation simply scales the modulus of z by r~?/? and reduces its argument by two 
thirds. 
(m) We have w = V5z = V5\/z and hence it is a scaled version of the transformation of part (e), i.e. 
we apply the transformation of part (e) then scale the result by V5. 
(n) This is the same as the transformation of part (m) but the scaling here is by 5 (not by 5). 
(o) In this transformation we simply move z one unit downward (i.e. —i), followed by applying the 
transformation of part (1), followed by scaling the result by 7. 
(p) We have w = ¥/2z = */z Wz. So, we first apply the transformation of part (1) followed by 
multiplying by ~/Zo (which means scaling by | 3/20 | and rotation by arg ¥/Z0). 
(q) This is a combination of the transformations of part (e) and part (f), ie. the resultant geometric 
effect is the superposition (or addition) of the effects of these parts. 
(r) This is a combination of the transformation of part (f) scaled by 6 and the transformation of part 
(1) scaled by —3. 

4. Determine how the following shapes and regions are transformed from the z plane to the w plane by 
the given non-linear transformations: 


[269] We consider a combination of linear and non-linear transformations as non-linear (i.e. non-linearity is the stronger 
element and hence it determines the nature of the transformation as linear or not). In fact, this transformation can be 
simply described as a single quadratic transformation. 
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(a) A straight line transformed by w = z? where it is required to investigate the following cases: (a) 
the line is vertical, (@) the line is horizontal, () the line passes through the origin, and (6) the line is 
not restricted to the previous cases. 
(b) A triangle with vertices O(0,0), C(c,0) and D(0,d) transformed by w = 2?. 
(c) A hyperbola y = a/x transformed by w = z? (with a being a non-zero real constant and x 4 0). 
(d) A circle transformed by w = 1/z. 
(e) A straight line transformed by w = 1/z. 
Answer: 
(a) We note first that a point z in the z plane will be mapped by this transformation onto a point w 
in the w plane where: 

w=2=(r+iy’= (a? — y*) + i2ay =utiv 
So, u= x? — y? and v = 2xy. Accordingly: 
For case a we have x = C (with C being a real constant) and hence u = C? — y? and v = 2Cy. On 
combining these equations we get u = C? — _ (C 4 0) which is a parabola symmetrical about the 
real axis and opens towards the negative real axis with vertex at (C?,0). A special instance of case 
ais « =0 (ie. C = 0) which yields the degenerative parabola v = 0, i.e. the real axis (or rather the 
non-positive part of it). 


For case 3 we have y = D (with D being a real constant) and hence u = x? — D? and v = 22D. On 


combining these equations we get u = - — D? (D #0) which is a parabola symmetrical about the 


real axis and opens towards the positive real axis with vertex at (—D?,0). A special instance of case 
B is y = 0 (ie. D = 0) which yields the degenerative parabola v = 0, i.e. the real axis (or rather the 
non-negative part of it). 

For case y we have y = ax (with a being a real constant) and hence u = 2? — a?x? and v = 2az?. 
On combining these equations we get v = su which is an equation of a straight line through the 
origin (i.e. a z straight line passing through the origin is mapped by the transformation z? onto a w 
straight line passing through the origin). 

A special instance of case y is a = 0 which leads to y = 0 and v = 0 and hence agrees with the result 
of case 3, i.e. the non-negative real axis. 

Another special instance of case y is a = co which leads to x = 0 (since = y/a) and v = 0 (since 
v= Gace ) and hence agrees with the result of case a, i.e. the non-positive real axis. 


For case 0 (which is the more general case) the straight line is given by y = ax + b (with a and b 
being real constants and a # 0). Now, if a point is on the straight line then we have: 


u = «?—(ae+b) = 2? —a?2? — 2abr — 0? = (1—a?) a” —2abr — 8? (212) 
and v = 2x (ax+b) = 2ax” + 2be 
@ <i yD 
2a. = a 
EE Sg Oe ae bY? 
Qa 4a OG da? 8 
—b+ Vb? +2 
Hence: j= a (213) 
a 


where we assume b? + 2av > 0 (since a,b, x,y, u,v are real). On substituting from Eq. 213 into Eq. 
212 we get: 


2a 


2 
_pt+t./p24 _p+./p2 
ys vi (1 “( + Vb ay 2a ( b+ Vb oe) 12 


= (1 “(4 | + by/b? + av (214) 
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In fact, this equation represents many cases but in general it represents a parabola (potentially de- 


generative) that could be oriented in any direction.?7°! For example, if a = +1 (and b 4 0) then 
u = FbVb? + 2v ie. v= +0.5 (# - b?) which is a parabola opening up if a = 1 and down if a = —1. 
Also, if b = 0 (i.e. passing through the origin) then u = Lay, ie. v = 7245u which is what we 


obtained already in case y above. 

(b) From the results of part (a) we know that the side OC is transformed to a straight line segment 
connecting O to C’(c?,0) (see case 8) while the side OD is transformed to a straight line segment 
connecting O to D’(—d?,0) (see case a). Regarding the side CD, its equation is (a/c) + (y/d) = 1, ice. 
y =d-—(d/c)x. So, from Eq. 214 (with a = —d/c and b = d) we get: 


u=(1 =) (orem) a @ — (2dv/e) 


2d 


For example, if d = +c (with c > 0) then we have u = dvd? F 2u, ie. v = $0.5 (a - ’) which is 


a parabola (opening up if + and opening down if —). So, in this case our triangle is mapped on the 


u axis (—d? < u < d?) on one side and on the parabola v = 0.5 (% = d) on the other side (with 


—d? <u < d?’). It is obvious that the two closed curves (i.e. the triangle and the “line segment plus 
parabola”) are tracked in the same sense (i.e. clockwise or anticlockwise). It is also obvious that the 
region of the z plane inside the triangle is mapped by this transformation onto the region of the w 
plane inside the “line segment plus parabola”.?7!] This can be verified by mapping a point inside the 
triangle.!?721 For example, if d = c (ie. a = —1) then the point z = 0.1c + i0.1c (which is inside the 
triangle) will be mapped onto the point w = i0.02c? which is above the u axis and below the parabola 
(which cuts the v axis at w = i0.5d? = i0.5c?). Similarly, if d = —c (ie. a@ = 1) then the point 
z = 0.1c — i0.1c (which is inside the triangle) will be mapped onto the point w = —i0.02c? which is 
below the u axis and above the parabola (which cuts the v axis at w = —i0.5d? = —i0.5c?). 

(c) As before, if z = 2 +iy and w = z? then u = 2? — y? and v = 2zy. Now, from the equation of the 
hyperbola we get xy = a and hence v = 2a which is a constant. This means that the z hyperbola is 
mapped onto a w horizontal line. 

(d) If w = 1/z then z = 1/w (noting that the original transformation is one-to-one).?73! Hence: 


& 


uU— wv iy 
Ar — = a bien ty 
wo wwt u2+v? 


So, & = i and y = 52. Now, a circle with center zo and radius R is given by |z — 2o| = R, that 
is: 
|(a + ty) — (to +%tyo)| = R (215) 
(c—2)’+(y—yo)? = FE 
u —v : 
= FR 
(= +v? v0) (= + v? w) 
u? 2xou v? _  2you 


2 
+ Xo A 


(u2 + v2)? uz + v2 (u2 + v2)? | uz + v2 T 


[270] Except horizontally (in some cases) since a = 0 is not allowed in this equation although this case was treated already 
in case 3 (and even in case ) where the result was also a parabola (possibly degenerative). 

[271] We may call the region bordered by the “line segment plus parabola” parabolic section. 

[272] Tn fact, the sense of tracking should confirm this because as we track the triangle clockwise/anticlockwise the perimeter 
of the parabolic section is tracked in the same sense and hence the interior of the triangle (which is on the right/left) 
should map onto the interior of the parabolic section (which is also on the right/left). 

[273] For simplicity (and to avoid distraction), we do not consider here the case z = 0 (i.e. when the source circle passes 
through the origin). However, this case will be investigated in part (a) of Problem 6. 
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uw + v? 2xpu 2you 2 2 9 
2 I, 72 +724, = BR -20-% 
(u? + v?) us +U ur +U 
1 — 2aou + 2yov 2 2 2 
gear ee (216) 
Py. 2xpu i you = 1 
R?—22-y2 R? — 2x2 - ye R?—2x2-y6 
2 
ig pee BD et 
FR? — 25 — Yo FR? — 25 — yo Re — a3 —Y  (R2 — a2 — y2)" 
2 2 2 
x0 ) ( Yo ) Rk 
on ; ee (217) 
( R? — 2 — yp R? — 2 — yp (R? — a3 — 2)” 
This is an equation of a circle with center wo = (= Se goeae) and radius = R/|R? — 28 — |. 


So, a z circle given by Eq. 215 will be mapped by the transformation w = 1/z onto a w circle given 
by Eq. 217. 

Note: straight lines can be seen as a special case of circles (i.e. circles of infinite radius). Hence, 
straight lines may be mapped by w = 1/z onto circles and circles may be mapped by w = 1/z onto 
straight lines (as well as mapping circles onto circles and straight lines onto straight lines). See Problem 
6. 

(e) This is a special case of the previous case (see the note of part d) and hence it should also be mapped 
by w = 1/z onto a circle (which could be a straight line). However, let do it from the beginning to 
verify our claim. A straight line is given (in real form) by y = ax+b (with a and b being real constants). 


On applying the transformation w = 1/z on this line (by using the relations x = 75,2 and y = jay 
which we obtained in part d) we get: 
y = ar+b 
— _ Pie +b (218) 
w+ tte = 0 
2 
(ute) + (+5) - et (219) 
This is an equation of a circle with center wo = (sf, st) and radius = (Se ‘ 


5. The following are images obtained by the given non-linear transformations. Determine the sources (or 
inverse images) of these images. 


(a) The parabola u = 8 — eis obtained by the transformation w = 227 + i. 
(b) The disk |w - z - is| < ,/# obtained by the transformation w = 1/z. 


Answer: 
(a) We have: 


w= 227 +4=2(a+ ty)? +4=2(2?—y*) +i (4cy +1) =utiv 


ie. u=2(a? —y?) and v = 4zy +1. Hence, the source of the parabola u = 8 — Ce should be: 


4ry +1—1)° 
9) 2 2 = 8 ( 
ey) 32 
2,2 
2 2 wy 
= a A 
x y q 
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go= 4A 
4 as 
2 
So, the source of the parabola u = 8 — wy under the given transformation is the vertical lines 


x = +2. This can be easily verified by transforming the vertical lines x = +2 by this transformation 


2 
to obtain the parabola u = 8 — oy 
Note: there is no similar solution for y because: 


2 
28 (dry + 1— 1) 
2 (a -—y ) = 8 39 
2/2 
a2 — y? a2, ee = 
29/2 
v 7 _ y? = 7 a2 
y? 
P@4) = -@-4 
yoy 
4 
which has no solution (since y is real). 
(b) We have: 
ge xr— 1 xy 


OF ae (x + iy)(a — iy) ~ 2 + y? 


Hence, the source of the disk |w — 2 is| <4/ 2 should be: 


x—iy 7 A 2 25 


w+y 6 6| — Vis 
x 7 F Yy =! 25 
x+y? 6 r+y2 6 ~ 18 


x TY y ye 25 
on 4 eee) Wns 
x+y? 6 x+y? 6 ~ 18 


a Tx ee y i y sal e 25 
(a2 + y2)? 3(@? +y?) * 36 © (a2 +42)? © 3(a? +y?) © 36 ~ «18 
3—7a+y Se og} 
x? + y? ~ 
5 Fad 0 
y < Te-3 


So, the source of the disk |w i id| < iE under the given transformation is the half-plane y < 


7x —3. This can be easily verified by transforming this half-plane by this transformation to obtain the 


disk lw — z - iz| < 3 (which can be easily done by reversing the above steps). This can also be 
verified by using the result of part (e) of Problem 4. 

6. Show that the effect of the reciprocal transformation w(z) = 1/z on circles and straight lines is as 
follows: 
(a) A circle passing through the origin is mapped onto a straight line not passing through the origin. 


(b) A circle not passing through the origin is mapped onto a circle not passing through the origin. 
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(c) A straight line passing through the origin is mapped onto a straight line passing through the origin. 
(d) A straight line not passing through the origin is mapped onto a circle passing through the origin. 
Answer: We use in this answer the results of parts (d) and (e) of Problem 4. 

(a) A circle with center zo and radius R is given by |z — zo| = R, and hence if it passes through the 


origin then we should have: 
|0 — zo] = |o] = 25 +96 =R 


that is: ret+ye = R? 


|z — z| 


Therefore, from Eq. 216 we get 1— 2x 9u+2yov = 0 which is an equation of a straight line not passing 
through the origin.|?74I 

(b) A circle with center zo and radius R is given by |z — zo| = R, and hence if it does not pass through 
the origin then x? + y? # R? and hence we have (see Eq. 217): 


(+ ete) + (-e=Gaa) “eg 

R? — 26 — ¥ R?—a9—yo}  (R? — a2 — 2)’ 
which is an equation of a circle not passing through the origin (noting that if the circle passes through 
the origin then we should have x? + y2 = R? which is untrue). 
(c) A straight line passing through the origin is given by y = ax, and hence from Eq. 218 (with b = 0) 
we get: 


—vU au 
uz + y2 u2 + y2 
v= —au 


which is an equation of a straight line passing through the origin.|?75| 
(d) A straight line not passing through the origin is given by y = ax + b (with b 4 0), and hence we 


have (see Eq. 219): 
( += ‘i pila ee cea 
ut — —) =— 
2b O36 ab? 


which is an equation of a circle passing through the origin (noting that if u = v = 0 then we get an 
identity). In fact, the last equation includes even the case when a = 0, i.e. when the transformed line 
is horizontal (not passing through the origin). 


6.3. Bilinear Transformation 


The bilinear transformation (which may also be called Mobius transformation or linear fractional trans- 
formation as well as many other names) is a common and versatile complex transformation that is given 


by the following relation:!?76 
az+b 
cz +d 


w(z) = 


where a, b,c, d are complex numbers (which can be real or imaginary as special cases). This transformation 
is non-linear in general although it can also represent linear transformation as a special case. 


(ad — bc £0) (220) 


Problems 


274] We note that if the transformed circle is not trivial (i.e. single point with zero radius) then at least one of xo, yo is not 


zero, and hence the equation 1 — 2x9u + 2yov = O should represent all the possibilities of a straight line not passing 
through the origin, i.e. horizontal line (if 9 = 0 and yo # 0), vertical line (if ro # 0 and yo = 0), and slant line (if 
xo #0 and yo £0). 

We note that the equation v = —au (like the equation y = ax) represents all the possibilities of a straight line passing 
through the origin, i.e. horizontal line or real axis (if a = 0), vertical line or imaginary axis (if a = oo), and slant line 
(if a £0, i.e. a is finite). 

It is “bilinear” because it is linear in numerator and linear in denominator. 


275 


276 
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1. What is the significance of the condition ad — bc £ 0 which is imposed as part of the definition of the 
bilinear transformation? 
Answer: To assess the significance of the condition ad — bc 0 we need to investigate all the cases 
that lead to ad — bc = 0, that is: 


elfa=b=c=d=0 then w =0/0. 
elfa=d=b=0 (c¥0) then w=0. 
elfa=d=c=0(b40) then w=. 
elfa=b=c=0 (dF 0) then w=0 
elIfd=b=c=0 (a40) then w= co 
elfa=b=0 (d40, c¥0) then w =0. 
eIfa=c=0(d£0,b £0) then w = d/d. 
elIfd=b=0 (a 40, c 40) then w =a/c. 
elfd=c=0 (a0, bF0) then w=. 


So, the significance of the condition ad — bc ¥ 0 is to exclude the above troubling or unwanted cases, 
i.e. w = 0/0, w =o, and w = constant (whether the constant is zero or b/d or a/c). 

2. List some of the properties of the bilinear transformation. 
Answer: We note the following: 
e The linear transformation (i.e. w = az +b which corresponds to cz + d = 1 with a ¥ 0) and the 
reciprocal transformation (i.e. in the general form w = ord which corresponds to az + b = 1 with 
c #0) are special cases of the bilinear transformation. 
e The bilinear transformation (excluding the identity transformation) has at most two fixed points, 
i.e. it could have no fixed point or one fixed point or two fixed points (but no more). For example, 
the transformation w(z) = z — 3 has no fixed point (since it represents a translation with no rotation 
or scaling), the transformation w(z) = 3z and w(z) = iz have exactly one fixed point which is 0 
(since they represent scaling and rotation with no translation and hence they fix only the origin), and 
the transformation w(z) = 1/z has exactly two fixed points which are 1 and —1 since w(1) = 1 and 
w(—1) = —1. It should be obvious that the identity transformation w(z) = z (which is an instance 
of the bilinear transformation) has infinite number of fixed points since it fixes all the points of the 
complex plane.2771 So, if we include the identity transformation then we should say: the number of 
fixed points of the bilinear transformation is 0 or 1 or 2 or infinite (see Problem 3). 
e Each bilinear transformation has an inverse which is also bilinear. This is because if w = “+2 then 


cz+d 
we have: 
czewtdw = az+b 
(cw-—a)z = —dwt+b 
—dw+b 
2 = Ss 
cw—a 


As we see, the transformation in the last equation [which is the inverse of the transformation w(z) 
since it transforms w to z| is also bilinear since it has the form of a bilinear transformation (as given 
by Eq. 220) and it satisfies the condition (—d)(—a) — bc = ad — bc ¥ 0 (which is inherited from the 
original transformation). 
e The composition of two bilinear transformations is a bilinear transformation (see Problem 4). 
e The set of all bilinear transformations is a (non-commutative infinite) group under the operation of 
composition since it satisfies closure, associativity, inverse and identity [where closure and inverse are 
shown in the previous points, the identity is w(z) = z, and the associativity can be easily (although 
algebraically messily) demonstrated]. 
e As we will see later (refer to Problem 4 of § 6.4), the bilinear transformation is conformal. 

3. Show that the number of fixed points of the bilinear transformation (including the identity transfor- 
mation) is 0 or 1 or 2 or infinite. 


[277] When we say “all the points of the complex plane” in such context it should mean any point in the complex plane that 
is subjected to this transformation (and this can represent the entire complex plane). 


6.3 Bilinear Transformation 266 


Answer: Having a fixed point means that we have w(z) = “@*5 = z, ie. cz? +(d—a)z—b = 0. 


Now, if c= 0 then we have (d — a)z — b = 0 which either has no y dolution (if d= a and b £0), or has 
one solution (if d # a), or has infinitely-many solutions (if d = a and 6 = 0). On the other hand, if 
c # 0 then we have a quadratic equation which has either one (repetitive) solution or two solutions 
(within the complex plane; see Problem 5 of § 6). So in brief, we have 0 or 1 or 2 or infinite number 
of solutions (i.e. fixed points). 

Note: the details in the above answer are given for clarity; otherwise we can say: cz? +(d—a)z—b = 0 
is (at most) a quadratic polynomial and hence by the result of Problem 5 of § 6 it should have 0 or 1 
or 2 or infinite number of fixed points (where the latter case corresponds to the identity). 

. Show that the composition of two bilinear transformations is a bilinear transformation. 

Answer: If we have the following bilinear transformations: 


ayz+b, agz + be 


w1(z) = (ad, — bic, 4 0) and We(z) = (dgdz — bocg # 0) 


C1Z az+d, CQz + dy 


and w(z) is the composition w1(w2) of these transformations then we have: 


agz+b 
w(z) = az+b =F (w (z)) ay a1 (wets) ay b + ay (a2z be) by (coz ah dz) 
1\W2 C1 (wet) ccs dy Cl (azz be) dy (coz ha dz) 


c2z+d2 
(a1d2 + bic2) Zz (azbe bi d2) 
(a2c1 + cod) Zz (bocy did) 


As we see, w has the form of a bilinear transformation (with a, b,c,d corresponding to the coefficients 
in the above equation). So, all we need to do is to verify the condition ad — bc £ 0, that is: 

ad—be = (a1a2 + bic2) (boc1 + did) - (azbe + bid2) (a2c1 + cod) 

GyarbsCy + a1 02d, dz + b1b2c1c2 + brerdtdy — ararbsCy — ay bec2d) — azb\c1d2 — byexdtda 


= ayagd, dy = ayboced, + by b2c1C2 — azb1c\ deg 
(ay dy = bic1) (agdo = b2€2) #0 


where the last step is justified by the conditions a,d; — bjc; 4 0 and agd2 — beco # 0. 


I 


I 


. Find bilinear transformations w(z) = wath that do the following mappings: 
(a) w(0) = —i8, w(1) = 48 and w(i) = 8. 


(b) w(t) = 7, w(—t) = —7 and w(1) = -1. 

(c) w(A) = A, w(—A) = —A and w(B) = —B (where A and B are non-zero complex numbers and 
A#B). 

Answer: 

(a) We have w(z) = %2+*5 and hence: 


CZ 


b aS) 
a+b 1+4%5 
wl) = Sa (222) 
ia+b 6-13 
) = => 223 
wy) ictd 5 ve) 


So, let have d = 2 and hence from Eq. 221 we get b = —i5. On substituting these values into Eq. 222 
and simplifying we get: 
a—iw  1+%5 c+ 15¢e + 2 + 120 


rer aia) and hence a= 5 
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On substituting this expression of a (as well as the values of b and d) into Eq. 223 we get: 


jerisora+i20 ee = 6 — 73 
ic +2 5 
ape aia =% 2 6— 13 
c—i2 5 
7oe—ile = —28+47124 
c(7—731) = —4(7-— 731) 
e = -4 


—4—120+2+720 __ 
5 — 


and hence a = 1. Accordingly, the required bilinear transformation is: 


az+b _ —z-15 _ z+15 


SO ae aa —474+2 47-2 


(b) Referring to Problem 3, we should have exactly two fixed points (i.e. ¢ and —2) and hence c 4 0. 
Moreover, we should have az +b #0. These are not very restrictive conditions and hence we can take 
(while respecting these conditions) a = d= 0 and b £ 0. So, a possible transformation is w(z) = 2 = 
ue Now, from the given mapping w(1) = —1 we get b/c = —1 and hence our transformation becomes 
w(z) = = which obviously do the given mappings. 


(c) If we follow the argument of part (b) then a possible transformation is of the form w(z) = ble 


Now, from the given mapping w(B) = —B we get b/c = —B? and hence our transformation becomes 
w(z) = =, Moreover, from the given mappings w(A) = A and w(—A) = —A we get B? = —A? (ic. 
= +iA). So, a possible transformation is: 


w(z) = — where A? = —B? 


For example, if A = 5 then w(z) = 25/z and hence w(5) = 5, w(—5) = —5 and w(+i5) = Fi5. 
Similarly, if A = 77 then w(z) = Fic and hence w(i7) = 27, ee = —i7 and w(+#7) = +7. Also, 
if A= 1+ i2 then w(z) = (1 +%2)?/z and hence w(1 + i2) = 1+ i2, w(— [1+ 72]) = —[1+4 72] and 
w(#¢ [1 + i2]) = =i [1 + 22]. 

6. Show that bilinear transformations map circles onto circles (where both “circles” include lines as a 
special case). 
Answer: We note first that the reciprocal transformation, i.e. w(z) = 1/z, maps circles onto circles 
(see parts d and e of Problem 4 of § 6.2; also see Problem 6 of § 6.2). This is also true for the linear 
transformation (see Problem 1 of § 6.2). Now, the bilinear transformation can be written as: 


aztb az+%#+b-%  S(cz+d) + b ag aera d)  b-G _a bee 


c Cc 


= = = =-—+ 
cze+d cze+d cz+d cz+d czet+d ec czt+d 


w(z) = 


As we see, the transformation in the last equation is a composition of three transformations: 

e wi(z) = cz +d which is a linear transformation and hence it maps circles onto circles. 

© wo(wi) = mn which is a reciprocal transformation and hence it maps circles onto circles. 

e w3(w2) = $+ ( = ad) wz which is a linear transformation and hence it maps circles onto circles. 
Accordingly, the overall transformation [i.e. the composition w3(w2(wi(z))) of the three transforma- 
tions W1, W2, Ws] should also map circles onto circles because no one of these three transformations 
changes the geometric nature (i.e. being circle) of the transformed object. 

Note: as indicated in the question, “circles” include straight lines as a special case (i.e. straight lines 
are circles of infinite radius). This means that bilinear transformations map straight lines onto straight 
lines and circles and map circles onto straight lines and circles (see Problem 6 of § 6.2 noting that the 
reciprocal transformation is an instance of the bilinear transformation). We should also note that in 
the above equation we assume c # 0 (noting that if c = 0 then w is a linear transformation and hence 
it also maps circles onto circles). 
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7. Find the images of the following objects under the given bilinear transformations: 


Z—2 
z+5* 


(a) The circle x? + y? — 2x = 0 under the transformation w = 


(b) The straight line y — 3a — 2 = 0 under the transformation w = 3+.. 
(c) The upper half of the origin-centered unit circle under the transformation w = moat 
Answer: 
(a) On solving w = = for z we get z = #42 and hence: 
g+y—-I%we = 0 
zz*-—2Rez = 0 
(e*) (=) (ee sae =, 
l-w 1—w* l—w 1—w* 
(5w+2)(5w* +2) (5w+2)(1—w*)+(5w*+2)(1-w) _ 0 
@—w)—w") @—w (Aw) 
(5w + 2) (5w* + 2) — (5w + 2) (1— w*) — (5w* +2)(1-—w) = 0 
35ww* +7w+7w* = 0 
5ww*+wtw* = 0 
5u? +507 +2u = 0 
fe i et ae WP es 
5 25 2 
TN Ss 1 
(« + =) +u5 = 5 
Hence, the image is a w circle with center (—1/5,0) and radius 1/5. 
(b) On solving w = 5%, for z we get z = 5“) and hence: 
y—-3%-2 = 0 
Imz—3Rez—2 = 0 
Ace at (5 | wy-2 = 0 
72 \2Q2Qw—-1  2w*-1 2\2w-1 2w*-1 
( Tw Tw* ) i3( Tw | Tw* ) ae 
2w—-1 22w*-—1 2w—-1 22w*—-1 
Tw (2w* —1)—7w* (2W—1)  .2lw (2w* — 1) + 21w* (2wW—1) 14(2w — 1) (2w* — 1) 
(Qw — 1) (Qw* — 1) 2 (Qw — 1) Qu* — 1) Gute. 
Tw (2w* — 1) — Tw* (2Qw — 1) — 121w (2w* — 1) — i21w* (2w — 1) — 14 (Qu — 1) (2u*-1) = 0 
—i100ww* + i29w + 129w* —7Tw+T7w*—-i4 = 0 
100ww* — 29w — 29w* —i7w+i7w* +4 = 0 
100u? + 100v? — 58u+140 = —4 
w+ v? ae er — ae 
50 50 25 
DON es fat ENS 49 
(« =n) (c am) ~ {000 


Hence, the image is a w circle with center (29/100, —7/100) and radius 7/1000. 
(c) The upper half of the origin-centered unit circle is given by x? + y? = 1 (where —1 < x < 1 and 


0<y<1). On solving w = oo for z we get z = 2 and hence: 


3— iw 
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€ — iw : mie 
w w 

(3 —iw)(3+iw*) = wu" 
9+ wu* —3w+i3w* = wu" 

Bw —i3w* = 9 

w—w* 

- ( i2 ) ei 

—6v = 9 
v = -1.5 


Now, if we note that w(—1) = —1.5—71.5 and w(1) = 1.5—i1.5 we can conclude that the image is the 
straight line segment v = —1.5 between u = —1.5 and u = 1.5. 

. Show that if z,, z2, z3 are three arbitrary points in the z plane and wy, wo, w3 are three arbitrary points 
in the w plane then there is a bilinear transformation that maps z; on w; (j = 1, 2,3). 

Answer: We note that the following bilinear transformation: 


(z — 21) (22 — 2s) 


a (z — 23)(z2 — 21) 


maps Zz; on 0, z2 on 1, and z3 on co. Similarly, the following bilinear transformation: 


(w — wy1)(we — ws) 
(w — w3)(w2 — w1) 


Bo (w) => 


maps w, on 0, w2 on 1, and w3 on oo. So, if we use B, to get from 21, 22, z3 to 0, 1,00 and then we use 
the inverse of Bz to get from 0,1,00 to wi, w2,w3 then we mapped 2}, 22, 23 On W1,W2,w3. In other 
words, the required bilinear transformation B is the composition of B, and the inverse of Bz, that is: 


B(z) = By* o By(z) 


Note: we remind the reader that each bilinear transformation has an inverse which is also bilinear 
(see Problem 2) and hence the inverse of By does exist and it is bilinear. Moreover, the composition of 
two bilinear transformations is a bilinear transformation (see Problem 4) and hence B is bilinear (as 
required). 

. Re-solve Problem 5 using the result of Problem 8. 

Answer: 

(a) Let 0,1,2 be 21, 22, z3 and -i8, He oo be w1, w2, w3. Now, since in Problem 8 both B, and Bp 
map their three points (i.e. 21, z2, 23 for By and wi, we, w3 for Bz) onto 0, 1,00 then as far as the three 
points are concerned we can write Bo(w1, w2,w3) = By(2, 22, 23), that is:|?78) 


(w +78) (42-958) _ e001 

@—S8)(HE+q) ~ G=90-0 
weit 20-1) (4h) 
w— 8 ~ (2-4) (48 s=i8) 
w+i3 _ 20-1) /3 i 
w— &8 (z—-1) € 5) 


[278] Tn fact, this argument may not be sufficiently rigorous but it is rather intuitive. Moreover, it avoids the use of the “cross 


ratio” which we do not want to go through its details. 
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w+ik  —z(1 2) 
6-13 5 
WwW zZ-4 
iat as i wires Fob 6-3 | 6 +212 
2 2 7 5 ! 5 
— zt+05 
4z—2 


(b) If we repeat our argument in part (a) then we have: 


(w —4)(-i +1) (z—i)(4-1) 
(w + 1)(—i — 2) = D(a) 


WD... ete) 
aa week,’ 
Zw—-iz—-wti = izw—-w—iz—1 
zwtizw = -l1-1 
-l-i 1 
= 304) 2 


(c) If we repeat our argument in part (a) then we have: 


( _ (-A)(-A-B) 
(w+ B)\(-A-—A (z — B)(-A-— A) 
(w- A)(-A+ B)(z-B) = (2—A)(-A-B)w+B) 
—A?w— Bewt+2Bwz = —B*z— A2z+2A°B 
—A?wt+ A2wt+2Buwz = A®z—A2z+2A?B (A? = —B’) 
A2 
w= — 
Zz 
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Conformal transformation is a mapping (ie. from the z plane to the w plane) that locally preserves 
angles (i.e. between transformed curves) in size and sense.!?79!_ As we will see, for a transformation to be 
conformal at a given point in the complex plane the transformation function w = f(z) must be single- 
valued and analytic at that point, and the derivative of the transformation function dw/dz should not 
vanish at that point.28°l In this context, a point at which the derivative vanishes is commonly known as 
a critical point (i.e. of the transformation function). For example, w = 2? has a critical point at z = 0 
because dw/dz = 2z = 0 at that point, while w = e* has no critical point because dw/dz = e* # 0 at any 
point (i.e. in the finite complex plane). 

An obvious example of conformal transformation is linear transformations (see § 6.1) because what 
they do is to scale, rotate and translate geometric objects (e.g. triangles or squares or circles) in the 
complex plane and hence they obviously preserve their angles in size and sense because they do not affect 
the general shape of the transformed objects or subject them to reflections that affect the sense of their 
angles. Also, from a formal viewpoint their transformation functions (which are of the form w = az +b 


[279] Angles between straight lines are obvious while angles between curves mean angles between their tangents at the point 
of intersection. We should also note that “preserve angles” is also described as “isogonal”. 

[280] Tn fact, some authors define conformal as: f is conformal at zo if f is analytic and has non-vanishing derivative at zo 
(noting that being single-valued my be considered as an implicit condition for being analytic; see footnote [32] on page 
17). It is noteworthy that being analytic should also exclude infinite derivative and hence the derivative at the point of 
conformality should be finite (i.e. neither zero nor infinite). 
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with a 4 0) are single-valued and analytic over the entire complex plane and their derivative (which is 
equal to a) does not vanish at any point and hence they are conformal over the entire complex plane. A 
less obvious example is the quadratic transformation w = 2? which is single-valued and analytic over the 
entire complex plane and its derivative (which is equal to 2z) does not vanish except at z = 0 and hence 
it is conformal over the entire complex plane excluding the origin. 


Problems 


1. List some of the characteristics of the conformal transformation. 
Answer: For example: 
e Conformal transformation can be linear or non-linear. 
e Being conformal is a local property and hence a transformation can be conformal at a given point 
but non-conformal at another point. In other words, we cannot describe a transformation as conformal 
or not without reference to a point or region in the complex plane.|?8!! 
e Because conformal transformation preserves angles, it rotates the tangent vectors of the transformed 
object at the point of conformality by the same amount (including sense). 
e As we will see, the derivative of a conformal function (representing a conformal transformation) at 
a given point zo is a specific (finite) complex number a and hence it represents scaling and rotation 
of all the tangent vectors of the transformed object at that point by the same amount independent of 
the direction of approach to zo. However, a is local (i.e. it generally depends on the location in the 
complex plane) and hence we can write a = a(z). In fact, this is another aspect of locality, i.e. the 
conformality itself is local (and hence a given transformation may be conformal at one location and 
non-conformal at another location) and the “conformality factor” a is also local (and hence a at one 
location is generally different from a at another location). 
e Conformal transformation preserves the continuity of lines, i.e. it transforms continuous line to 
continuous line. 
e Conformal transformation preserves the analyticity of functions, i.e. it transforms analytic function 
to analytic function. 
e Each conformal transformation has an inverse which is also conformal. 

2. Show that analytic functions (as representing transformations) are conformal at their non-critical 
points. 
Answer: Let have a ¢-parameterized curve C in the z plane represented by z(t), and let f be an 
analytic function defined over a region (in the z plane) that contains C. Now, if zo = zo(to) is a 
non-critical point of f on C then from the chain rule (noting that f is analytic over C’) we have: 


df (z df dz 
aa aie : FE loca, ~ fF (0) x (to) ea) 


where the prime means d/dz and the overdot means d/dt. It should be obvious that FAO) 
wy 

represents the tangent vector to the image of C at the image of zp (i.e. in the w plane), and (to) 
represents the tangent vector to C at zo (i-e. in the z plane), while f’(zo) is the value of the derivative 
of f at z.!?821 Now, since zp is a non-critical point of f on C' and because an analytic function (like 
f) possesses a definite non-zero derivative at its non-critical points then f’(zq) is a given (non-zero) 
complex number and hence it represents a rotation by a specific angle (as well as a scaling by a specific 
scalar factor).!?83] In brief, Eq. 224 means that the tangent vector of the image of C' at the image of 
zo is a scaled and rotated version of the tangent vector of C' at zo (where the scaling and rotation are 
specified by the modulus and argument of f’ which depends on zg but not on the direction of approach 
to zo). This means that the function f (as a transformation) rotates the tangent vector Z(to) of C at 
zq by a specific angle (which is the argument of f’). Now, if we note that C is arbitrary (i.e. it can 


[281] Tn fact, we do this but relying on certain understandings and contexts. 

[282] For clarity and convenience we are applying the concepts and terminology of vectors to complex numbers (see § 1.1 and 
§ 1.3; also see Problem 1 of § 1.8.5). 

[283] Since any given (non-zero) complex number has definite modulus and definite argument (considering principal value or 
polar form), it represents specific scaling and specific rotation. 
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represent any curve passing through 2p in any direction) then we can conclude that the function f (as 

representing a transformation) will rotate the tangents of all curves that pass through zo by the same 

angle and hence the transformation f locally preserves angles at 2 (i.e. it is conformal at 2). 

Note 1: from the above answer we can see that f(z) is (locally) conformal iff f scales and rotates 

all the tangent vectors of its source (i.e. locally) by the same amount, i.e. f(z) = poe’? with po and 

4) being specific real numbers that solely depend on zo. We can also see that the property of analytic 

functions that makes them conformal at their non-critical points is that they preserve angles (as well 

as scale factors) independent of the direction of approach to these points. We should finally note that 
the restriction of the derivative to be finite (i.e. neither zero nor infinite) should be justified by the 
fact that if the derivative is non-finite then scaling and rotation are not defined. 

Note 2: noting that the modulus of the derivative f’ of an analytic function f(z) at a non-critical 
point zg determines the scaling (up or down) of the tangent at zo under the mapping by f, the value 
of |f’| may be called the dilatation ratio if |f’| > 1 and the contraction ratio if |f’| < 1. Also, noting 
that the argument of f’ determines the rotation of the tangent (of any curve passing through zo) under 
the mapping by f, the magnitude of the argument indicates the amount of the rotation while its sign 
indicates the sense of rotation. 

3. Determine if and where the transformations represented by the following functions are conformal or not: 


(a) w(z) = 22-1. (b) w(z)= 4+ (240). (c) w(z) =24+2% (#0). 
(d) w(z) =e’. (e) w(z) = 2*. (f) w(z) = Iz]. 
Answer: 


(a) w is a polynomial function and hence it is single-valued and analytic over the entire (finite) complex 
plane, moreover it has only one critical point at z = 0 and hence it is conformal over the entire complex 
plane excluding the origin. 

(b) w is a reciprocal function and hence it is single-valued and analytic over the entire complex plane 
excluding the origin (since it is not defined there), moreover it has no critical point over its domain 
and hence it is conformal over the entire complex plane excluding the origin. 

(c) w is single-valued and analytic over the entire complex plane excluding the origin (since it is not 


defined there), moreover ae = -3 + 2z which leads to oe = 0 at the three critical points: z = 1, 
zZ=-5 +i and z= —}-— ig (see part b of Problem 1 of § 1.8.11). Hence, w is conformal over the 


entire complex plane excluding the origin and the three critical points. 
(d) w is an exponential function and hence it is single-valued and analytic over the entire complex 
plane, moreover it has no critical point since dw = e* # 0 at any point and hence it is conformal over 
the entire complex plane. 
(e) w is not analytic at any point in the complex plane (see part d of Problem 7 of § 3.1) and hence it 
is not conformal at all. In fact, this should be obvious from the geometric nature of conjugation since 
it reflects vectors across the real axis (see § 1.8.8 and part a of Problem 2 of § 6.2) and hence although 
it preserves the size of the angles between tangent vectors it reverses the sense of rotation and hence 
it is not conformal (according to the above definition of conformal). 
(f) w is not analytic at any point in the complex plane (see part g of Problem 7 of § 3.1) and hence it is 
not conformal at all. In fact, this should be obvious from the geometric nature of taking the modulus 
since it effectively rotates a vector by the negative of its argument (see part c of Problem 2 of § 6.2) 
and hence it does not preserve the angles. 

4. Show that the bilinear transformation is conformal.?*41 


Answer: The bilinear transformation is given by w(z) = 8 where ad—be # 0 (see Eq. 220). Hence: 


dw a(cz+d)—c(az+b) acz+ad—acz—be ad—be 
dz (cz + d)? (cz + d)? (cz + d)? 7 eran”) 


Accordingly (see Problem 2), the bilinear transformation is conformal over the entire complex plane 


[284] As we noted earlier, conformality is a local property and hence when we describe a certain transformation as conformal 
or not without specifying a point or a curve or a region we mean in general although the transformation may not be so 
at a few points. 
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because w has no critical point due to the condition ad—bc 4 0. However, we should exclude the point 
z = —d/c because w is not defined there due to the condition cz + d 4 0. 
Note: If we notice that c and d cannot be both zero (due to the condition ad — bc £ 0) then we have 
three cases: 
ec =0 and d ¥ 0 and hence the transformation is conformal over the entire (finite) complex plane 
(since w is linear and —d/c = oo). 
ec #0 and d=0 and hence the transformation is conformal over the entire complex plane excluding 
the point z = 0 (since —d/c = 0). 
ec#0 and d¢0 and hence the transformation is conformal over the entire complex plane excluding 
the point z = —d/c. 

5. Show that the transformation w(z) = z* maps the grid of vertical and horizontal lines in the z plane 
onto a grid of mutually orthogonal parabolas in the w plane. 
Answer:?*5| The transformation w(z) = 2? is single-valued and analytic over the entire (finite) 
complex plane, moreover it has only one critical point at z = 0 and hence it is conformal over the 
entire complex plane excluding the origin. Moreover, we have: 


2 


w(z) =utiv = 27 = (a? — y?) + idzy 


ie. u = 2? —y? and v = 2zry. Now, the vertical lines in the z plane are given by x = a (with a 


representing real constants) and hence u = a? — y? and v = 2ay which can be combined to obtain 


u=a?— as which represents parabolas (symmetrical about the real axis) that open to the left. 


Similarly, the horizontal lines in the z plane are given by y = b (with b representing real constants) 


and hence u = x? — b? and v = 2bx which can be combined to obtain u = a — b? which represents 


parabolas (symmetrical about the real axis) that open to the right. Now, since the grid of vertical and 
horizontal lines are mutually orthogonal and because w is conformal (i.e. it preserves angles during 
transformation) then the images (i.e. the parabolas that open to the left and those that open to the 
right) are mutually orthogonal (i.e. at their intersection points which correspond to the intersection 
points of the grid). 

6. Show that if u(x, y) and v(x,y) are harmonic conjugates and zo is a non-critical point of f = u + iv 
then the level curves u(x, y) = C; and v(x,y) = C2 (where C, and Cy are real constants) at zp are 
orthogonal. |?86 

Answer: From the definition of harmonic conjugates as the real and imaginary parts of an analytic 
function f (see § 3.4), f is analytic and hence at zo (which is a non-critical point) f is conformal (see 
Problem 2). Now, the level curve u(x, y) = C; will be mapped by f to Ci +iv which is a vertical line in 
the w plane. Similarly, the level curve u(x, y) = C2 will be mapped by f to u+iC2 which is a horizontal 
line in the w plane. Accordingly, the images of the level curves u(x, y) = C, and vu(x,y) = C2 are 
orthogonal in the w plane. Now, since f is conformal at zo it should preserve the angles during the 
transformation and hence the angle between the source curves [which are the level curves u(x, y) = C1 
and v(x,y) = C2] should be preserved during this transformation, i.e. the level curves u(x,y) = Cj 
and u(x, y) = C2 at z are orthogonal (since their images are orthogonal). 

Note: a rather simpler proof may be constructed by using the result of Problem 18 of § 3.1 (ie. Vu 

and Vv are orthogonal at any point in the domain of f) in conjunction with the fact that Vu and Vu 


[285] The reader is referred to part (a) of Problem 4 of 6.2. 

[286] A level curve of a function g(x,y) can be defined as a cross section of the graph of g(x,y) at a constant value C, 
i.e. g(x,y) = C. Accordingly, the level curves u(x, y) = Cy and v(x, y) = C2 can be seen as curves representing the 
(constant) values of u and v in a third dimension to the z plane (as in the 3D xyz space with this z representing the 
third dimension of the space and not the complex number) where the values of u and v are represented on the third axis 
(i.e. the “z” axis). So, we can imagine u(x, y) as a surface plot S; cut by a plane P; parallel to the ry plane at level 
C1 (which is the value of u at zo) and hence the level curve u(x, y) = Ci is the intersection of S; and P,. Similarly, we 
can imagine v(x, y) as a surface plot Sz cut by a plane P2 parallel to the xy plane at level C2 (which is the value of v 
at zo) and hence the level curve v(x, y) = C2 is the intersection of Sz and P2. We should finally note that although the 
level curves (according to this visualization) generally do not intersect (since C1 # C2 in general) we can still describe 
them as orthogonal (considering for example their projection on the xy plane which in fact is what is meant here). 
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are orthogonal to their corresponding level curves and hence if Vu and Vv are orthogonal (i.e. at a 
given point) then the level curves should also be orthogonal (i.e. at that point). 


6.5 Schwarz-Christoffel Transformation 


This is a type of conformal transformation in which the interior of a simple polygon in the complex plane 
is mapped onto the entire upper half of the complex plane while the border of the polygon is mapped onto 
the entire real axis.?871 It should be remarked that the meaning of “polygon” in this context is extended 
to include the so-called “open polygon” where some of the polygon vertices is at infinity and hence such 
a “polygon” is not like the conventional (or closed) polygon. For example, the semi-infinite strip which 
is bordered on the left by the line x = —1 and on the right by the line x = +1 while its base is the real 
axis (i.e. y = 0) is an “open triangle” since it has two actual vertices on the real line (i.e. at 2 = —1 and 
at « = +1) and one virtual vertex at infinity. Accordingly, such open polygons are generally treated like 
closed polygons with regard to this transformation. 
To find a suitable Schwarz-Christoffel transformation for a given polygon we need to solve the following 
differential equation: 
= =C w= uO + (= tig Or (225) 


which leads to the following integral: 
2S € f wo wy (Ww — tn) Or! dw (226) 


where C' is a complex constant, u,,--- ,Un are the images on the w real axis of the actual vertices of 
the polygon and 6;,--- ,@, are the internal angles of the polygon at the actual vertices. As indicated by 
“actual vertices”, virtual vertices are not counted or considered in this formulation. We should also note 
that u1,--- ,Un are determined by choice and hence there is no unique Schwarz-Christoffel transformation 
for a given polygon. Yes, if ui1,---,Un are given in the statement of the required transformation then 
the transformation is fixed. Some examples of the application of this integral to find suitable Schwarz- 
Christoffel transformations will be given in Problem 3. 

However, before we go through the Problems of this section, we draw the attention of the reader to the 
following remarks: 
e Schwarz-Christoffel transformation may be defined by the reverse mapping, i.e. mapping of the upper 
half-plane onto the interior of a polygon and the real axis onto the border (noting that since a Schwarz- 
Christoffel transformation is conformal it should have an inverse which is also conformal; see Problem 1 
of § 6.4). 
e We are interested here only in open polygons due to the relative complexity of the mathematics of closed 
polygons and hence the formulation and explanation in this section are based on this case. 
e When we describe a given type of transformation (such as bilinear or Schwarz-Christoffel) as conformal 
we mean “in general” although it may not be (and usually is not) conformal at some points (notably the 
vertices in the case of Schwarz-Christoffel). 


Problems 


1. Extract from the definition of Schwarz-Christoffel transformation some practical criteria that should 
be satisfied by any transformation of this type. 
Answer: We can say: 
e The image of the boundary of the polygon must be real while the image of its interior must be 
non-real with a positive imaginary part. 
e Tracking the boundary anticlockwise in a single complete circuit from the start point to the end 
point should generate (continuously) the entire w real axis u from —oo (corresponding to the start 
point) to +oo (corresponding to the end point). This should ensure that the interior of the polygon is 
mapped onto the entire upper half of the complex plane. 


[287] “Simple polygon” means a polygon that does not contain holes or intersect itself. 
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As we will see, all the Schwarz-Christoffel transformations that we investigate in the following Problems 
satisfy these criteria (as can be revealed by a simple inspection to the functions that represent these 
transformations). 

2. Determine the images (in the w plane) of the following polygons (in the z plane) under the given 
transformations w = f(z) and hence determine the nature of these transformations (ie. if they are 
Schwarz-Christoffel transformations or not): 

(a) The semi-infinite strip (which is an “open triangle”) bordered on the left by the line = —1 
(co > y > 0), bordered on the bottom by the line y = 0 (—1 < x < 1) and bordered on the right by 
the line « = 1 (0 < y < ov) under the transformation w = sin (=). 

(b) The infinite strip (which is an “open rhombus”) bordered on the top by the line y = 1 (wo > a > 
—oo) and on the bottom by the line y = —1 (—oo < x < 00) under the transformation w = ie™*/?. 
Answer: 

(a) From Eq 138 we have: 


w = sin (=) = sin (= +i) = sin cosh + icos sinh 


Accordingly: 
e The line = —1 (co > y > 0) is mapped onto: 


w=utiv=sin — cosh 2 + i cos — sinh “4 = — cosh 7% (co > y > 0) 
2 2 2 2 2 
where the point at +oo (in the z imaginary direction) is mapped onto the point at —oo on the w real 
axis while the point at x = —1 on the z real axis is mapped onto the point at u = —1 on the w real 
axis. In other words, as we track the line x = —1 (co > y > 0) up > down in the z plane we generate 
its image in the w plane on the real axis v = 0 (—co < u < —1) left > right. 
e The line y = 0 (—1 < x < 1) is mapped onto: 


w=ut+iv=sin 5 cosh 0 + i cos 5 sinh 0 = sin (-l<a<1) 


where the point at « = —1 on the z real axis is mapped onto the point at u = —1 on the w real axis 
while the point at x = 1 on the z real axis is mapped onto the point at uw = 1 on the w real axis. In 
other words, as we track the line y = 0 (—1 < x < 1) left — right in the z plane we generate its image 
in the w plane on the real axis v = 0 (—1 < u < 1) left —> right. 
e The line = 1 (0 < y < ov) is mapped onto: 

w=utiv=sin— cosh +icos~ sinh ~4 = cosh (0<y<o) 

2 2 2 2 2 

where the point at « = 1 on the z real axis is mapped onto the point at wu = 1 on the w real axis while 
the point at +-co (in the z imaginary direction) is mapped onto the point at +00 on the w real axis. 
In other words, as we track the line x = 1 (0 < y < co) down -—> up in the z plane we generate its 
image in the w plane on the real axis v = 0 (1 < u < co) left — right. 
So in brief, as we rotate around this “open triangle” anticlockwise (in a single complete circuit starting 
from the point at +oo in the z imaginary direction on the line « = —1 and ending on the point at +00 
in the z imaginary direction on the line x = 1) we generate the entire w real axis u (moving from the 
left of u at —oo to the right of u at +00). 
Finally, we need to determine where the interior of the semi-strip (or open triangle) is mapped, i.e. 
whether it is mapped onto the upper half of the w plane or onto the lower half. It is obvious that as we 
rotate around this open triangle anticlockwise the interior of this triangle is on our left hand side while 
we correspondingly move on its image from left to right (i.e. on the w real axis u) where the upper 
half of the w plane is on our left hand side. Therefore, the interior of this open triangle is mapped 
onto the upper half of the w plane. This is supported by the fact that the point z = i (which is inside 
this open triangle) is mapped by this transformation onto the point w = sin & = isinh 5 (which is 
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inside the upper half of the w plane). 

As we see, in this transformation the interior of a polygon (i.e. the open triangle) in the z complex 

plane is mapped onto the entire upper half of the w complex plane while its border is mapped onto 

the entire w real axis u (with the actual vertices at z; = —1 and z. = 1 being mapped respectively 

onto w; = —1 and w2 = 1) and hence by definition it is a Schwarz-Christoffel transformation. We also 

see that this transformation is conformal (noting that w is entire) except at the vertices z = —1 and 
dw 


z = 1 where the derivative of w [i-e. a 5 COS (%)] vanishes. 
(b) We note first that: 


w = ieT@!/? = eit /2et2/2 — eF(244) — Cp FTE — oF cos ny z +ie® sin sea u 
Hence, we have: 
e The semi-line y = 1 (00 > x > 0) is mapped onto: 
w=ut+iv=e? cost+ie? sinnm =—e? (co > & > 0) 


where the point at +o (in the z real direction) is mapped onto the point at —oo on the w real axis 
while the point at z = 7 (corresponding to « = 0) on the z imaginary axis is mapped onto the point 
at u = —1 on the w real axis. In other words, as we track the semi-line y = 1 (00 > x > 0) right > 
left in the z plane we generate its image in the w plane on the real axis v = 0 (—oo < u< —1) left > 
right. 
e The semi-line y = 1 (0 > x > —oo) is mapped onto: 

w=ut+iv=e? cost+ie? sinnm =—e? (0 >a > —oo) 
where the point at z = i (corresponding to « = 0) on the z imaginary axis is mapped onto the point at 
u = —1 on the w real axis while the point at —oo (in the z real direction) is mapped onto the point at 
u = 0 on the w real axis. In other words, as we track the semi-line y = 1 (0 > x > —oo) right — left 
in the z plane we generate its image in the w plane on the real axis v = 0 (—1 < u < 0) left > right. 
e The semi-line y = —1 (—co < x < 0) is mapped onto: 


w=utiv=e7 cos0O+ie? sin0=e? (—oo < 4 <0) 

where the point at —oo (in the z real direction) is mapped onto the point at u = 0 on the w real axis 
while the point at z = —i (corresponding to x = 0) on the z imaginary axis is mapped onto the point 
at u = 1 on the w real axis. In other words, as we track the semi-line y = —1 (—oco < x < 0) left > 
right in the z plane we generate its image in the w plane on the real axis v = 0 (0 < u < 1) left > 
right. 


e The semi-line y = —1 (0 < x < oo) is mapped onto: 


w=utiv=e7 cos0O+ie? sin0=e7 (0< 4 <o) 

where the point at z = —i (corresponding to x = 0) on the z imaginary axis is mapped onto the point 
at u = 1 on the w real axis while the point at oo (in the z real direction) is mapped onto the point at 
oo on the w real axis. In other words, as we track the semi-line y = —1 (0 < x < oo) left > right in 
the z plane we generate its image in the w plane on the real axis v = 0 (1 < u < ov) left > right. 

So in brief, as we rotate around this “open rhombus” anticlockwise (in a single complete circuit starting 
from the point at +oo in the z real direction on the line y = 1 and ending on the point at +oo in the 
z real direction on the line y = —1) we generate the entire w real axis u (moving from the left of u at 
—oco to the right of u at +00). 

Finally, we need to determine where the interior of the infinite strip (or open rhombus) is mapped, 
i.e. whether it is mapped onto the upper half of the w plane or onto the lower half. It is obvious that 


as we rotate around this open rhombus anticlockwise the interior of this rhombus is on our left hand 
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side while we correspondingly move on its image from left to right (i.e. on the w real axis u) where 
the upper half of the w plane is on our left hand side. Therefore, the interior of this open rhombus is 
mapped onto the upper half of the w plane. This is supported by the fact that the point z = 0 (which 
is inside this open rhombus) is mapped by this transformation onto the point w = i (which is inside 
the upper half of the w plane). 
As we see, in this transformation the interior of a polygon (i.e. the open rhombus) in the z complex 
plane is mapped onto the entire upper half of the w complex plane while its border is mapped onto 
the entire w real axis u (with the actual vertices at z1 = i and z2 = —i being mapped respectively 
onto w; = —1 and w2 = 1) and hence by definition it is a Schwarz-Christoffel transformation. We also 
see that this transformation is conformal (noting that w is entire) with no critical points because the 
derivative of w fie. 42 = e**/?] does not vanish at all (ie. within the finite complex plane). 
Note: detailed inspection of the functions representing the transformations of both parts of this 
Problem should reveal that these transformations satisfy the practical (and rather formal) criteria of 
Schwarz-Christoffel transformation that were given in Problem 1. 

3. Find (with verification) the Schwarz-Christoffel transformations for the following polygons (with the 
required mapping of their actual vertices): 
(a) The semi-infinite strip (i.e. open triangle) bordered on the bottom by the line y = 0 (—oo < x < 0), 
bordered on the right by the line « = 0 (0 < y < 1) and bordered on the top by the line y = 1 
(0 > a > —oo) where the actual vertices at z; = 0 and z2 =7% are mapped (respectively) onto w; = —1 
and w2 = 1. 
(b) The infinite sector (i.e. open quadrilateral) bordered on the left by the line x = 0 (co > y > 0) 
and on the bottom by the line y = 0 (0 < x < oo) where the actual vertices at 21 = i, z2 = 0 and 
23 = 1 are mapped (respectively) onto w; = —1, wz = 0 and ws; = 1. 
Answer: 
(a) We have u; = —1 and ug = 1 and 6; = 62 = 7/2. Hence, from Eq. 226 we get: 


z= 6 f (wm) wun) dw = 6 f w+)? w— 10" dw 


dw = C; arcsin w + C2 


lI 
Q 
ie 


1 d a | 1 
day = ee iret 
Vw2—1 : V1—w? 

: : (32) 
that is w = sin 


Now, to determine the complex constants C, and C2 we use our information about the mapping of the 
actual vertices, that is: 


z.=0 = Cyarcsinw, + Cg = C; arcsin(—1) + C2 


zg=t = Cyarcsinw2 + Cp = C,arcsin(+1) + Co 


On subtracting the first equation from the second equation we get i = C{ [arcsin(1) — arcsin(—1)] and 
hence C; = i/7. On substituting this value of C; into one of these equations we get Cp = 1/2. Hence, 
the required Schwarz-Christoffel transformation is (see Problems 2 and 5 of § 2.3): 


— (4/2 27z— 1 
w = sin (2) = sin (7*) = sin (—inz - =) = sin(—imz) cos 5 — cos(—imz) sin 
= —cos(—irz) = —cos(inz) = —cosh(7z) 


Verification: the criteria of Problem 1 are satisfied by this transformation (as can be easily verified 
by inspecting w closely). In brief, according to this transformation we have: 

e The image of the boundary of the polygon is real because: on the line y = 0 (—oo < a < 0) we have 
w = —cosh(r2) which is real, on the line = 0 (0 < y < 1) we have w = —cosh(iry) = — cos(y) 
which is real, and on the line y = 1 (0 > x > —oo) we have w = — cosh(ma + im) = —cosh(rx) cosa — 
isinh(7ax) sin = cosh(72) which is real. 
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e The image of the interior region of the polygon is non-real with a positive imaginary part because on 
this region we have —oo < x < Oand 0 < y < land hence w = — cosh(ra+imy) = — cosh(rx) cos ty— 
isinh(7ax) sinay = —cosh(rx) cos my + isinh(z |x|) sinzy which is obviously non-real with a positive 
imaginary part (considering its domain). 

e Tracking the boundary anticlockwise in a single complete circuit generates the entire w real axis u 
(as will be briefed in the following points by inspecting the mapping of the start and end points as 
well as the vertices). 

e The point at « = —oo on the z real axis is mapped onto the point at u = —oo on the w real axis 
because w = — cosh(—oo) = —oo./788 

e The point z1 = 0 is mapped onto the point w; = —1 on the w real axis because w = — cosh(0) = —1. 
e The point z2 = 7 is mapped onto the point w2 = 1 on the w real axis because w = —cosh(i7) = 
—cos7 = 1. 

e The point at —oo on the line y = 1 is mapped onto the point at wu = co on the w real axis because 
w = —cosh(—oo + im) = — cosh(—oo) cos a — isinh(—oo) sina = cosh(—oo) = oo. 

So, as we rotate anticlockwise around this open triangle (in a single complete circuit starting from 
x = —oo on the z real axis and ending on the point at —oo on the line y = 1) we track the entire 
w real axis u from —oo to +00 where the upper half of the w plane is on our left hand side (like the 
interior of this open triangle during our rotation) and hence the interior of the polygon is mapped onto 
the entire upper half of the complex plane.!?8°! Thus, the interior of the polygon is mapped onto the 
entire upper half of the complex plane while its border is mapped onto the entire real axis (in accord 
with the above definition and criteria of Schwarz-Christoffel transformation). Moreover, the actual 
vertices at 21, 22 are mapped onto wy, w2 (as required). Hence, this is the required Schwarz-Christoffel 


transformation. 
(b) We note first that this infinite sector is no more than the first quadrant of the z plane (including 
its boundary). Now, we have u; = —1, ug = 0 and ug = 1 and 6; = 63 = 7 and 62 = 7/2. Hence, from 


Eq. 226 we get: 
zZ = c| (w — uy (w — tig (w — ise ae 


a (w 0) /9-1 (w— oo ts 


I 
XQ 
een 
© 
+ 


¢ fw dw = Cw? +. Ce 


2 
that is w= (22) 


Now, to determine the complex constants C and C2 we use our information about the mapping of the 
actual vertices, that is: 


4, = 1 = Cywi!? + Cy = Ci (iy a ta C2 = Cyi + Cy 
te=l = Cyw? + C2 =O, (417 4+Q=0, 46 


On subtracting the first equation from the second equation we get 1 —7 = Ci(1—7) and hence C; = 1. 
On substituting this value of C; into one of these equations we get C2 = 0. Hence, the required 
Schwarz-Christoffel transformation is: 

w=z 


[288] We note that oo here and in similar equations and expressions means very big number. The purpose of this lax use of 
this symbol is to ease the notation and explanation. 

[289] The mapping of the interior of the polygon onto the upper half of the complex plane (rather than the lower half) is also 
supported by the fact that the point z = —0.5 + 10.5 (which is inside this polygon) is mapped by this transformation 
onto the point w ~ 12.3013 (which is inside the upper half of the w plane). This is inline with what we verified formally 
earlier that the image of the interior region is non-real with a positive imaginary part. 
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which is obviously consistent with the mapping of the actual vertex at z2 = 0 onto wa = 0. 
Verification: the criteria of Problem 1 are satisfied by this transformation (as can be easily verified 
by inspecting w closely). In brief, according to this transformation we have: 

e The image of the boundary of the polygon is real because: on the line x = 0 (co > y > 0) we have 
w = (iy)? = —y? which is real, and on the line y = 0 (0 < x < 0) we have w = x? which is real. 

e The image of the interior region of the polygon is non-real with a positive imaginary part because 
on this region we have 0 < x < oo and 0 < y < w and hence w = (2? — y”) + i2xy which is obviously 
non-real with a positive imaginary part (considering its domain). 

e Tracking the boundary anticlockwise in a single complete circuit generates the entire w real axis u 
(as will be briefed in the following points by inspecting the mapping of the start and end points as 
well as the vertices). 


e The point at y = oo on the z imaginary axis is mapped onto the point at u = —oo on the w real axis 
because w = (io)? = —oo. 
e The point z; = 7 is mapped onto the point w; = —1 on the w real axis because w = i? = —1. 


e The point z2 = 0 is mapped onto the point wz = 0 on the w real axis because w = 0? = 0. 

e The point z3 = 1 is mapped onto the point w3 = 1 on the w real axis because w = 1? = 1. 

e The point at x = oo on the z real axis is mapped onto the point at u = oo on the w real axis because 
w = 00% = oo. 

So, as we rotate anticlockwise around this open quadrilateral (in a single complete circuit starting from 
y = oo on the z imaginary axis and ending on x = co on the z real axis) we track the entire w real axis 
u from —co to +00 where the upper half of the w plane is on our left hand side (like the interior of this 
open quadrilateral during our rotation) and hence the interior of the polygon is mapped onto the entire 
upper half of the complex plane.?9°! Thus, the interior of the quadrilateral is mapped onto the entire 
upper half of the complex plane while its border is mapped onto the entire real axis (in accord with 
the above definition and criteria of Schwarz-Christoffel transformation). Moreover, the actual vertices 
at 21, 22,23 are mapped onto w}, We, w3 (as required). Hence, this is the required Schwarz-Christoffel 
transformation. 


[290] The mapping of the interior of the polygon onto the upper half of the complex plane (rather than the lower half) is also 
supported by the fact that the point z = 1+ 7% (which is inside this polygon) is mapped by this transformation onto the 
point w = i2 (which is inside the upper half of the w plane). This is inline with what we verified formally earlier that 
the image of the interior region is non-real with a positive imaginary part. 


Chapter 7 
Applications Of Complex Analysis 


In this chapter we present a few (of the many) applications of complex analysis in mathematics. Our 
original plan was to investigate similar applications in physics and engineering (as well as investigating 
more applications in mathematics) but we abandoned this plan due to restrictions on the size of the book. 


7.1 Algebra 


There are many applications for the theorems and techniques of complex analysis in algebra. In the 
following Problems we present a few simple examples of these applications. 


Problems 


1. According to the fundamental theorem of algebra, an n*” degree polynomial complex function P,,(z) = 
reo az" (n > 0, an 4 0) has exactly n complex roots.?°4! Outline a proof for this theorem using 
Liouville’s theorem (see § 4.5). 

Answer: Let assume that the polynomial P,,(z) has no root (i.e. it does not vanish at any value of z 
and hence it has no zero). Accordingly, its reciprocal 1/P,, must be an entire function. This is because 
the polynomial is an entire function (see Problem 4 of § 3.1) and hence its reciprocal must be analytic 
over the entire complex plane except at the zeros of the polynomial (which are the singularities of 
the reciprocal) and these zeros supposedly do not exist. The reciprocal must also be bounded (i.e. 
over the extended complex plane). This is because the polynomial blows up at infinity (only) and 
hence its reciprocal should be zero there!?9?!_ which means that the reciprocal is bounded in the entire 
extended complex plane (noting that the polynomial supposedly has no zero and hence its reciprocal 
does not blow up at any point in the complex plane). So in brief, 1/P,, is entire and bounded. Hence, 
by Liouville’s theorem 1/P,, should be a constant and this means that P,, itself is a constant which 
contradicts the fact that P,, is an n‘” degree polynomial (n > 0). Therefore, P,, must have at least one 
root (say z = 21) and hence it can be factorized (using for example the method of long division) as 
P, = (2-21) Py_1. By repeating the above argument on P,,; we also conclude that it should have at 
least one root (say z = z2) and hence it can be factorized as P,_1 = (z — 22) Py_2. So, by applying the 
above argument n times we conclude that P,, can be factorized as P, = (z — 21)(z — 22)-+: (2 — Zn) Po 
(where Po = ay is a constant) and hence P,, has exactly n roots, as required. 

Note: “exactly n roots” means it has no more and no less than n roots although some of these roots 
can be repetitive. Also, “complex roots” in the above statement means they are complex in general 
(although not necessarily strictly complex since some or all could be real or/and imaginary) noting 
that this can be seen as a reference to the domain of the polynomial (i.e. it has n roots within the 
complex domain). 

2. As a consequence of the fundamental theorem of algebra (see Problem 1), an n‘” degree polynomial 
can be factorized as: 

P,(Z) = an(z — 21) (2 — 22)-++ (2 — Zn) 


where 21, 22,°*: , Zn are its roots. Use this fact to factorize the following polynomials accordingly: 


[291] This theorem is also commonly stated as: every non-constant polynomial has at least one complex root. Anyway, the 
above statement is just a direct consequence of this (as we will see next). 
[292] This may be expressed more formally as: 


1 1 
ae) 


lim) z|-400 |Pn| ie) 


lim 


|z|-%00 | Pra 
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(a) 24 + i227 —5. (b) 423 — 112? + 20z — 13. 

Answer: 

(a) This is a quartic polynomial and hence from the fundamental theorem of algebra it must have four 
roots. To factorize this polynomial we use first the quadratic formula (with a = 1, b = i2 and c = —5) 


to obtain solutions for z?, that is: 


2 2+ 4+ 20 W+4 


Now, if 22 = 2—i ~ V5e—%0-4636 then (see Eq. 70): 


so 51/4 ,i(—0.4636-+2nm) /2 (n = 0, 1) 


ie. 21 ~ 1.4553 — 10.3436 and zo ~ —1.4553 + 70.3436. 
Similarly, if 2? = 2-42 VS5e7!2-6779 then: 


ae 51/4 ¢t(—2.6779+2n7) /2 (n = 0, 1) 


Le. zg © 0.3436 — 71.4553 and z4 ~ —0.3436 + 71.4553. 
Hence, the polynomial should be factorized as: 


4 $122? —5 © (z— 1.4553 + 10.3436) (z + 1.4553 — 10.3436) (z — 0.3436 + 1.4553) (z + 0.3436 — 11.4553) 


Note: to be more brief and accurate, we have: z] = V2-—1, zg = -V2-—i, zg = /—-2-—1 and 
24 = —V—2—i7 and hence: 


go +4227 —5 = (2 -— V2 D(z +V2-1)(z2-V—-2 -De4+v-2-4) 


(b) This is a cubic polynomial and hence from the fundamental theorem of algebra it must have three 
roots. By inspection, we can see that z = 1 is a root and hence (z — 1) is a factor. Thus, by long 
division we get: 


1 
42° — 112? +202 —13 = (z— 1) (42? — 72+ 13) = 4(2-1) (2 - r, + 2) 


So, all we need to do now is to factorize z? — tz + 3 which can be done by using the quadratic formula, 


hat is: 
a me (7/4) + (49/16) —13 _ (7/4) + 159/16 _ 7+ i159 


2 2 8 
Hence, the polynomial should be factorized as: 


iI Sti 
423 — 112? + 202 - 13 = 4(z-1) (- mn *) (- = =) 


3. Verify the following statements: 
(a) The zeros of (non-zero) analytic function are isolated. 
(b) If f(z) and g(z) are analytic functions on a region R in the z plane, and f = g on a connected set 
S inside R then f = g on the entire R.1?9I 
(c) An entire function that is periodic on the real line (with a given period) is periodic on the entire 
complex plane and has the same period. 


[293] This statement may be called the identity theorem. We should also note that we used the (rather non-rigorous) term 
“connected set” as opposite to “isolated point” to avoid going through the technicalities of “accumulation point” which 
may complicate the understanding. Examples of connected set include 1D curve and 2D sub-region such as disk (and 
can be extended even to countably infinite number of points). In fact, we ignored in the statements of this Problem 
and the answer many details to avoid unwanted complications and expansions. 
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Answer: 

(a) In more technical terms, this statement means that if f(z) is a (non-zero) analytic function on a 
given region R in the z plane and 2 is a point inside R such that f(z ) = 0 then there is a deleted 
neighborhood of zp in which f(z) 4 0. This means that if f vanishes on a connected set inside R then 
f is identically zero on R. So, if f(zq) = 0 then either f is identically zero or f is zero at separate 
points. 

Now, since f is analytic then it should have a Taylor series (see § 5.1) at zp that converges to f within 
a disk |z — zo| < p, that is: 


F(z) = SO an(z — 20)” = S0 angm(z — 20)" = (2 — 20)” D2 antm(2 — 20)" = (2 — 20)4(z) 
n=m n=0 n=0 


where m > 0 because f(zo) = 0 = ao. Noting that other a,,’s (e.g. a, and az) can also be zero, let 
m be the lowest integer for which am, 4 0. Also, noting that ¢(z) is a sum of power terms,?%4! it is 
obviously analytic on |z — z9| < p and hence it is continuous there (see part a of Problem 7 of § 1.9). 
Moreover, $(29) = @m # 0. So, from the continuity plus the fact that 6(z9) = a» we can conclude that 
there is a disk |z — zo| < € (0 < € < p) such that for all z inside this disk we have |¢(z) — am| < |am| /2. 
Also, from the fact that $(zo) = @m # 0 we can conclude that ¢(z) cannot be zero inside the ¢-disk 
because otherwise we have |0 — am| = |@m| < |@m| /2 which is nonsensical. Now, from the last equality 
of the above equation we can conclude that f(z) = 0 inside the ¢-disk only if (z — zo)” = 0 and this 
can occur only at z = zg. This means that inside the e-disk f(z) = 0 only at z = zp and hence 2g is 
necessarily an isolated zero. 
(b) Since f and g are analytic over R, their difference f — g is analytic over R. Now, f — g is zero on 
S (which is not an isolated point) and hence from the result of part (a) we conclude that f — g is zero 
over R, ie. f =g over R. 
(c) Let f(z) be such a function. Since f is periodic on the real line then there is a real constant C 
(i.e. the period) such that f(z+C) = f(z) and hence f(z +C)— f(z) = 0 on the real line. Therefore, 
from the result of part (b) (noting that the real line is a connected set and f is entire) we conclude 
that f(z + C) — f(z) =0 over the entire complex plane, i.e. f(z +C) = f(z) over the entire complex 
plane which means that f is periodic on the entire complex plane and has the same period. 
Note: the result of part (c) confirms our previous result about the periodicity of the trigonometric 
cosine and sine functions (see Problem 15 of § 2.3) because these functions (which are entire) are 
periodic on the real line with a period of 27 and hence they should be periodic on the complex plane 
with the same period. We should also note that the statement of part (c) also applies to any line or 
curve similar to the real line such as the imaginary line. For example, in Problem 18 of § 2.2 we found 
that e* is periodic with a period of i27 which can be easily concluded from our result here (applied to 
the imaginary line) because e* (which is entire) is periodic on the imaginary line with a period of i2m 
(since e**?27 = e*%e!2™ = e* cos2m + ie* sin2m = e*) and hence it should be periodic on the complex 
plane with the same period. A similar example is coshz and sinh z which are periodic (as well as 
entire) with a period of 127 (see Problem 16 of § 2.3). In fact, the statement of part (c) is rather 
weak (based on our needs and objectives); otherwise we can make a similar (but stronger) statement 
in which we lift or modify some of the restrictions in the above statement. 

4. Discuss the implication of the result of part (b) of Problem 3. 
Answer: This result (with some modification and generalization) should lead to (or at least suggest) 
what is called analytic continuation where a function f; of a given domain of definition D, coincides 
(in value) with a function fo of a larger domain of definition Dz over a connected set (e.g. a curve of 
finite length) and hence the two functions should be identical over the larger domain which means the 
extension of the validity of f, over the larger domain (which is the domain of f2). For example, let 
fi be an analytic function defined by a closed algebraic form or a series or an integral over the origin- 
centered unit disk D; and let fo be an analytic function defined by a (different) closed algebraic form or 
a series or an integral over the origin-centered disk of radius 2 Dz and the two functions (despite their 


[294] As remarked in § 5.1, the power series reo Gn(Z — 20) is an analytic function (in itself) inside its disk of convergence. 
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different forms) are identical in value over the real interval 0 < x < 0.5. Accordingly, we can conclude 
that f; and fo are identical (i.e. they are essentially representing the same function in different forms) 
over not only D; but even over Dz which means that we extended the validity of f; to the entire Do, 
ie. fi is analytically continued in validity beyond Dj to include the entire Dg. In fact, this analytic 
continuation can be of more than one side (where each form extends the validity of the other form to 
its non-common part and hence both forms will be extended to the union of their domains) and may 
involve more than two functions (or rather forms), which make analytic continuation more powerful 
and useful. 

5. Show that the singularities of rational functions are isolated. 
Answer: The singularities of a rational function are the zeros of its denominator which is a non- 
constant polynomial (see Problem 7 of § 2.1). Hence, by the result of part (a) of Problem 3 the 
singularities must be isolated. 

6. Show that the sum of the n n“” roots (n > 1) of 1 is zero, and hence show that the sum of the n n‘ 
roots of any (non-zero) complex number is zero. 
Answer: The n n‘” roots of 1 are the solutions (or roots) of the equation 2” = 1, ie. 2” -—1=0. 
So, if the n n*” roots of 1 are z1,--- , 2, and we factorize the latter equation (see Problem 1) then we 
have: 


h 


2” —1L=(z-2)--:(z- zn) 


On multiplying the factors on the right hand side of this equation we can see that the sum of the 
roots (i.e. 21 +++-+ 2%) is equal to minus the coefficient of z”~!. Now, if we compare the coefficients 
on the two sides (noting that there is no 2"~! term on the left hand side and hence its coefficient is 
zero) we can conclude that the coefficient of z”~! on the right hand side is equal to zero and hence 
21 +---+2, =0, ie. the sum of the n n‘” roots of 1 is zero. 

Now, the n n*” roots of any (non-zero) complex number can be obtained from the n n*” roots of 1 by 
multiplying the roots of 1 by a modulus factor r!/” and an argument factor e’°/” (see Problem 8 of 
§ 1.8.11). Since these factors are common to all the n‘” roots (and hence they can be taken out as a 
common factor for the sum) then the sum of the n n“” roots of any complex number is also zero, i.e. 


phd m eile yi pee pp Meloy, alltel (yg, butt zn) =0 


7.2 Geometry and Trigonometry 


The versatility and flexibility of complex analysis make it ideal for establishing many geometric and 
trigonometric results and identities. In this section we present a few examples of the use of the techniques of 
complex numbers and analysis in Euclidean geometry and trigonometry (including some hyperbolic).|?9° 


Problems 
1. Prove the law of cosines using the techniques of complex numbers. 
Answer:!?°l Referring to Figure 34, we have: 


oad _ |z2 = 


(z2 — 21) (22 — 21)" 

(z2 — 21) (23 — 21) 

= 2925 — 2125 — zi 224-2121 
= jail’ +|z2l” — (2fz2 + 2128) 


= lz)? ag zo? _ (ele |z2| +4 |z1| lz2| e~% ) 


I 


[295] We should note that in § 1.8.10 we outlined the method of using De Moivre’s formula to obtain trigonometric expressions 
which is one of the applications of complex numbers and analysis in trigonometry (see Problem 4 of § 1.8.10). 

[296] As indicated by the question, this Problem (and its alike) is based on the algebra of complex numbers (rather than 
complex analysis). 
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= |z|? + [z9|? — zr] |z0 Ra + tig) 


lea|? + |zol? — Jza| [zo Cae 4 et) 


I 


= ail? + |zal? — |zil zal (2c08(62 — 61)) 


where in the last line we used the definition of cosine (see Eq. 131). Now, if we note that |z1| = a, |z2| = 
b, (2 — 01) = 6 then the last equation is no more than the law of cosines, i.e. c? = a? + b? — 2abcos 0. 
Note: Pythagoras theorem is a special case for the law of cosines (corresponding to 6 = 7/2) and hence 
the above proof is also a proof for Pythagoras theorem (by the techniques of complex numbers)./297] 


Figure 34: Graphic illustration of the setting of the law of cosines. See Problem 1 of § 7.2. 


2. Prove the following trigonometric and hyperbolic identities using the techniques of complex numbers: 


iowa sh ae _ 1, sn Gey [298] 
(a) 1+ cos@ + cos20+---+cosné = 5+ 579 (0 <0 < 2n). 
2 
603 2 S665 CRED? 
2 
c) cos* # = 4 (cos 30 + 3cos 6). 1799 


( 
(c) 
(d) cosh’ « = + (cosh 3x + 3coshz). 
(e) sinh* « = 3 (cosh 4a — 4 cosh 2 + 3). 
(f) sin* 0 = % (cos 40 — 4cos 20 + 3). 
Answer: 
(a) First, if S=1+2+22+---+2" then S— 2S = S(1— z) =1- 2"! and hence: 
J— gti 
ee a ee ares (z #1) (227) 


[2971 In fact, some of the above formulations may rest on Pythagoras theorem and hence it may not be a valid proof for 
Pythagoras theorem due to circularity. 

[298] This is known as Lagrange’s trigonometric identity. 

[299] Although @ here and in part f (as well as x in parts d and e) may suggest to be real, it is more general. The use of 


these symbols is because they are usually used in identities like these and hence their form is more familiar with these 
symbols. 
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Now, if z = e”” (with 0 < 6 < 2m since z 4 1) then from Eq. 227 we have: 


1 — ei(n+ne 
1 — ei(n+1e 
ei9/2 (en = er /2) 
1 — et(ntije 


—10/2 [4 _ pi(n+1)0 
2 fe [1 e ] 


1+ ci 4 ci20 4... 4 gind 


Rana) 
2sin 5 
e719/2 a eil(n+3)0 

= 4 


2sin $ 
_[cos § — isin 3] — [cos(n + $)0 + isin(n + $)6] 
= i 
2sin § 
_[cos § — cos(n + $)6] — i [sin § + sin(n + 4)6] 
= i 
2sin § 
i [cos  — cos(n + $)6] + [sin § + sin(n + $)6] 
= ; 7 
2sin 5 
sin$+sin(n+4)0 cos $—cos(n+ $)0 
= +O U 6 
2sin 5 2sin 5 
1 sin Cnte cos £ — cos Cnt? 
= | —; (228) 
2 2sin 5 2sin 5 
We also have: 
1+ ef 4 ef 4...4 ein? = [1 + cos @ + cos 20 +--+ +cosn6] + i[siné + sin20+---+sinn6] (229) 


On comparing the real parts of Eqs. 228 and 229 we get the required identity. 
(b) This identity can be obtained from comparing the imaginary parts of Eqs. 228 and 229. 
(c) From Eq. 131 we have: 


ee cif 4 e-i0\ 8 630 4 Zei2 et 4 Zei% e120 4 6-130 9130 4 3019 4 Ze-i0 + 9 i38 
7 a = 8 7 8 
1 / 230 4 e130 10 , ,-i0 1 
= i(: > sage = ) = 7 (cos30 + 3cos 8) 


(d) From the result of part (c) with ix replacing 0 we have: 


3. 1 ; 
cosiz = 7 (cos i34 + 3 cos ix) 
1 
cosh? a = 7 (cosh 3x + 3 cosh x) 


where in line 2 we used cos(iz) = cosh z (see Problem 5 of § 2.3). 
(e) From Eq. 133 we have: 


sinhtz = 


= 4 & = = = 
e& —e* ett 7 Ade®%e cy 6e2%e 22 Ae“e 3a +e Aa 
16 
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eft =~ 4e2” +6— de 24 a e4t 1 eft +4 e7 4 e2t Ue e72e 
~ 16 7 : ee 


1 
= g (cosh 4x — 4cosh 2x + 3) 


(f) From the result of part (e) with i@ replacing x we have: 


1 
sinh*i9 = ; (cosh 140 — 4 cosh i20 + 3) 
1 
(isin@)* = 3 (cos 40 — 4 cos 20 + 3) 
1 
sint@ = 5 (cos 40 — 4 cos 20 + 3) 


where in line 2 we used sinh(iz) = isin z and cosh(iz) = cos z (see Problem 5 of § 2.3). 
3. Verify the following (where z is unity, ie. z = e’): 


1 1 
z” + — =2cosné and z” — — =12sinnd 
Ze Zi 


Answer: From the definition of cosine and sine functions (see Eq. 131) we have: 


1 7 : af ein? 4 eo ind 
Zee gM = iM 4 in? sO = cross 
Ze 2 
1 : : ein? _ ein fa, 
gm og gn pind _ pind _ 59 = i2sinné 
Zr 12 


7.3 Differential and Integral Calculus 


Complex analysis is “analysis” and hence it is essentially the differential and integral calculus of complex 
variables. However, complex analysis can be used even in the differential and integral calculus of real 
variables (i.e. real analysis) as we saw, for instance, in § 5.4 in the evaluation of difficult definite real 
integrals by using the residue theorem. In the Problems of the present section we present a sample of 
model problems of real calculus that can be solved by the techniques of complex analysis.°°! However, 
before going through these Problems we draw the attention to the following useful remarks: 

e Whenever complex analysis is used to solve a real-valued problem (e.g. evaluating a real improper 
integral) the result should obviously be real (because the problem is real) and hence if the result obtained 
by complex analysis techniques is not real (i.e. imaginary or complex) then it should be rejected without 
further ado, and this should be adopted as a first validity check. 

e Complex analysis techniques can offer a substantial help in solving difficult real-valued problems as the 
complex analysis techniques are generally more flexible and powerful (and may even be easier to apply) 
than the real analysis techniques. Accordingly, it is an advantage for those who work on real analysis 
problems to be (at least) aware of the availability of complex analysis techniques as an alternative for 
solving their problems (at least to double-check the results obtained by real analysis techniques). In 
fact, this awareness can even be a necessity to avoid some traps (especially for those who are addicted 
to using computer algebra systems to solve their problems)./°°!! To clarify my intention, I give a simple 


[309] Tf is noteworthy that these model problems (which are about integral calculus) represent different categories (noting that 
we generally explain the general method of tackling each category although we still rely on the ability of the reader to 
extract some details of the method from these examples). In fact, there are many categories and cases to be considered 
but due to limitations on space and scope we will investigate only some of these. We also note that similar Problems 
(about using complex analysis techniques in differential and integral calculus) have been given earlier (see for example 
§ 5.4). 

[301] As a general advice, the use of computer algebra systems (at least in their current state of development) should always 
be associated with caution and double-check as the results can be misleading and even wrong. It should be understood 
that computer algebra systems (especially for solving difficult problems) are not a substitute for proper mathematical 
knowledge and skills (although they undeniably can offer a substantial help). Hence, only those with sufficient knowledge, 
experience and skills should rely in their work on these systems. 
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example (noting that there are many other examples from my own personal experience as well as from 
the experiences of others). Let have an improper real integral that has only Cauchy principal value (see 
Problem 3) and we used a computer algebra software to evaluate this integral. If the software uses real 
analysis techniques (which is very common) the evaluation will fail and we conclude (wrongly) that the 
integral is divergent (regardless of being in the real sense or in a more general sense). However, if we are 
aware of the complex analysis techniques for solving real improper integrals (as will be explained in the 
following Problems) then we can obtain a value for this integral and avoid this error. 


Problems 


1. Evaluate the following real indefinite integrals (where x, a,b € R): 

(a) f e%” cos(ba) dx. (b) f e% sin(ba) da. 

Answer: This Problem represents the category of real indefinite integrals involving exponential and 
trigonometric functions. Instead of using the (rather messy) method of integration by parts we can 
exploit the (complex) relation between the exponential and trigonometric functions. Accordingly, the 
above integrals are (correspondingly) the real and imaginary parts of the integral [ e(at+ib)@ da and 
hence we can integrate [ e(2+%b)© da (which is straightforward) and then take the real and imaginary 
parts of the result (noting that the real/imaginary part of the result corresponds to the integral of the 
real/imaginary part of the integrand), that is: 


if [e** cos(ba) + ie™” sin(bz)| dx = oe ae 


ax bx) d. ; ak sin(be) d ene 
Je cos(bx) r+ife sin(ba) dx = Aa 
ax . ax o: a—ib ax a - ax os . 
e*” cos(bx) dx +7 | e* sin(br) dx = PER le cos(bx) + ie sin(be)| +C, + iC 
ax b b aX ay b 
lee cos(bx) dx +if em sin(bx) dx = gee otha) 7 Cote} +Cy 
a2 + b2 
_ | ae*” sin(bx) — be*” cos(ba) 
t | a2 + b2 + Co 


where the real part of the last equation is the solution of part (a) of this Problem while the imaginary 
part of the last equation is the solution of part (b) of this Problem. As we see, the above method did 
not only make the calculations easier (due to the ease of integrating exponential functions) but it also 
reduced the amount of work because instead of calculating two (real) integrals we calculated just one 
(complex) integral. 

2. Evaluate the following real definite integrals: 


(a) [." zor (0,a€Rand0<a<1).  (b) fo” 57-28", dO (0,a,b € Rand 0 <a<b). 


1+a?—2acos@ 2ab cos @—a? —b? 

Answer: This Problem represents the category of real definite integrals involving trigonometric func- 
tions in the above rational-like form. This type of integrals can be seen as a contour integral over 
the origin-centered unit circle C which is represented by z = e’” and hence dz = ie’®d@ = izdO (i.e. 
d@ = —idz/z). We can then use the results of Problem 3 of § 7.2 to express the trigonometric functions 
in terms of z” and z~”. Alternatively, we can use the definition of trigonometric functions (as given 
by Eqs. 131 and 132) directly as we did in Problem 9 of § 5.4. We then obtain a contour integral over 
C in terms of z where the value of this (complex) integral is equal to the value of the original (real) 
integral. Hence, by evaluating this complex integral by the techniques of complex analysis we obtain 
the value of the original integral. 


(a) From Problem 3 of § 7.2 we have cos @ = +4 On substituting from this equation (as well as the 
above equations) into the integral we get: 


ie dO , 1 ~ide\ _ 5 ff dz 
—————— — =1 
9 lL+a?—2acosé co l+a?-—a(z+27") z c az? —(14+a?)z+a 
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= ib aa ne 


As we see, inside C the integrand of the integral I has only one (simple) pole at zo = a (noting that 
1/a is outside C since a < 1). Therefore, from Eq. 202 we get: 


I =127a_, 


where a_, is the residue of the integrand corresponding to its Laurent series expansion around Zo. 
Now, from Eq. 204 we have: 


tae Fear = (6 maar a} ~ Ee | . 7 


On combining the above equations we get: 


27 ; 

dé 2 —2 2 

| ee ey THES ita) =i ( et )- = . 
0 


1+ a? — 2acos0@ a2 —1 a—1 1—@ 


b) From Problem 3 of § 7.2 we have cos@ — 2+2— and cos20 = =+2—~. On substituting from these 
2 2 g 
equations (as well as the above equations) into the integral we get: 


i. cos 20 ec f (27 + 277) /2 —idz\ | = 27+] - 
9  2abcos6 — a? — b? Jo ab(z + z—1) — a? — BP z ab czt—(¢4+ 4) 8422 


-i 2+] -i 
safe PE= Ga) oe 


a 


As we see, inside C' the integrand of the integral J has a (double) pole at z; = 0 and a (simple) pole 
at z2 = a/b (noting that b/a is outside C since a < b). Therefore, from Eq. 203 we get: 


[=i2t (,a_4 + 2a_1) 


where ,a_; and 2a_, are the residues of the integrand corresponding to its Laurent series expansion 
around z, and z2 respectively. Now, from Eq. 205 we have: 


Ly ae 15 | oy —_ c 0S Ses \ = lim tee s}| 
ewan pAEu ed eed -* az 


i 1 Git ( ) z+ i z+ at +04 
a = 1m z = hm = 
ats 2+¢ | (1—1)! del b/ 22 (z— 4) (z— 4) z>¢ | 22(z—4)|  a3b— abi 
On combining the above equations we get: 
20 : . . 4 4 
cos 20 —4 —t —4 ab a* +b 
d@ = ~—I==—|i2 2 -iy}/= 12 
i 2ab cos — a2 — Sah aap = 5, [ n(3+2+o5 a) 
27a 
azb2 — b4 


3. Discuss briefly the term “Cauchy principal value” which is used extensively in complex analysis in 
the context of evaluating improper real integrals by complex analysis methods (like the calculus of 
residues). 


7.3 
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Answer: The value of the improper integrals obtained by the complex analysis methods (as will be 
explained in the following Problems) is called Cauchy principal value (and may be symbolized by 
acronyms like PV or P.V. or CPV). In fact, this term may be restricted to the value of the improper 
integrals (as obtained by these techniques) when they are not defined otherwise (noting that the term 
may also be used in other similar meanings although the general concept is essentially the same). 
Anyway, when the improper integrals are defined otherwise (i.e. their value can be obtained by 
techniques other than complex analysis) then their Cauchy principal value should be identical to the 
value obtained by the other techniques (such as by calculus or by numerical integration). So in brief, 
Cauchy principal value is no more than the value of the integral (according to the definition of the 
“value of an integral”) although it may be the only way for evaluating the integral (i.e. we have 
Cauchy principal value but not “ordinary value”). Accordingly, Cauchy principal value can be seen as 
an extension to the standard definition of the “value of an integral” (as given in calculus) where its 
legitimacy in the cases where no “ordinary value” exists is based on its agreement with the “ordinary 
value” in the cases where both values exist. In fact, this can be seen as another example of the 
superiority of complex analysis over real analysis where some problems can be solved only by the 
former (e.g. improper integrals that have only Cauchy principal value). It may also lend support to 
the proposal that complex analysis is an extension to real analysis since concepts like the “value of an 
integral” are extended and generalized by complex analysis. 

Note: Cauchy principal value may be defined within real analysis (i.e. independent of any reference 
to any complex analysis concept or technique). For example, the real improper integral ne aie (with 
a < b <c) is divergent (since the integrand has a singularity at b inside the interval of integration) 
and hence it cannot be evaluated as it is. However, we may evaluate this integral by the following 
manipulation (with 6 being a positive infinitesimal number): 


eg b—6 c d bo e 
/ ~ = lim i ae | *_) = lim [ mje — 6) + [In |e — 0] 
a c—b 5-0 é xa—b big C—O 530 a b+6 
ca ‘| 


- m (Ind In|a — b] + In|c— bf Ind) = lim (—Inja— | +Inje-b| ) =n = 


li 
6-0 


This value (which is well defined within real analysis) may be called in real analysis “Cauchy principal 
value” without reference to any concept or technique of complex analysis. 
Evaluate the following real improper integrals (of two infinite limits): 


Opole ae (b) I, = [7S aby de. 

Answer: This Problem represents the category of real rational improper integrals whose both limits 
are infinite (with some conditions and restrictions on this category that will be explained in the 
following).°?! In this type of integrals we can replace the real variable (i.e. a in the above examples) 
by the complex variable z and hence we get a complex-like integral whose (real) limits should be 
modified to make it fully-fledged complex integral whose value is equal to the value of the original 
(real) integral. Now, if the integrand of the complex-like integral is analytic over the upper half of 
the complex plane!?°%! except at a few poles none of which is on the real axis and the integral of this 
integrand over an origin-centered semi-circle in the upper half tends to zero as the radius R of the 
semi-circle tends to infinity!°4l then a suitable contour C' that can replace the (real) limits of the 
original integral will be the combination of this semi-circle C’; plus the line segment C’;, on the real axis 


302 


303 


304 


It should be noted that we assume these improper integrals to be convergent according to the known criteria (as 
investigated and determined in the literature of real analysis). Anyway, all the improper integrals that we investigate 
in this book meet these criteria (and hence there should be no worry about this condition). 

The lower half of the complex plane may be used instead in this argument and formulation (as will be indicated later). 
However, in some cases a specific half must be used (or at least it is advantageous). In general, the selection of the 
contour and in which part of the plane it should be must be determined according to an informed and wise choice and 
this depends on the nature of the problem. 

The above condition (i.e. the integral tends to zero as R tends to infinity) may be expressed more technically as: the 
maximum of |f| times R on the semi-circle tends to zero as R tends to infinity (with f being the integrand). The 
condition may also be given (more practically) by demanding the order of the denominator of f to be at least two 


7.3 Differential and Integral Calculus 290 


between —R and R. This contour is illustrated in Figure 35. Now, the fully-fledged complex integral 
over C' is the sum of the complex integral over C', and the complex integral over C;.. So, if we extend 
R to infinity (noting that the value of the integral over C is independent of the value of R as long as 
C encloses the poles in the upper half) the complex integral over C’, vanishes and hence the complex 
integral over C becomes equal to the complex integral over C;.. Also, as we extend R to infinity C,. 
will become the entire real axis (i.e. from —oo to +00) and hence the value of the complex integral 
over C’ (which can be obtained by the techniques of complex analysis) becomes equal to the value of 
the original (real) integral. So in brief, as R — co the value of the complex integral over C’ will be 
equal to the value of the complex integral over C’. and this latter value is the same as the value of the 
original (real) integral. The logic and procedure of this method of evaluating this type of integrals will 
be clarified further in the following. 


= 


Figure 35: The (anticlockwise) contour C made of the union C, U C;,. where C, is the origin-centered 
semi-circle (in the upper half of the complex plane) of radius R and C,. is the line segment on the real 
axis between —R and R. The contour C encloses two poles (s; and sg) none of which is on the real axis. 
See Problem 4 of § 7.3. 


(a) The integrand of the complex-like integral ove wer dz has two double poles at 21,2 = +1, ice. 


the zeros of (22 +1)? = [(z —i)(z +i)? = (z — i)?(z + i)2. Only one of these poles (ie. z, = 4) is in 
the upper half of the z plane and none of the poles is on the real axis. So, if C’ is the curve described 
above with R > 1 then C encloses the pole at z; and hence we can consider the (fully-fledged) complex 
integral: [8051 


2? 22 2? 
: tarp : $ wap : f @ ape err 


where Ic (on the left) can be evaluated by the techniques of complex analysis (i.e. the calculus of 
residues as we will do). Now, if R goes to infinity then C;. will become the entire real axis (i.e. from 


degrees higher than the order of its numerator (which may also be given as: z x f tends to zero as |z| tends to infinity; 
as well as other similar forms). 

[305] The orientation of C; is obvious and hence we use the integral symbol $c, although C;, is a straight line. Moreover, 
C, (as a part of C which is anticlockwise oriented) can be regarded as anticlockwise oriented. Anyway, we do not need 
distraction by such trivial issues. 
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—oo to +00) and hence the value of I¢,, becomes equal to the value of the original (real) integral Jo, 
that is: 
Ic, = Io 


Moreover, as R goes to infinity Ic, vanishes (see the upcoming note 1) and hence: 


On combining the last two equations we get I, = Ic. So, all we need to do to find the value of J, is 
to evaluate Ic using the techniques of complex analysis. 
Now, from Eq. 202 we have: 

Ico = w27a_1 
where a_, is the residue of the integrand of J¢ corresponding to its Laurent series expansion around 
i. This residue is obtained by Eq. 204, that is: 


a1 = lim E - 1D! i {( leeeay: } me E ter} 


2 tim | EE) : 


Zt 


On combining the above results we get: 


+00 2 : 
t : : a 7 
I. (@ +1)? dx — Io = Ico = 127a_1 = 127 (-3) = 


Note 1: the condition that Ic, — 0 as R — o is obviously satisfied according to the above-given 
criteria (see footnote [304] ). 

Note 2: the above method of solving the above integral can be generalized to all integrals of the form 
foe —_, du (a € R, a > 0), that is: 


—oo (x?2+a)? 


+00 72 1 +o a 1 +00 a&? 
[a eae al ey @+ip ves 


3/2 oo 2 +00 2 
-/ aoapt-zf @apt-a 

Oh coer (ES ad) Va Jaco (6? +1)? 2/a 
where we used € = x/,/a (and hence dx = ,/ad§) in the second equality and used the result that we 
already obtained for J, in the last equality. 
Note 3: if we use the lower half of the complex plane then the pole enclosed by the contour (i.e. 
C = C,UC, where C, now is the origin-centered semi-circle in the lower half of the complex plane) 
will be at —7 and the real axis will be tracked from +oo to —oo (assuming an anticlockwise sense) 
resulting in a minus sign and this should be accounted for by the change of the sign of the residue 
(which is positive in this case, ie. 1/4). Therefore, we should obtain the same result. 
(b) The integrand of the complex-like integral ie oy dz has six simple poles (ie. the zeros of 
28 +1) which are e'7/6, 37/6, ci57/6 i77/6 ¢i97/6 i117/6 (j.¢, the six 6” roots of —1).8°4 Only three 
of these poles (i.e. e'7/®, e#7/®, e*/6) are in the upper half of the z plane and none of the poles is on 
the real axis. So, if C' is the curve described above with R > 1 then C encloses these three poles and 
hence we can consider the (fully-fledged) complex integral: 


1 1 1 
C $a Zz baa z ba z=I¢,+Ic, 


[306] Within the range —1t <0 <7, the last three numbers are e157 /6 e237 /6 eit /6, 
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where Ic (on the left) can be evaluated by the techniques of complex analysis (i.e. the calculus of 
residues as we will do). Now, if R goes to infinity then C; will become the entire real axis (i.e. from 
—oo to +00) and hence the value of Ic, becomes equal to the value of the original (real) integral Jo, 
that is: 

Io, = Is 


Moreover, as R goes to infinity Ic, vanishes (see the upcoming note 1) and hence: 


On combining the last two equations we get I, = Ic. So, all we need to do to find the value of J, is 
to evaluate I¢ using the techniques of complex analysis. 
Now, from Eq. 203 we have: 

Ig = i2n (ya_1 + 2@_1 + 30-1) 


where |@_1,2@—1,3@_1 are the residues of the integrand of Ic corresponding to its Laurent series 
expansions around e!7/®, e#87/6, ¢57/6 respectively. These residues are obtained by Eq. 205, that is: 


; 1 di-1 ale 1 ee eit /6 e157 /6 
aa oyein/e re 1)! dzi-1 {(: r lan} TS eh | z64]1 | = 6 
; 1 d‘-} i3n/6 1 : Pe a 
aoe sel 5 = 1)! dzi-1 {( s a +1 ~ Fee 7 + 1 = 6 
1: di-1 1 —— edt /6 ea /6 
= : 151 /6 = ‘ = 
caine or F —1)! dzt-! {(é . a + i} rae | 4] 6 


On combining the above results we get: 


—idr/6 


roe e€ +.e°m/8 
in oa dx = Io = Io = 127 (14-14 + 24-1 + 3-1) = i207 ( 6 6 t 6 ) 


Note 1: the condition that Ic, + 0 as R — oo is obviously satisfied according to the above-given 
criteria (see footnote [304] ). 

Note 2: the above method of solving the above integral can be generalized to all integrals of the form 
[ts kde (a € R, a> 0), that is: 


—oco £8+a 
aor Si Lf if \ ey aca 
—— = dz = 1/6 
a stan ie (x/al/6)6 +1 ° a. e+" as 
7 se 1 ga al i 1 ge Qn 
aa @ Jaco £841 ~~ @5/6 og C8 $1 ~ 3q5/6 


where we used € = 2/¥/a (and hence dz = (/adé) in the second equality and used the result that we 
already obtained for J, in the last equality. 
Note 3: if we use the lower half of the complex plane then the poles enclosed by the contour (i.e. 
C = C,UC, where C, now is the origin-centered semi-circle in the lower half of the complex plane) 
will be at e~ 7/6, e—87/6 e-i7/6 and the real axis will be tracked from +00 to —oo (assuming an 
anticlockwise sense) resulting in a minus sign and this should be accounted for by the change of the 
sign of the sum of residues (which is positive in this case, i.e. i/3). Therefore, we should obtain the 
same result. 

5. Discuss briefly how to evaluate real improper integrals of only one infinite limit (assuming it is con- 
vergent). 
Answer: In many cases, this type of integrals is the same as that of Problem 4 but only one of the 
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limits of the integral is infinite (and hence we may be able to use the method of Problem 4). In fact, 
there are different cases some of which can be tackled by a similar method to that of Problem 4 while 
other cases require different treatment (e.g. by combining a number of methods and techniques based 
for instance on splitting the integral). Anyway, in this brief discussion we consider only one simple 
case in which the method of Problem 4 can be exploited. In brief, if one limit is infinite and the other 
limit is 0 while the integrand is symmetric with respect to the imaginary axis (i.e. the integrand is 
even) then in this case we can assume both limits to be infinite and evaluate that integral (as we did 
in Problem 4) and then use the symmetry to obtain the value of the original integral (which is half the 
value of the integral with two infinite limits). For example: 


[ 2 ' -[~ x ; -i/™ x2 ; _t 
oo (FFF fp TP OL, PET 4 


where we exploited the result of part (a) of Problem 4 (aided by the symmetry). Similarly: 


0 +oo +oo 
1 1 1 1 7 
| zae® i =e ad sf. maa 3 


where we exploited the result of part (b) of Problem 4 (aided by the symmetry). 
6. Evaluate the following real improper integrals: 


(a) Lo = JOS Gabe (bya a ae. 

Answer: This Problem represents the same type as that of Problem 4 but with some simple poles 
being on the real axis. Accordingly, the method of tackling this type is similar to the method of 
Problem 4 but with a slight modification by indenting C' with a tiny semi-circle(s) C, of radius p in 
the upper half of the complex plane around the pole(s) on the real axis to exclude that pole(s) only 
(i.e. without excluding any pole in the upper half). This is illustrated in Figure 36. Therefore, C 
now is the union C, UC; UC, and hence Ig = Io, + Ic, +Ic,. If we now extend RF to infinity and 
repeat the argument of Problem 4 then Jc¢, vanishes and we get I¢ = Ic, +Ic, (ie. Ic, = Ic —Ic,)- 
Moreover, if we make p infinitesimally tiny so that the diameter of the semi-circular arc (on the real 
axis) is negligibly small that it does not make any contribution to the range of the real integral I, then 
we get Ic, = I,. On combining these equations we get: 


I, =Io, = 10 — Ic, 


So, all we need to do to obtain J, is to evaluate Ic and Ic, and take their difference. Now, I¢ can be 
evaluated by the method of residues while Ic, can be evaluated by the result of Problem 10 of § 5.4. 
Noting that the sense of tracking C,, is clockwise and its angular measurement is 7 we have 0, = —7 
and hence: 

Ig =Ig- Ic, =Io- ia_16p = Io —-ita_1 (—7r) =I¢o+ina_1 (230) 


where we used Eq. 210 in the second equality (with a_, being the residue of the integrand corresponding 
to its Laurent series expansion around the simple pole on the real axis). The method can be easily 
extended when we have n simple poles on the real axis, that is: 


n n n n 
Ip =Io- ~ To, =Io —t > - na-19pk = Io 1 pa-1(—) = Io tim > pay (231) 
k=1 k=1 k=1 k=1 
where ,a_1 (k = 1,--- ,) are the residues of the integrand corresponding (respectively) to its Laurent 
series expansions around the simple poles s, (k = 1,--- ,m) on the real axis. The logic and procedure 


of this method of evaluating this type of integrals will be clarified further in the following.!8°7! 


(a) The integrand of the complex-like integral fee Gy has a simple pole on the real axis at 


[307] Tmproper integrals of this type but with only one infinite limit may be treated similarly in some cases (see Problem 5). 
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Figure 36: The (anticlockwise) contour C' made of the union C, UC, UC, where C, is the origin-centered 
semi-circle (in the upper half of the complex plane) of radius R, C, is the upper half of the tiny circle 
centered on the simple pole s3 on the real axis, and C, is the line segment on the real axis between —R 
and R (excluding the diameter of C,). The contour C' encloses two poles (s; and sz) none of which is on 
the real axis. See Problem 6 of § 7.3. 


z, = 1 as well as two double poles at z2,3 = +72 only one of which (i.e. z2 = 72) is in the upper half of 
the complex plane. So, if C’ is the curve described above with R > 2 then C' encloses the pole in the 
upper half at z2 and hence we can consider the (fully-fledged) complex integral:[°%! 


dz dz dz dz 
a = > eanese 7, eae): Pea (@— DG? +4 


= Ic,+Ic, + Ic, 


where C, is the semi-circle around z;. Now, if R goes to infinity and p (of C,) approaches zero then 
C, will become the entire real axis (i.e. from —oo to +00 noting that the diameter of C, becomes 
negligibly small) and hence the value of Ic, becomes equal to the value of the original (real) integral 
I, that is: 

Io, = I 


Moreover, as R goes to infinity Ic, vanishes (according to the given criteria; see footnote [304] on page 
289) and hence: 
Io = Ic, + Io, 


On combining the last two equations we get I, = Ic — Ic,. 
Now, from Eq. 202 we have: 
Ico = 127 2Q—]1 


[308] We note that Cy (as an independent curve) is a clockwise curve and hence we should use the integral symbol # in its 
integral. However, we use the integral symbol fo to avoid distraction. Anyway, we consider the orientation of C, in 
P 


the evaluation of its integral. We may also justify the symbol fo by the fact that Cp is part of C which is oriented 
p 
anticlockwise. This note also applies to other similar curves in the upcoming questions. 
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where 2a_, is the residue of the integrand of Ic corresponding to its Laurent series expansion around 
z2 = 12. This residue is obtained by Eq. 204, that is: 


d2-1 


20-1 Se [2—-D! de! % "! +42 sf | -eldz 1 @—-DE+2P 
— 874292) 16-8 
~ 22 |@—)(z2+2)3 800 
Hence: 


164413 | —13m — il6m 
800 =——st*«O 


Ig = 127 ga_, = 127 
We also have (see Eq. 230): 
Io, =-10 1a_1 


where ;a_ is the residue of the integrand corresponding to its Laurent series expansion around z; = 1 
(noting that the minus sign is because C, is clockwise). This residue is obtained by Eq. 204, that is: 


‘ 1 d‘-} 1 : 1 1 
10-1 = fin [aay aot (Decne | Eales as 
Hence: ; : 
Io =-iT 14-1, = ae = se 
7 25 400 
Therefore: 


Ig =Ic —Ic, = 


—132 — 71167 1167 _ 137 
400 400 400 


(b) The integrand of the complex-like integral Ve ~$2, has six simple poles (i.e. the zeros of z° — 1) 
which are 21,2,3,4,5,6 = 1, e°/3, e?"/3, —1, e#47/3, €*/3 (i.e. the six 6” roots of +1). Only two of 
these poles (i.e. e’7/°, e??7/3) are in the upper half of the z plane while two of these simple poles are 
on the real axis (i.e. +1). So, if C is the curve described above with R > 1 then C encloses the two 


poles in the upper half and hence we can consider the (fully-fledged) complex integral: 


dz dz dz dz dz 
Ic=P~ 37 = =To, +Toy tlm +t 
o- Pama faa a= ani poy n le ton ton + Ie, 


where Cy1,Cpa are the semi-circles around 21,24. Now, if R goes to infinity and p (of Cp1, Cpa) 
approaches zero then C;, will become the entire real axis (i.e. from —co to +co noting that the 
diameters of Cp1,C,4 become negligibly small) and hence the value of Ig, becomes equal to the value 
of the original (real) integral J,, that is: 


Ig, = Io 


Moreover, as R goes to infinity Ic, vanishes (according to the given criteria; see footnote [304] on page 
289) and hence: 
Io= Ic, + Kom + Ton4 
On combining the last two equations we get I, = I¢ — (Icey: + Tai): 
Now, from Eq. 203 we have: 
Ig = 127 (ga_1 + 30-1) 


where 2a_1,3@_, are the residues of the integrand of I¢ corresponding to its Laurent series expansions 


around 22, 23 (ie. e'7/3, 27/3) respectively. These residues are obtained by Eq. 205, that is: 
1 qi-1 ; 1 z—et/3 eit /3 
= li thee = ii = 
ee giscta 8 Fe — 1)! dzt! {( © es -1 \ yen | 26 —1 | 6 


[309] Within the range —7 <0 <7, the last two numbers are e 


49 er 
a T/3 @ in/3- 
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1 girl ie 2 — ei2n/3 ei2n/3 
a me la =)! dz {( amy (Ramet a er a Pla 
Hence: sli oa 
e’™ e TT T 

Iq = i2m (pa_4 + 30-1) = 72 ! = 

Cc = 12m (ga_1 + 30-1) ian ( 6 F ) FB 
We also have (see Eq. 231): 

Io,, + 1o,. = —im (1a_-1 + 4a_1) 


where ,a_1,4@_1 are the residues of the integrand corresponding to its Laurent series expansions 
around +1 respectively (noting that the minus sign is because Cp; and Cy, are clockwise). These 
residues are obtained by Eq. 205, that is: 


i 1 di-! 1) 1 i z—-1 eo 
a = im z = lim = 45 
ae z>+1 | (1-1)! dz!-1 z&—1 z>+1 | z6 —1 6 
i ore 1 zt+1 1 
gOS E =D! dz {( Eh) ee i} can E = q ~ 6 
Hence: 
: ; Pd 
Io, +1044 = —in (14-1 + 4a_1) = —in -=- Zz /= 
Pp Pp 6 6 
Therefore: : me 
Ty =Io — den +1e,4) = 0= 


v3 v3 


Note: similar to what we did in note 2 of part (b) of Problem 4, we can generalize the result obtained 
in this part of the present Problem to all integrals of the form ee 1_ dz (a CR, a > 0), that is: 


co £8—a 


i 1 T 
dz = 
_o w®-a J/3.a5/6 


7. Let f(z) be an analytic function in the upper half of the complex plane (except possibly at a finite 
number of poles in the upper half), and let the contour C, be as defined and illustrated earlier (see 
Figures 35 and 36). Also, assume that the maximum of |f| on C, tends to zero as R tends to infinity. 
Show that: 


Ig, 70 as Roo (1c.=¢ cf) 
Cs 


where a € R and a > 0. 

Answer: We note first that this theorem is called Jordan’s lemma and is commonly used in evaluating 
certain types of improper integrals (as we will see in Problem 8). We should also note that we have 
(see the upcoming note 2): 


: 20 T 
6 >sing>— (o<o<%) (232) 
T 2 
Now, on C, we have: 
e**| = en eet nant) — [eee eer = jeer | sae = fee = e eksin é 
Therefore: 


Io, 


= if e' f dz 
Cs 


<¢ |e***| [FI |dz| (see Eq. 45) 
c 


s 
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=| e aksin 6 fl Rd 
0 
< | e asin? 14 RdO (M is the maximum of |f| on C,) 

0 
= ur [ e asin dé do 

0 
n/2 : ; a 
= 2MR | gehen ap (e~2#si is symmetric with respect to 9 = 5 
) 


n/2 
<2MR / e R=) dp (see Eq. 232) 
0 


7 2aRO/x n/2 
= 2M R | -—x ——— 
| e 2aR I 
eo 7 
=2MR\|- = 
r| "aR t a 
M 
maples fl _ eo) 
a 
7M 
< ao 
a 


7TM 


that is: |I¢,| < 
a 


Now, M > 0 as R > ow (according to the given assumption) and hence |Ic, 
last line). This means that Ic, + 0 as R — oo (as required). 

Note 1: the condition in Jordan’s lemma that requires “the maximum of |f| on C, tends to zero as 
R tends to infinity” is weaker than the condition required earlier (in evaluating the improper integrals 
of the types investigated in Problems 4 and 6) that “the maximum of |f| x R on C, tends to zero as 
R tends to infinity” (see footnote [304] on page 289).81°l The relaxation of this condition makes a 
considerable advantage as it enables us to evaluate certain integrals (as we will see in Problem 8) that 
cannot be evaluated if we have to observe the stronger condition. 

Note 2: for 0 = 0 we have sin? = 0 = 26 and for 6 = 7/2 we have sin? = 1 = 20 Moreover, for 
0 < 0 < 1/2 the curve of sind is above the straight line 22 which passes through the points (0,0) 
and (m/2,1) because the second derivative of sin@ (i.e. —sin@) is negative (i.e. the curve concaves 
downwards). Accordingly, we can write sind > 78 (0 < @ < 1/2). Also, the curve @ — sin is zero at 
6 = 0 and is increasing over 0 < @ < 1/2 because its first derivative (i.e. 1 — cos) is positive and 
hence 6 — sin@ is positive which means @ > sin@. Accordingly, we can write 0 > sin@ (0 < 6 < 1/2). 
On combining these results we get: 


— 0 (according to the 


20 
é>sind > — (o<o<%) 
WT 2 
8. Evaluate the following real improper integrals (where a,b € R and a > 0): 
(a) Ty = f7S° 99892 da. (b) In = fT? singe dy. 


Answer: Let consider the complex-like integral [ i — 


dz where we justify this by the fact that the 
numerators of the above integrals look like the real and imaginary parts of e’** (with z = x). Now, 
if we consider a contour C like the one used in Problem 6 (and illustrated in Figure 36) and consider 


[310] Being “weaker” is because if |f| x R tends to zero then |f| should tend to zero (noting that R is a magnifying factor) 
while if |f| tends to zero then |f| x R may not tend to zero (noting again that R is a magnifying factor). Hence, 
some integrals can be evaluated under the weaker condition but not under the stronger condition (and that is why it 
is “weaker” because it tolerates more integrals to be included). Finally, it should be noted that f in the two conditions 
are not the same (i.e. being the integrand and part of the integrand). 
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e! 
z 


—b 


lo=  * a= a+ e a+ ey ee en ae Oe 
cz—b c, 2-6 Cee c, 2-6 5 


where C, is the semi-circle around z = 6 on the real axis. Noting that the integrand < has no 
singularity inside C’, we have Ic = 0 (by Cauchy’s theorem; see § 4.2). Also, noting that the integral 
Ic, meets all the conditions of Jordan’s lemma (as investigated in Problem 7), we have Ic, = 0 as 


R—- oo. Moreover, if p > 0 (with R — co), C; becomes the entire real axis (i.e. from —oo to +00) 
+00 pian 


az 


the (fully-fledged) complex integral ¢,, dz around C’ then we have: 


and hence the value of Jc, becomes equal to [ dx. On combining these equations we get: 


—oo a—b 
Io, + Ic, = 0 
Ic, = —Ie, 
+oo eiar 
/ dx = ina, (233) 
-o «£6 
where we used I¢, = —ima_ (see Problem 10 of § 5.4) noting that a_; is the residue of the integrand 


corresponding to its Laurent series expansion around z = b and C, is clockwise. Now, from Eq. 204 
(noting that z = b is a simple pole of the integral) we have: 


= ji 1 ar ( b) ere = |i [ ee) _ piab 
ee gag (1-1)! dzi-1 sg z—b me: - we 


Hence, from Eq. 233 we get: 


+00 eiar F 
dx = ire” 
xa—b 


+0° OS 8 
COs ax . sin ax 
(a ac) +i(f mn a) = (-msinab) + i(mcosab) 
ie. 7 = —7sinab and Ig = mcosab. 


7.4 Summation of Infinite Series 


This is one of the common and amusing applications of complex analysis where the calculus of residues 
is used to find the sum of infinite (real) series and hence the discrete mathematics gets help from the 
continuous mathematics (or the real mathematics gets help from the complex mathematics). The idea 
of the method is rather complicated but its essence is simply to convert the problem of “finding the 
sum of infinite series” to a problem of “finding the sum of a finite number of residues” by exploiting the 
techniques of the calculus of residues. Accordingly, the problem is reformulated (by finding or designing 
certain functions and contours) in a way that makes it eligible for the application of the residue theorem 
which facilitates the aforementioned conversion, as will be explained in the following. 
To be specific and elaborate, let S be an infinite series of the form: 


n=+oo 


S(n)= S> g(n) (n is integer) (234) 


n=— Co 


where g(z) is a complex function analytic over the complex plane except at some finite number of poles, and 
for simplicity let assume that none of these poles is at real integer points (ie. z = # =n = 0,+1,+2,---) 
although this assumption will be lifted (or dealt with) later on. Also, let f(z) be another function analytic 
over the complex plane except at real integer points where it has a simple pole at each one of these points 
with a residue equal to 1. Now, from the result of Problem 11 of § 5.4 we can conclude that the residue 
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nA_1 of the product fg at each integer point z = x = n is equal to the residue of f (which is 1) times the 
value of g(z) at that point [which is g(n) since g is analytic at z =n], that is: 


nA_1 =1x g(n) = g(n) (235) 


Now, let C be a contour over which fg is analytic and C encloses all the singularities of fg (whether these 
singularities belong to f or g) and let R, be the sum of the residues of fg at the singularities of g. By 
the extended Cauchy’s theorem we have: 


I 


n=+oo n=+oo 
f fgdz i2nRg+i2n S> , A =i2n (+ S- vo) (236) 
Cc 


n=+0oo 
, 1 
that is: Des gn) = (= g fg az) —R, (237) 
Now, if we can choose C’ such that the contour integral in the last equation is zero then we get: 
n=+oo 
dD a(n) =—Re (238) 


In simple terms, the last equation means: the sum of our series is equal to minus the sum of the residues 
of the function fg at the singularities of g. So, our task is to find a suitable f and a suitable C such that 
the contour integral vanishes and hence the series is evaluated by finding —R,. 

We should now draw the attention to the following useful remarks (before going through the Problems 
which will apply and clarify the above-described method): 
e Apart from its general features, this method is more of an art than a science, and hence the details in 
each case should be worked out with cunning and flexibility (not by rigidity and formality). 
e If g(z) has a pole at an integer point no then no is a pole of f (since no is an integer) as well as being a 
pole of g, and hence we have a common pole that requires modification to the above strategy and method 
(although we need to note that even though no is a pole of f and a pole of g it is just one pole for fg and 
not two poles because it is just a single point). Accordingly, in the above formulation (specifically in Eq. 
236) we should either consider no a pole of f or consider no a pole of g. This is to avoid counting this 
pole twice (in the right hand side of Eq. 236) since for fg (which is integrated on the left hand side of Eq. 
236) no is just one pole. The easiest and safest method is to consider no a pole of g (i.e. its contribution 
is included in R,) and hence it is excluded from being a pole of f by excluding no from the index of the 
series, i.e. the series index runs over all the integers excluding no. Accordingly, Eq. 236 becomes: 


n=+0o0 n=+0oo 
f fgdz = i2nR,+i2n SY) ,A1=i20|Rg+ S> g(n) (239) 
Cc n=—0o n=—0o 
n#no n#no 
n=+oo 1 
that is: 2, 9) = (sf tae) - Ry (240) 
n#no 


Again, if we can choose C’ such that the contour integral in the last equation is zero then we get: 


n=+0o0 


S> g(n) =-R,y (241) 


n=—0o 
n#no 


Finally, the value of the (complete) series is obtained by adding the excluded term (corresponding to 
n = No) to the value obtained from the last equation. An example of this type of series is given in parts 
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(b) and (d) of Problem 4. It should be obvious that this treatment can be extended easily if more than 

one pole of g occur at a number of integer points. 

e The index of some series may run between a finite limit and an infinite limit (e.g. )>"—7)°) rather than 
n=+oo n= es 

between two infinite limits (i.e. )>"="°°) as presumed above. In this case we can split the )>"—"° series 

to two parts and exclude or include some terms 8 (corresponding to certain indices) sépatatey el For 


example, if we have to deal with the series }7)"—7° — +7 then we may write: 


n=0o 1 = 1 n=00 1 | n=0o 1 7 1 n=-1 1 n=0o0 1 ae 
dai ae dai : dL ai 2 RA eH ee) 
1 1 he el 
~ 5 ea (| > we )=-5 + 23 TES 
n#0 


and hence we deal again with a series of the type See An example of this type of series is given in 


parts (b) and (d) as well as in the note of part (c :) of eae 4, 


Similarly, if we have to deal with the series }7)'—>° a =] then we may write: 


N=0o 1 1 nN=0o 1 nN=0Co 1 n=-1 nN=0o 1 
Sarr < (cae eat eet Dee) 


n=0 
n=+0o n=+0oo 
1 1 1 1 
= 14 =c7 
i Sz) 2 ET crsy 


| 


n=— 


An example of this type of series is given in the note of part (c) of Problem 4. 
e If the series is alternating [i.e. it has the form 7"=*%(—1)"g(n)] then the function f(z) should have 


n=—Co 


alternating residues [i.e. (—1)”]| and hence Eq. 238 becomes: 


n=+0o 


Yo (-1)"9(n) = -Ry (244) 


n=—Co 


An example of this type of series is given in part (d) of Problem 4. 

e If the series has more than one odd feature then the above treatments (as outlined in the previous 
points) should be combined. For example, if g(z) has a pole at an integer point no (say no = 0) and the 
series is alternating and its index is running from 1 to oo then we can combine the above treatments (as 
explained in the last three points) and write [assuming g(n) = g(—n) and R, includes the contribution 
of the pole at no|: 


Yo (-1)"g(n) = —Ry (245) 


os 

ua 
es 
© 
= 

II 

| 
|X 


(246) 


n=1 


An example of this type of series is given in part (d) of Problem 4. 
e If the contour integral is not zero (but it is convergent) then its value should be considered (i.e. added) 
accordingly (noting that being zero is a special case which is the simplest and most common). 


Problems 


[311] Ty fact, this method can be applied only to series of certain types (as will be given in the Problems). 
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1. Give an example of a complex function f(z) that is analytic over the complex plane except at (real) 
integer points where it has a simple pole at each one of these points with a residue equal to 1. 
Answer: In part (d) of Problem 7 of § 5.4 we found that the residue of cot z at each one of its 
singularities (i.e. at z = na = 0,+7,+27,---) is 1. So, we can use cot z as a prototype although we 
should scale it to put the singularities at z = n = 0,+1,+2,--- as we will do in the following. From 
Eq. 205 [with na—1 representing the residues of cot(7z) at its singularities of integer points] we have: 


1 q@-l : 
no = iim (il ae {(z—n)* cot(rz)}| = jim [(z — n) cot(xz)] 
& : at dis cos(mz) | 1. cos(1z) 
> T jim [(nz — mn) cot(2)| _— iim sin(z) oa iim sin(mz)—0 
(wz—7N) (wz—77n) 
ee (wz—7N) ® | limz+n (wz—-7n) 
— 1 cos(m) — 1 cos(mm) —_ leos(mn) 1 
T dsin(r2) om ™ cos(mz) mcos(mn) = 7 


So, the residues of cot(mz) at its singularities of integer points are + and hence if we normalize cot(mz) 
by multiplying it by 7 we get the required function, i.e. f(z) = 7 cot(7z) is a function that is analytic 
except at integer points n where it has a simple pole at each n with a residue equal to 1. 

2. Give an example of a complex function f(z) that is analytic over the complex plane except at (real) 
integer points z = x = n where it has a simple pole at each one of these points with a residue equal to 
(-1)", 

Answer: In part (e) of Problem 7 of § 5.4 we found that the residue of cscz at each one of its 
singularities (i.e. at z = na = 0,+7,+27,---) is (—1)”. So, all we need is to put these singularities 
on integer points by scaling (as we did in Problem 1), that is: 


. 1... TZ —-17N 1 1 
es lin [= ents] = 2 tm [EEEAR| = 2 | 
= 1 1 = 1 1 _ 1 1 = (-1)” 
7 ee 7 T cos(m2) - ™ cos(7n) 7 


Now, if we normalize csc(7z) by multiplying it by 7 we get the required function, i.e. f(z) = 7 csc(1z) 
is a function that is analytic except at integer points n where it has a simple pole at each n with a 
residue equal to (—1)”. 

3. Let C be an origin-centered circle with radius R > 0 that does not go through the integer points of 
the real axis (i.e. R#1,2,---). Show that cot(az) is bounded on C. 
Answer: We have (see Eqs. 139 and 140): 


sin? (ma 
|cot(rz)|" = cos(tz) |” _ |cos(mz)|? _ cosh?(my) — sin?(max) _ 1 — Sante) 
sin(7z) |sin(rz)|?  cosh?(ary) — cos?(mz) 1 — ork 


As we see, the numerator in the last equality is bounded (noting that R 4 0,1,2,--- and hence 


0< ae < 1) and the denominator does not vanish (noting that R #4 0,1,2,--- and hence 


O< corre) < 1). Hence, |cot(xz)|? is bounded and thus |cot(7z)| is bounded which means that 
cot(7z) is bounded on C. 
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Note: we can similarly show that csc(7z) is bounded on C, that is: 


1 
heal l 1 eae (a) 
lese(z)|? = |= = — 5 = eae y) 
sin(7z) |sin(7z)| cosh" (my) — cos*(7z) 1 — aoe 


As we see, the numerator in the last equality is bounded [since cosh? (zy) > 1] and the denominator 
does not vanish (noting that R 4 0,1,2,--- and hence 0 < soe (a) < 1). Hence, |csc(xz)|? is bounded 
and thus |csc(mz)| is bounded which means that csc(mz) is bounded on C. 


4. Evaluate the following infinite (real) series using the calculus of residues: 


(ay oe wo? (b is real non-integer). (Dla oe 
(c) H=* 4, (bis real positive). Gib pie 
Answer: 


nm cot(mz) 


(a) Let g(z) = G5? and f(z) = mcot(mz) and hence fg = by (noting that f is an analytic 
function that has a simple pole at each integer point with a residue equal to 1 as established in Problem 
1). Moreover, let C be an origin-centered circle with radius R > 0 that is big enough to enclose the 
point z = b and C does not go through the integer points of the real axis (i.e. R 4 1,2,---), and 


consider the integral: 
mT cot(1z) dz 
fgdz= dex ud ——_ 
t c (2-6) c (2-6) 


where M is an upper bound of mcot(mz) noting that cot(7z) is bounded on C (as shown in Problem 
3). Now, if R > oo then all the singularities of fg will become enclosed inside C’, moreover the integral 
fo Gone will vanish!3!*! and hence we get ¢, fgdz = 0. Hence, from Eq. 238 (whose all conditions 


are satisfied) we get: 


n=+0o n=+oo 1 
2) 2 aoe 


So, all we need to do to find the sum of our series is to find Ry. Now, g has only one double pole at 
z = b with a residue of fg there given by: 


Opi is laa a or fo] = tim [7 EHF S| 


ee: d See 2.2 = ui 
— lim E {a cot(r)}| = lim [-7 CSC (1z)] = ~ sin? (arb) 
Therefore, —Ry = —a_1 = ne) and hence: 
ee (n— 6)? sin? (7b) 


(b) Let g(z) = 4 and f(z) = mcot(mz) and hence fg = Reot{ne) (noting that f is as in part a). 
Also, let C be the curve described in part (a). Hence, g has only one double pole at z = 0 and f has 
a simple pole at each integer point. However, despite the simplicity of its form, this series has two 
problems. First, its index n runs from 1 to +oo rather than from —oo to +oo. Second, the function g 
(which represents the form of the series terms) has a singularity at an integer point (i.e. z =n = 0) 


which is also a singularity of f. So, we need to deal with these problems to apply the above method 


[312] This can be justified by the criteria given earlier (see footnote [304] on page 289). In fact, it may also be justified by 
the result of Problem 6 of § 4.2.1. 
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of conversion. 
The first problem can be tackled as follows: 


n=co 1 1 n=0co 1 NEO gi 1 n=-1 1 n=co 1 a 1 
y a3l ne 2\-3(S a+ a)-7 a 


n#0 


Since we excluded n = 0 in the last equation then the second problem is addressed automatically by 
the modified formulation of Eq. 238 (which we explained in the remarks) as given by Eq. 241 (noting 
that as R — oo the contour C will enclose all the singularities of fg and fo fgdz = 0 as explained 
and justified in part a), that is: 


= SS n=O 4 
Dy ge Re = pe aa 2 Page 


So, all we need to do to find the sum of our series is to find Ry. Now, g has only one double pole at 
z = 0 and hence we need to find the residue R, of fg at z =0. As we know from Problem 1, cot(7z) 
has a simple pole at z = 0 and hence its Laurent series around z = 0 is of the form a_y(7z)~! + a0 + 
ai(mz) +--+. We also know that cot(mz) = cos(mz)/sin(mz) and hence sin(mz) cot(az) = cos(7z), that 
is (see Eqs. 192 and 193): 


(nz)® , (nz) 


(12) BI 5 | faa(ne)™ sade =o TI ii 
(mz)? | (mz)* 
a—y + ao(mz) + |-“ Sr 2 fe ai (mz)? 4+--- = 1 5 7 
On comparing the coefficients on the two sides of the last equation we get: 
- 1 
ay=1 ag = 0 a tas 5 
and hence a; = —3. Therefore, the Laurent series of fg = neot(ne) around z = 0 is of the form: 
nmcot(mz) = ie TZ sade 09 
2 8 3 ~ g8 Be 
and hence the residue of fg at z =0 is Ry -=. Therefore: 


1 me 
i 2° 6 


(c) Let g(z) = sxtgz and f(z) = mcot(mz) and hence fg = Zoot) (noting that f is as in part a). 
Also, let C be the curve described in part (a). Hence, g has two simple poles at z = t+ib and f has a 
simple pole at each integer point (and hence f and g do not share any pole). Accordingly, we use Eq. 
238 (noting that as R — co the contour C will enclose all the singularities of fg and bo fgdz=0Oas 
explained and justified in part a although the second justification for vanishing the integral does not 
apply here). So, we need to find R, and this requires calculating the residues of fg at z = +1b, that 


is (see Eq. 205): 


: 4, 7 cot(7z) . m cot(7z) mcot(ibr)  —imcoth(br) | —mcoth(br) 
ae parr E 0) Baa | z+ib i2b i2b 2b 
. 4, 7 cot(7z) . mt cot(1z) mcot(—ibr) = —mcoth(br) 
ao pane: E male ware | poe) | z—ib ~i2b 2b 
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and hence Ry = ja_1 + 2a_1 = Se Therefore, from Eq. 238 we get: 
cst TP on, __ mcoth(br) 
ee. n2 +62 — ane b 


Note: if the series is X"= 7° =z4p2 then we can write (using the above result): 


n=1 
SS ae! S i aos 1 1 mcoth(br) 1 
a4 PP 2 Le PtP 2 PtP] 2 2b 


n#0 


Similarly, if the series is 7"=J°° =zypz then we can write (using the above result): 


a i Ly 1 _ 1 _ reoth(br) | 1 
ar a ca core ce A 2b? 


(d) Let g(z) = 4 and f(z) = mese(mz) and hence fg = mese(na) [noting that f is an analytic function 
that has a simple pole at each integer point with a residue equal to (—1)” as established in Problem 
2]. Also, let C' be the curve described in part (a) and hence as R > oo the contour C’ will enclose all 
the singularities of fg and ¢, fgdz = 0 as explained and justified in part (a).131 Hence, g has only 
one quadruple pole at z = 0 and f has a simple pole at each integer point with an alternating residue 
(—1)”. Now, if we write: 


n=0oo _1)" 1 n=0o _1)" n=oo _1)" 1 n=-1 _4)" n=oo _1)" 1 "ate _1)" 
yo (So Sse )-3(S cy) | = )=3 S = 


n=1 


and use Eq. 245 then we have: 


S> (-1)"g(n) = —-Ry 
aa 
n=+0o n 
> OF = -k 
= n4 - 7 
7a: 
n=+0o 
1 (ly. helt 
gy neo 2 
n#£0 
(en Ry 
a n4 2 


So, all we need is to find R, and this requires calculating the residue of fg at the pole of g, i.e. at 
z = 0. As we know from Problem 2, csc(7z) has a simple pole at z = 0 and hence its Laurent series 
around z = 0 is of the form a_,(mz)~! + ao + ai(mz) + a2(mz)? + a3(mz)? +--+. We also know that 
cesc(7z) = 1/sin(mz) and hence sin(mz) csc(mz) = 1, that is (see Eq. 193): 


mz)? (mz) 
(rz) ( 2) fe ( 2) | fanz)? + ag + an ne) + aol ne)? + aa(ne)t = 1 


[313] However, it should be noted that here we have f = mcsc(7z) although this will not change the argument of part (a) 
taking into account the note of Problem 3, i.e. csc(7z) is bounded on C like cot(7z). 
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a, +ao(mz) + [ar — a (mz)? + [as - a (xz)? + [as ari + Sr 


On comparing the coefficients on the two sides of the last equation we get: 


a_i ao ay 
= 0 ag 


ao = 0 Ot aie —3r 


aj =1 


and hence a, = é a2 = 0 and ag = x5: Therefore, the Laurent series of fg = mesc(n2) 


is of the form: 


mesc(mz) 7 24 
ZA =F [tw re Se | ee 


and hence the residue of fg at z =0 is Ry = a Therefore: 
> (-1)” Ry 7x 
né 2720 


n=1 


=0 a3 
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around z = 0 
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167, 168 
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notation, 11 
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line, 168, 271 
mathematics, 298 
partial derivative, 149, 155, 168, 173, 178, 179 
singularity, 193, 194 
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Contour, 16, 149, 160 


integral, 79, 160-162, 164, 165, 176-183, 185-189, 191 
195, 198, 199, 204, 237, 239-241, 243-246, 287, 
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integration, 1, 79, 160, 161, 175, 177, 185, 189, 239 
Contrapositive, 77, 154, 155, 159, 205, 206, 208 
Convergence test, 212, 213, 219, 233 
Convergent, 191, 212, 214, 215, 220, 221, 233, 234, 237, 289, 
292, 300 
Correspondence principle, 9 
Critical point, 270, 272, 273, 277 
Cross 
product, 36 
ratio, 269 
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polynomial, 248, 256, 281 
root, 65, 66, 68 
transformation, 248, 252 
Cubing, 64, 98 
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d’Alembert-Euler conditions, 149 
De Moivre’s formula, 60-62, 98, 283 
Definite integral, 8, 79, 82, 161, 176, 237, 240, 243, 287 
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neighborhood, 15, 72, 165, 167, 282 
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151, 165, 167, 192, 215, 243, 264, 283, 289, 301, 
302 
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152, 157, 160, 167, 168 
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of sets, 27, 28 
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Differentiable, 17, 18, 20, 79, 150, 157, 160, 169, 179, 200, 
201, 213 
Differential calculus, 8, 78, 286 
Differentiation, 11, 20, 78-82, 100, 114, 115, 136, 137, 146, 
147, 150, 158, 195, 197, 198, 201, 216, 218 
under the integral sign, 198 
Discontinuity, 20, 92, 93, 116, 117 
Discontinuous, 23, 93, 106, 117, 120, 167, 203 
Discrete mathematics, 298 
Disjoint, 7, 29, 204 
Disk, 6, 7, 15, 16, 18 
of analyticity, 213 
of convergence, 212-215, 221, 225, 232-234, 236, 282 
Distributivity, 35 
Dividend, 35, 36, 44 
Divisor, 35, 36, 44 
Domain, 4, 16-18, 22, 23, 29, 200 
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bar symbol, 7, 41 
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pole, 23, 166-168, 225, 229, 241, 247, 290, 294, 302, 303 
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Ellipse, 25, 42, 51, 161, 163, 180, 182, 184, 192, 240, 256 
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Engineering, 1, 8, 11, 280 
Entire function, 17, 19-22, 85, 100, 105, 106, 121, 135, 151, 
204-206, 280, 281 
Entirety, 19, 22, 100, 139, 149, 152, 155-157, 204 
Equality, 8, 24, 29, 33 
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pole, 166, 223, 224 
singularity, 166-168, 223, 224, 228, 229, 238, 239 
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form, 11 
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151, 152, 155, 172, 173, 205, 216, 234, 239, 256, 
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Exponentiation, 60, 62-65, 68, 69, 105, 107, 108 
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Cauchy’s theorem, 188-192, 238, 240, 241, 246, 247, 299 
complex plane, 15, 204, 205, 211, 280 
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Factorial, 4, 195, 213, 224, 237 
Field (algebraic structure), 70 
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complex plane, 15, 17, 21, 107, 204, 206, 211, 234, 270, 
272, 273, 277 
group, 70 
limit of integral, 300 
order, 79 
set, 16 
sums, 13 
value, 214, 233, 237 
First order 
derivative, 20, 196 
partial derivative, 149, 155, 178, 179 
Fixed point, 249, 251, 252, 265-267 
Fundamental 
region, 114, 135 
theorem of algebra, 280, 281 
theorem of calculus, 175, 176, 178 


Geometry, 283 

Goursat, 178 

Gradient, 159 

Graphic representation, 26, 27, 32, 34, 39, 41, 56, 84, 86, 
89-91, 187, 198, 199 

Green’s theorem, 178, 179 

Group, 70, 265 


Half-plane, 19, 24, 26, 250, 251, 254, 255, 263 
Harmonic 
conjugate, 168, 170, 171, 174, 273 
function, 168-174 
Heptagon, 103 
Hole, 16, 187-190, 194, 222, 274 
Holomorphic, 19, 21 
Hyperbola, 42, 184, 185, 260, 261 
Hyperbolic 
cosine, 19, 20, 22, 135, 139, 151-153, 205 
function, 36, 121, 124, 125, 128, 130, 137-139, 216, 219 
identity, 128, 130, 131, 284 
sine, 19, 20, 22, 130, 135, 138, 139, 151, 152, 156, 172, 
205 
transformation, 253, 256 
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element (of group), 70 
transformation, 249, 251, 265 
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axis, 7, 11, 12, 19, 24, 28, 43, 49, 54, 58, 64, 75, 76, 139, 
152, 161, 250, 252, 253, 256-258, 264, 276, 279, 
293 
component, 7, 10, 29, 34, 43, 257 
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number, 7, 38, 56, 152, 252, 264, 280 
numbers, 6, 7, 10, 11, 29, 34, 54, 58, 60, 70, 121 
part, 4, 5, 7-11, 15, 17, 21, 29, 30, 32-35, 38-40, 43, 44, 
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171 
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Improper integral, 286-289, 292, 293, 296, 297 
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integration, 161 
Independent variable, 16, 78, 84-86 
Indeterminate form, 18, 20, 22, 167 
Index, 4, 18, 60, 96, 107, 224, 299, 300, 302 
Induction, 35, 48, 52, 80, 81, 197 
Inequality, 8, 15, 24, 33, 41, 42, 44, 48, 49, 201, 254 
Infinite 
group, 70, 265 
limit of integral, 289, 292, 293, 300 
order, 94 
sector, 28, 277, 278 
series, 13, 151, 212, 298 
strip, 24, 275, 276 
sums, 73 
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many, 11, 12, 18, 32, 51, 61, 72, 85, 95, 105, 266 
multi-valued, 44, 51, 65, 85, 95, 105, 107, 108, 147 
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calculus, 8, 78, 286 
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function, 17 
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Inversion, 58, 85, 252 
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singular point, 228 
singularity, 15, 21, 104, 165, 166, 168, 283 
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Liouville’s theorem, 19, 204-206, 211, 280 
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115, 116, 147, 153 
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integral, 115 
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251, 253, 255, 256, 261, 262, 266, 267, 270, 272, 
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Mean value theorem, 200, 201, 207 
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identity, 35 

inverse, 35, 70 
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115, 116, 147, 153 

Negation, 33, 40, 53, 54 

Negatively oriented, 16 
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165, 167, 168, 186, 189, 200, 206, 207, 222, 223, 

239 


Non- 
analytic, 22, 167 
analyticity, 22, 77, 155 
commutative, 265 
critical point, 271-273 
differentiable, 22 
equality, 8, 33, 41, 42, 48, 49 
isolated singularity, 165, 167, 168 
linear transformation, 249, 256, 258, 259, 262 
removable singularity, 166, 167, 233, 239 
singular, 22, 215 
singular point, 222 
singularity, 22, 237 
zero, 15, 17, 65, 69, 94, 100, 107, 160, 192, 205, 207, 
224, 260, 266, 271, 281-283 
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264, 290, 297, 301, 302 
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Odd function, 138, 139 
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curve, 16, 160, 183, 186, 187, 189, 250 
disk, 15, 24, 229 
half-plane, 26 
polygon, 274 
quadrilateral, 277, 279 
region, 16, 200, 202 
rhombus, 275-277 
set, 15, 16, 18, 19 
triangle, 274-278 
Ordinary 
integral, 183-185 
integration, 161, 164, 165, 176, 184, 185, 189 
Origin-punctured, 7, 58 
complex plane, 51 
disk, 15 
Orthogonal, 159, 273, 274 
Orthogonality, 159 
Orthonormal Cartesian coordinate system, 10 
Overdot (symbol), 161, 271 


Parabola, 25, 42, 43, 49, 51, 88, 90, 162, 165, 184, 185, 248, 
249, 256, 260-263, 273 
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179 
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dependent, 79, 165, 176 

independence, 165, 176, 177, 179, 183, 184, 189 
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integration, 160 
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Periodic, 113, 114, 134, 135, 138, 139, 281, 282 
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310 


Phase 
angle, 10, 30, 35, 36, 68 
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shift, 134 
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Physics, 1, 9, 280 
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mathematics, 1, 6, 8 
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transformation, 248, 252, 259, 271 
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Quantum physics, 9 
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Quartic polynomial, 281 
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function, 6, 8, 16, 19, 20, 79, 80, 82, 84-86, 90, 92, 106, 
107, 111, 136, 149, 155, 157, 158, 168, 169, 171, 
212 
line, 16, 20, 72, 93, 120, 135, 152, 204, 213, 259, 274, 
281, 282 
natural logarithm, 4, 105-107 
number, 7, 38, 56, 152, 252, 264, 280 
numbers, 4, 6, 7, 9, 11, 18, 29, 33-36, 44, 54, 58, 60, 62, 
68, 70, 94, 106, 107, 121, 215 
part, 4-11, 15, 17, 21, 29, 30, 32-35, 38, 40, 43, 44, 52, 
53, 57, 62, 77, 78, 85, 86, 89, 90, 93, 106, 114, 116, 
133, 138, 152, 157, 165, 168-171, 173, 179, 212, 
257, 285, 287 
period, 139 
power series, 12 
series, 13, 14, 212-216, 219, 298, 302 
variable, 6, 8, 9, 12, 14, 16, 78, 79, 84, 86, 114, 121, 152, 
168, 175, 176, 204, 249, 286, 289 
Reciprocal, 18, 19, 35, 57-60, 65, 70, 151, 205, 208, 252, 258, 
263, 265, 267, 272, 280 
function, 58, 272 
transformation, 252, 263, 265, 267 
Reciprocation, 52, 58, 59, 253 
Rectangular form, 11 
Reflection, 248, 249, 258, 270 
across line, 249, 256 
in the x axis, 10, 56 
in the y axis, 56 
in the imaginary axis, 250, 253, 256-258 
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in the line x = a, 256 
in the line y = —a, 256 
in the line y = ax + b, 257, 258 
in the line y = b, 257 
in the line y = a, 256 
in the origin, 56, 250, 253, 254, 257 
in the real axis, 53, 57, 59, 250, 253, 256-258 
Reflexive, 29 
Reflexivity, 29 
Region, 4, 16, 17, 19, 21, 25 
of analyticity, 160, 183-185, 187, 231 
of convergence, 222 
Regular, 21 
polygon, 68, 103 
Relatively prime, 95 
Removable singularity, 165-167, 221, 223, 224, 228, 229, 233, 
236-239, 243, 244 
Removal of branch cut, 23, 93, 105, 106, 115, 158 
Residue, 4, 194, 223, 237-246, 288, 291-293, 295, 296, 298— 
305 
theorem, 194, 237-240, 243-247, 286, 298 
Reversibility, 83 
Rhombus, 6, 190, 208, 275-277 
Riemann surface, 94, 95, 118 
Ring, 19, 24, 27 
Root, 65-70, 85, 94, 98, 100-104, 107, 167, 251, 258, 280, 
281, 283, 291, 295 
Rooting, 65, 69 
Rotation, 6, 11, 30, 35, 38, 39, 50, 56, 68, 138, 248, 250-254, 
256, 257, 259, 265, 271, 272, 278, 279 
Rules of 
complex numbers, 28, 108 
complex variables, 80 
conjugation, 52, 123, 129 
differentiation, 79, 80, 82, 100, 114, 115, 136, 137, 146, 
147, 150, 158 
exponents, 14, 65, 70 
indices, 96, 107 
inequalities, 201 
integration, 82, 115, 136, 137, 146, 147 
limits, 71—73, 76, 79, 91 
logarithms, 63, 105, 107, 217 
manipulating 7, 9 
mathematics, 95 
modulus and argument, 43 
polynomial functions, 100 
real analysis, 9 
real exponential functions, 14 
real numbers, 70 
real series, 212 
trigonometric functions, 136 


Scalar, 7, 78, 86, 161, 271 
Scaling, 35, 59, 60, 66, 250, 252-256, 258, 259, 265, 271, 272, 
301 
rule of limits, 72 
Schwarz-Christoffel transformation, 249, 274-279 
Science, 1, 8, 299 
Second order 
derivative, 7, 20 
differentiability, 7 
partial derivative, 168, 173 
Sector, 28, 277, 278 
Semi- 
axes, 25, 28, 42 


circle, 64, 68, 181, 184, 289-295, 298 
circular arc, 293 
ellipse, 182 
inequality, 8, 44, 49, 207 
infinite strip, 24, 274, 275, 277 
line, 29, 51, 60, 64, 68, 69, 118, 276 
major axis, 161 
minor axis, 161 
strip, 275 
Sequence, 212 
Series, 4, 5, 11-14, 17, 73, 212-214, 298, 299 
expansion, 4, 11-14, 166, 194, 212-214, 216-219, 221, 
223, 224, 226, 228, 232-235, 237, 288, 291-293, 
295, 296, 298 
Set of 
analytic functions, 20 
bilinear transformations, 265 
complex numbers, 4, 5, 9, 29, 34, 42, 48, 49, 54, 55, 70, 
215 
continuous functions, 20 
imaginary numbers, 54, 70 
real numbers, 4, 9, 54, 70 
unity numbers, 33, 34 
Sheet (representing branch), 94, 95, 118 
Simple 
connectivity, 189, 194 
curve (or contour), 16, 179, 189, 194, 198, 237, 239, 240, 
250 
pole, 23, 166-168, 224, 229, 240-242, 245-247, 288, 291, 
293-295, 298, 301-304 
polygon, 274 
zero, 18, 23, 242 
Simply-connected, 16, 19, 79, 165, 171, 175-177, 179, 186, 
188, 190, 193, 194, 203 
Single- 
valued function, 17, 18, 21, 23, 30, 51, 60, 61, 79, 85, 
94, 95, 105, 107, 108, 117, 147, 270-273 
variable function, 86 
Singular 
function, 17-20, 22, 165, 176, 224 
point, 15, 18, 165-167, 221, 222, 228 
Singularity, 15, 18, 21-23, 104, 121, 142, 143, 165-168 
Slope, 103, 257 
Solutions, 42, 50, 55, 100, 103, 252, 255, 266, 281, 283 
Source (or inverse image or pre-image), 86, 249-252, 255, 256, 
261-263, 272, 273 
Spiral, 49, 94 
Square, 6, 16, 25, 28, 88, 89, 91, 92, 103, 104, 161, 162, 190, 
208-210, 270 
root, 9, 10, 18, 21, 43, 65, 66, 68, 92, 94, 98, 99, 142, 
234, 253 
Squaring, 64, 98, 131, 253 
Stokes theorem, 179 
Strip, 18, 19, 24, 114, 135, 274-277 
Subset of 
complex numbers, 9, 29, 33, 58, 68, 70, 106, 215 
complex plane, 19, 248 
continuous functions, 20 
paired harmonic functions, 168 
Sum, 10, 11, 13, 19-21, 34-36, 42, 44, 45, 52, 53, 73, 81, 83, 
92, 95, 151, 152, 212 
rule of differentiation, 79, 81, 82, 100, 114, 115 
rule of exponents, 14 
rule of limits, 72, 73, 91 
Summation, 44, 298 
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Symmetric, 29, 42, 243, 260, 273, 293, 296 
Symmetry, 29, 88, 116, 293 


Taking 
it? root, 68 
nt” root, 65, 69 
absolute value, 7 
argument, 50 
conjugate, 102, 258 
cubic root, 68 
exponential, 111 
imaginary component, 43, 257 
imaginary part, 43 
inverse, 11 
least common multiple, 95 
limit, 86 
logarithm, 62-64, 107 
modulus, 7, 50, 52, 201, 272 
natural logarithm, 110, 111, 142 
negative of argument, 52, 58 
negative of imaginary part, 52 
partial derivative, 169 
principal argument, 50, 51 
real part, 43, 52, 57, 257 
reciprocal, 58, 59 
reciprocal of modulus, 58 
root, 65, 69 
square root, 43, 68, 234, 253 
Tangent, 45, 270, 272 
vector, 271, 272 
Taylor series, 17, 160, 166, 193, 201, 212-216, 218-228, 230 


233, 235-237, 239, 243, 282 
Termwise 
differentiation, 212, 214-216, 218 
integration, 212, 215, 216, 218 
Total derivative, 4, 80, 150 
Transformation, 16, 84, 86, 88, 248, 252, 256, 264, 270, 274 
Transitive, 29 
Transitivity, 29 
Translation, 248-254, 256-259, 265 
Triangle, 25, 180, 181, 183, 192, 240, 260, 261, 270, 274-278 
inequality, 44 
Trigonometric 
cosine, 11, 13, 14, 19, 20, 51, 107, 139, 151, 152, 172, 
181, 204, 205, 282 
function, 36, 85, 121, 124, 125, 128, 130, 136-139, 205, 
216, 219, 248, 287 
identity, 14, 39, 45, 60, 98, 125, 128, 130, 284 
sine, 11, 13, 14, 19, 20, 51, 107, 138, 139, 151-153, 204, 
205, 282 
transformation, 248, 253, 256 
Trigonometry, 283 
Triple pole, 166, 224, 229 


Unbounded 
function, 17, 22, 139, 204—206 
region, 16-19 
Uniform convergence, 212 
Union, 4, 9, 18, 19, 25, 26, 28, 29, 83, 185-187, 203, 283, 290, 
293, 294 
Uniqueness, 17, 33, 71, 85, 106, 223 
Unit 
circle, 7, 24, 58-60, 64, 65, 68, 69, 161, 162, 178, 185, 
189, 201, 202, 239, 243, 244, 268, 287 
disk, 7, 28, 210, 220, 232, 234, 252, 282 


Unity, 21, 33, 34, 38, 52, 250, 286 
imaginary numbers, 34 
real numbers, 34 
Upper 
bound, 193, 201, 205, 302 
half of the complex plane, 50, 57, 274-279, 289-291, 
293-296 
limit, 201 


Vector, 7, 10, 35, 36, 38, 39, 56, 68, 252, 271, 272 
Virtual vertex, 274 


w complex plane, 16 


z complex plane, 16 
Zero, 33-35, 40, 70 
of function, 18, 208, 224 
of order n, 18, 224 
Zeros (or solutions or roots), 65, 69, 100, 104, 133, 139, 167, 
168, 207, 215, 242, 280, 281, 283, 290, 291, 295 
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